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WMO

The World Meteorological Organization (WMO), of which 161 States and Territories are Members, is 4 specialized
agency of the United Nations.

The purposes of WMO are :

—~ To lacilitate world-wide co-operation in the establishment of nelworks of stations for making meteorological observa-
tions as well as hydrological and other physical observitions related (o meteorology, and 1o promole the establishinent
and maintenance ol cenlres charged with the provision of meteorological and related services;

— To promote the establishment and naintenance ol sysiems for the rapid exchange of meteorological information;

~ To promote standardization of meleorological and related observations and to ensure the uniform publication of obser-
vations and stalislics;

— “To further the application of meteorology (o aviation, shipping, water problems, agriculture and other human aclivities;

— "To promole activities in operalional hydrology and 1o turther close co-operation between Meteorological and Hydro-
logical Services; '

— To encourage research and training in meteorology and, as appropriate, in related lields, and 10 assist in co-ordinating
the international aspects of such research and training.

The machinery of the Qrganization consisls of the following bodies:

The World Meteorological Congress, the supreme body of the Organization, brings together the delegates of all Members
once every four years 10 detevmine general policies for the fulfilment of the purposes of the Organizalion, to adopt Technical
Regulations relating 10 international meteorological practice and to determine the WMO progrinie.

The Executive Council is composed of 36 direclors of national Meteorological or Hydromeleorological Services. 11 meuts
at least once a year o conduct the activities of the Organization, (o implement the decisions taken by its Members in Con-
gress and 1o study and make recommendations on any matier affecting imernational meteorology and relited activilies off
the Organization.

The six regional associations (Alrica, Asia, Soulh America, Norlh and Ceatral America, South-West Pacilic and
Burope), which are composed ol Member Governments, co-ordinale meleorological and relaled activities wilhin their
respective Regions and examine from the regional point of view all questions referred to them.

The eight technical commissions, consisting of experts designated by Members, are responsible tor studying any subject
within the purpose of the Organization, Technical commissions have been established Tor basic systems, instruments and
methods ol observation, atmospheric sciences, aeronautical meteorology, agricultura! meteorology, marine metcorology,
hydrology, and climatology.

The Secretariat, located at 41 Avenue Givseppe-Motla, Geneva, Switzerland, is composed of a Secretary-General and
such technical and clerical staff  as are required for the work of the Organization. It undertakes to serve as the adominis-
trative, documentation and informalion centre of the Organization, to make lechnical studies as directed, 1o support all
the bodies of the Grganization, 10 prepare, edit or arrange for the publication andt distribution of the approved publications
of the Organizalion, and 10 carry out dulies allocated in the Convention and the regulations and such other work as Con-
gress, the [Executive Council and the President may decide. The Secraiarnat works in close collaboration with the Uniled
Nations and its specialized agencies.
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FOREWORD TO THE ENGLISH EDITION

Subsequent to the initial publication of WMO Technical Note No. 143 in French (with the title "Sur 'analyse
statistique des séries d’observations’), the Commission for Climatology proposed that an English version also be publi-
shed to make the Technical Note accessible to a wider audience in view of its particularly high value to climatologists.

Following the approval by the Executive Council of this proposal, the original French text has been translated
into English through the courtesy of the Meteorological Office of the United Kingdom, and published by WMO in the
present volume.

In re-iterating the expression of thanks of the World Meteorological Organization to Dr. R. Sneyers for the
preparation of the original text, and additionally for his collaboration with WMOQ in publishing this volume, I should
also like to acknowledge the valuable assistance of the UK Meteorological Office and in particular of Mr, G.H. Ross,
who carried out the technical checking of the English text, and the Institut Royal Météorologique de Belgique for ar-
ranging for the production of this publication.

A—/ .
—--—_—
G.0.P, Obasi

Secretary- General
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PREFACE TO THE ORIGINAL FRENCH EDITION

(published in 1975)

The Commission for Climatology (now the Commission for Special Applications of Meteorology and Clima-
tology) set up at its fifth session 2 working group for considering statistical methods and the use of mathematical
models in climatology. This group was charged with the task of writing a report, for publication by the WMO, in view
of the increasing necessity of having a modern statistical manual available where the clementary methods would be
explained simply and clearly and be illustrated by examples of their application to various types of practical problems
which must be solved by the climatologist.

During its sixth session, the Commission for Special Applications of Meteorology and Climatology expressed
great satisfaction with the excellent text on the statistical analysis of a series of observations presented by the working
group and prepared by its chairman, Mr. R. Sneyers. The Commission considered that this work would fill a great gap
in meteorology, and its members unanimously supported the proposal to publish this text in the series of WMO Techni-
cal Notes,

I should like to take this opportunity of thanking Mr. R, Sneyers on behalf of the World Meteorological Orga-
nization for this excellent report, which will be particularly useful to all those who need to use statistical methods in
the applications of meteorology and climatology to solve problems in the various fields of human activities.

D.A. Davies

Secretary-General
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SUMMARY

It is no longer disputed nowadays that mathematical statistics is the main tool to be used in climatology.
Mathematical statistics is in fact the science of random models and the purpose of the statistical analysis of
series of observations is to find, from among the models which this science makes available, the one which
best represents the behaviour of the observed phenomenon.

This attitude may be justified in two ways.

From the theoretical point of view, the representation of the observed phenomenon by a model depending
on a minimum number of parameters enables abjective statistical conclusions to be compared with the physical
theories put forward, either to confirm their validity or to reveal weaknesses; thus statistical analysis appears
as a means for progress in the field of research.

From the practical point of view, due to the efficiency of the methods of statistical analysis, their utiliza-
tion ensures that the best use is made of the information accumulated by the series of observations and that
the maximum benefit will be derived from the capital represented by this information. If we think of the invest-
ments and operational costs which have been approved for the acquisition of the series of observations and of
the economic value of these series, which is continually demonstrated in the applications of meteorology and
climatology, the necessity of such a position becomes obvious.

The adjustment of a random model to a series of observations is in fact, identical with the
general problem of statistical estimation and in this Technical Note this problem has been considered for the
case of simple random series and for the case of persistent series.

Going into details, after examining, in the first chapter, the most appropriate tests for verifying that
the simple random model fits to a given time series, the problem of statistical estimation is broached
in the second chapter. This is done successively for the non-parametric case and for the parametric case, both
for a continuous variate and for a discrete variate. In addition a paragraph is also devoted to estimation in the
case of correlated series.

Recurrent, periodic or persistent models are then introduced in the third chapter, as an alternative solution
when the simple random model is not appropriate, and various applications are considered.

The description of the methods follows the principle that a full analysts necessarily comprises the three
following stages:

(1) Choice of the model;
{2) Adjustment and goodness of fit of the selected modei,

(3) Calculation of the errors of estimation associated with the adjusted model;

and if, in processing the data, these three stages are not always apparent, either becaunse the choice has been
incorporated in the method of adjustment or because it has been based on a test of goodness of fit, they can
always be traced in the various steps of the solution.




C = & 9

via SUMMARY

In order to show their application as clearly as possible, the methods discussed are illustrated by means
of actual examples from climatology. However, in order to avoid the work being reduced to a book of rules, it
is based on a minimum of theory. This enables the reader to grasp the essentials of statistical methodology
and to avoid errors which he would certainly make if the techniques were applied in an automatic fashion.

The scope of the work undoubtedly remains very limited and the omission of certain aspects may be
regretted. In this connexion, we think it appropriate to remind the reader that various aspects of the statistical
analysis of series of observations have already been dealt with in the Technical Notes Nos. 71,79, 81, 98 and 100,

Thus, by considering it simply as a useful addition to preceding works, we will put this Technical Note
in its rightful place among these works.




RESUME

On ne conteste plus, a ’heure actuelle, que Ia statistique mathématique est la mathématigue de la climato-
logie. La statistique mathématique est, en effet, la science des modéles aléatoires et le but de P’analyse statistique
des séries d’observations est de rechercher parmi les modéles offerts par cette science celui qui représente le
mieux le comportement du phénoméne observé.

Cette attitude se fonde d’ailleurs sur une double justification.

Du point de vue théorique, la représentation du phénoméne observé par un modéle dépendant d’un
nombre minimum de paramétres rend possible 1a confrontation de conclusions statistiques objectives avec les
théories physiques avancées, soit pour trouver la confirmation de leur validité, soit pour en déceler les faiblesses;
I’analyse statistique apparait ainsi comme une source de progrés dans le domaine de 1a recherche.

Du point de vue pratique, 'efficacité des méthodes de 'analyse statistique assure, par leur emploi, une
valorisation optimale de 'information accumulée par les séries d’observations et garantit, de ce fait, une renta-
bilit¢é maximale du capital que cette information constitue. Cette rentabilité apparait d'ailleurs comme une
nécessité évidente dés que 'on pense aux investissements et aux frais de fonctionnement qui ont été consentis
pour l'acquisition des séries d’observations ainsi qu’a la valeur économique de ces séries sans cesse démontrée
dans les applications de la météorologie et de la climatologie.

L’ajustement d’un modéle aléatoire & une série d’observations se confond en réalité avec le probléme général
de Pestimation statistique et dans la présente Note Technique ce probléme a été considéré dans le cas de séries
aléatoires simples et dans celui de séries persistantes.

Plus précisément, aprés avoir examiné au premier chapitre les tests les plus appropriés pour vérifier la
conformité d’une série chronologique au modéle aléatoire simple, le probléme de P'estimation statistique a été
abordé au second chapitre successivement dans le cas non paramétrique et dans le cas paramétrique et ce tant
pour une variable continue que pour une variable discréte; de plus, un paragraphe y a également été consacré
4 Pestimation dans le cas de séries en corrélation.

Les modéles récurrents, périodiques ou persistants ont ensuite été€ présentés au troisiéme chapitre comme
solution de rechange lorsque le modéle aléatoire simple ne convient pas et diversgs applications y ont été
considérées.

L’exposé des méthodes a été conduit selon le principe qu'une analyse compléte comporte nécessairement
les trois étapes suivantes:

1. choix du modéle;
2. ajustement et adéquation du modéle choisi;
3. calcul des erreurs d’estimation associées au modéle ajusté;
et si dans le traitement des données ces trois étapes n'apparaissent pas toujours de fagon distincte, soit que le

choix ait ¢té intégré dans la méthode d’ajustement ou qu’il se fonde sur un test d’adéquation, on les retrouvera
cependant chaque fois dans la démarche des solutions.
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Par aifleurs, toutes les méthodes présentées ont été illustrées au moyen d’exemples courants de Ia climatologie
afin de rendre leur application Ie plus claire possible. Toutefois, pour éviter que "ouvrage ne se réduise 4 un livre
de recettes, on s’est appuyé sur un minimum d’é}éments de théorie afin de permettre au lecteur de saisir Pessence
de la méthodologie statistique et d’échapper aux erreurs qu'une application trop automatique des techniques
ne manquerait pas de lui faire commettre.

Saus doute la portée de I'ouvrage reste-t-elle trés limitée et I'absence de certaines matidres sera-t-elle
regrettée. Il nous parait toutefois opportun de rappeler 4 ce sujet que divers aspects de I'analyse statistique des
séries d’observations ont déji été traités dans les Notes Techniques n°: 71, 79, 81, 98 et 100,

Aussi, en considérant simplement cet ouvrage comme un complément utile des précédents Iui conférera-t-on
sa plus juste place.
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PESOME
B nacroamee mpeMA yxe GoablMe He OSCYRIASTCHA BOTDOC
0 TOM, 49TO MaTEeMATHYeCKad CTATHCTHKS HBIAETCA OTpaclbpio Ma-
TEeMATHKHN, KOTODAA ACNXHA HCHNOALIOBATRCA B KAUMATOROI#HM. Ma-
TeMaTHYEeCKad CTATUCTHXA ABAAeTCH (AKTHYECKH HAYKOHR Momeneft
CIyYalHHX NEePeMeNHNX M I[eJb CTATHCTHYECKOID aHalwaa paxa
HalxwmeEn# saxawuaeTcHd B TOM, UYTOSH Cpelu Mogenei, KOTOpDHE
TpeXCTABIAET B3Ta H&YKa HalTH Takyow, KOTODAH HAHAYHUEDHM OG-
PazoM NMpexcTaBIALT NOoBeNeHHe HAGAWIAEMOr0 ABIEHHA.
Taxolt NOZXOX MOXHO OSBACHHMTE LBYMA TYTAMH.
C Teoperwweckol TOUKM 3peHHA OpelCTABIEHHE HAGIN-
AaeMoro ABJeHHA MOJZelbl saBicamel or MEHMMATEBHOIO KOJMH~
uYecTBa [apaMerTpoB IAeT BOIMOXHOCTL CDABHUBATL OOBEeKTHBHHE
CTATHCTAYECKME BWBOAH, C BHIBHMHY THMHI dHBHYECKUME Teo-—
PUAME HAE NONTBEPAHTE MX OCOCHOBAHHOCTE HJIM BCKDPHTH MX HE —
COCTOATENBHOCTE; TAKHM O6pDAa30M CTATHCTHUYeCKHH aHaaua AB-
IAeTCA CPelCcTBOM IINA DAa3BHTHA B COJACTH HayYHHX HCCIELOBAHMI.
C npakruveckKo# ToOUKY 3pEHMA HCHONBACBAHHE METONOR
CTaTHCTHYECKOr0 a&aHalusa, Grarogapd ¥xX oPPeKTHUBHOCTH,
ofecnequBaeT HaHIyYNee HCNOXBICBaHHE nHGpODMALMH, HAKO~
neyHoil oyTeM pAza HaOnWIeHHE M NOJIYyJYeHHe MAKCHMAJIBHON BHIO-
AH H3 MarepHana, npefjcraBrdAeMoro srtofl mupopMmanuedi. Ecan
MH  OyfeM IYMATE O BRIAZAX H ONEDATHBHWX PACXONAX, KOTODHE
YTIBepRUeHN ANA TOIYYEHHA PAROB HalAwieHH# ¥ o6 9KoOHOMHUecKol
OeHHOCTH 3THX HabOToNeHME, KoTopaf TocToAHHO IeMOHCTPHDPYET -
CHA [UPE NIPUMEHREHMH METeOpOJOTHH ¥ KIMMOTOMOIHH, CTAHOBUD-
CA OUEBHIHHM,UTC BAXHO YTOOH 3TH CTATHCTHYECKME IAHHHE

NPKHOCHAM TAKY® BHTOLY .
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Xu PESIOME

[lpoGnemMa NOLTrOHKM MOAENH KHIA CIYUYaRHHX LepeMeHHHX
K pARY HatxoneHw# PaKTWVeCKU UEeHTHUYHA obuelt npobaeme
CTATHCTHYECKOH ONeHKH ¥ B HacToAmed TeXHHYECKOR 38IHCKE
3Ta OpoCAeMa DPACCMOTpEHA AAA CIYYaa MOpPOCTOro cayyaftyoro
PAla ¥ AXA CAYyYAA BOSBPATHHX DPAZOE.

Hepexoma,nocne Eayuenus B nepso#t rraee ,k Soxee
NoRpoSHEM HauGoXee NMONXOZAMHM TecTaM HPOBEDKH OTHO-
CHTEIBHO TOrO, 4YTO DAL COTHACYeTCA C IODOCTOH MOIZEABR CAy-
vallHo#t nmepemenHo#i,npoSieMa cTaTHCTHuYeoKOH CLEHKH paccMaT-
PHBaercA BO BTopo#t raase. dTo JenaerTcA IOCAeXOBATENBHO
ARA HENEpaMeTPHYECKOTO CAYYaR @ LIA IapaMeTpHUeckKoro cly-
Haf, KaK QI8 NMOCToAHHOH nepeMerHofl Tak ¥ znsg ITUCKpeTHOH
nepeMerHo#. KpoMe TOro olMH maparpad NOCBANEH Tak®e OieH-
K€ CAYYaR KOppeRANHOHHOIO pAHEA.

Bosspartswe,neproiuuecKkie UIH NOCTOAHHNE MOZEIH
NperRcTaBReHy B TPeTEeR riaBe B KayecTBe ANBLT €PHATHBHOIO
DemeHEA B TOM CAyuae, KOrZa NPOCTAA MoleXs Ing cayuabuoi
UNepeMeHHOR He DOoIXOAMT; ¥ pacCMOTPeHH Taxke PAsIUYHHE TpH-
MeHEeHHA .

On#canue MeTOLOE LAHO IPY COSNOICHHH TAKOIO UpHHOKIA,
YT0 NOXHHE aHANH2 BKAWYAET OGABATENHHC TPH CIEIyKLME CTa-
THU:
1) BuGop Monenu;
2) Noxrouka u COOTRBETCTBYNMAA alanlTaueEs BHOpaHHOH
MOJOelH,;
3) Pacyer omnGoK B OLEeHKe, CBA3aHHHY ¢ BupamHof
MOIENBIO;
¥ ecax OpH o0paloTke JaHHHX 5THX TPH CTaIMH He BCeria oye-
BUAHN HMJAH ¥3-3a BWOODA, BKAKYEHHOTO B MeTOX NOETOHKY HIH
H3-3a TOr'C, YTO NDONI'OHKA OCHOPAHA HA TecTe JAIA NOAXOAS-
me# amanTaunuy, BCEe OTO MOXHO BCerfs NPOCKEINHTL B DAINHYHHX CTa~

IHAX PemeHHS.
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PESIOME

Yro6w nmOKA3ATH HX UpPHMEHEHHME HACTONBKO ACHO Ha -
CKONBKO 3TO BO3MOXHO, ofcykIaeMmue METONH HIJOCTDHPOBAHL
nyTemM OpHBeNeHHA (akTHYeCKHX MNPUMepPODd U3 HIHMOTONOrHM.
Ozuako, uTobyw HafexaTr nNpoBeleHue PASOTH NYTeM CBEIEHHN
¥ KHHI® nIpaBul, OHA OCHOBAHA Ha MHHHMaasHO# Teopun. 3JTO
L8eT BO3MOXHOCTE YHTATENW CXBATHTEL CYMHOCTE CTATHCTHYEC-
koff MerTomoncruu u u3lexarTs omHOOK, KOTODHE OH HeCOMHEHO
cRejaeT, eclkd OyleT UDHMEHATH MeTOXW ABTOMATHYECKH.

O6reM paGoTH HeCOMHEHHO OCTaeTCH OYeHb OrDAHVYESH-
HHM ¥ clHelyeT coxakers 06 OTCYTCTBHH OTHLEABHHX ACIEKTOB.
B cea3m ¢ 3TEM My AaymaeM OHI0 GH 1eleCOoSPAZHO HANOMHHTE
YHTATEA®, HTO DPABAMYHNE ACHEKIH 3TOro CTATUCTHUECKOrOo aHa-
n#3a pAfA HaGHOLEHMHE yXe pPACCMATDHBANMTE B TEXHUYECKHX 83~
nHcrRax M 71, 79, 81, 98 u 100,

Takum o06paz0oM HACTOAMAA TeXHUYECKAS B3anNHcka salimer
CBoe 3aKOHHOE MecTO CpelM LpYyrux pafoT, eciH ee paccMarpu-
BaTh NPOCTO B KavuecTsBe [OAE3HOTO JOTNOAHEHHA K IPeINAYOUM

padoram.

XHI




RESUMEN

Nadie niega que actualmente la estadistica matemdtica es la matemdtica de la climatologia. En efecto,
la estadistica matemdtica es la ciencia de los modelos aleatorios, y la finalidad del andlisis estadistico de las
series de observaciones no es otra que determinar, entre los modelos que esa ciencia ofrece, el que mejor repre-
senta el comportamiento del fenémeno observado.

De hecho, esta actitud tiene una doble justificacién.

Desde el punto de vista teérico, la representacién del fenémeno observado mediante un modelo que de-
pende de un minimo de pardmetros hace posible la confrontacién de conclusiones estadisticas objetivas con las
teorias fisicas avanzadas, bien para confirmar su validez o bien para revelar sus insuficiencias; asi, pues, el
andlisis estadistico constituye una fuente de progresos en la esfera de la investigacidn.

Desde el punto de vista prictico, la.eficacia de los métodos de andlisis estadistico permite asegurar, merced
a su empleo, una valorizacién éptima de la informacién acumulada por las series de observaciones y garantiza,
por ese mismo hecho, una rentabilidad mdxima del capital que tal informacién constituye. Esa rentabilidad
aparece, por otra parte, como una necesidad evidente desde el mismo momento en que se tienen en cuenta las
inversiones y los gastos de funcionamiento necesarios para obtener esas series de observaciones, y asimismo desde
el mismo momento en que se piensa en el valor econémico de esas series, constantemente demostrado en las
aplicaciones de la meteorologia y de la climatologia.

El ajuste de un modelo aleatorio a una serie de observaciones se confunde, en realidad, con el problema
general de la estimacion estadistica y, en la presente Nota Técnica, se ha tenido en cuenta ese problema en el
caso de series aleatorias simples y en el de series recurrentes.

De manera mds precisa, después de examinar en el primer capitulo las verificaciones mds adecuadas para
comprobar la conformidad de una serie cronoldgica con el modelo aleatorio simple, se ha abordado, en el segundo
capitulo, el problema de la estimacién estadistica, sucesivamente en el caso no paramétrico y en el caso para-
métrico, y ello tanto para une variable continua como para una variable discontinua; por otra parte, también
se ha consagrado un pdrrafo a la estimacién en el caso de series en correlacién.

Los modelos recurrentes, periédicos o persistentes, se presentan seguidamente en el tercer capitulo como
solucién de recambio cuando ¢l modelo aleatorio simple no conviene, y en el mismo se han tenido en cuenta
diversas aplicaciones.

La exposicién de los métodos se ha efectuado de conformidad con el principio de que un andlisis completo
comprende necesariamente las tres etapas siguientes:

1. seleccidn del modelo;
2. ajuste y adecuacién del modelo seleccionado;
3. cdlculo de los errores de estimacién asociados al modelo ajustado;

Y, si en el tratamiento de los datos, esas tres etapas no aparecen siempre de manera clara, bien porque la
seleccidn no haya sido integrada en el método de ajuste o bien porque se base en una verificacién de adecuacién,
no obstante esas etapas se reconocerdn cada vez en el enfoque de las soluciones.
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RESUMEN XV

Por otra parte, todos los métodos presentados han sido ilustrados por medio de ejemplos corrientes de la
climatologia con el fin de aclarar al mdximo su aplicacion. A pesar de ello, para evitar que la obra se reduzea
a un libro de recetas, se ha recurrido a un minimo de elementos tedricos para que el lector pueda comprender
lo esencial de la metodologia estadistica y soslayar los errores que una aplicacion demasiado automdtica de las
técnicas le harian cometer.

Sin duda alguna, el alcance de la obra es muy limitado y se echardn de menos ciertas materias. A pesar
de ello, nos ha parecido oportuno recordar a ese respecto que diversos aspectos del andlisis estadistico de las
series de observaciones ya han sido tratados en las Notas Técnicas N°* 71, 79, 81, 98 y 100.

Por ello, si se considera la presente obra simplemente como un complemento 1itil de las anteriores, se le
habréd conferido el justo lugar que merece y debe ocupar.




ol &~ 9

START INDEX

TO THE READER

Excepr for the correction of errata and 2 few amendments which seemed useful, this publication is a close
translation into English of the Technical Note n® 143 "Sur I'analyse statistique des sérics d’obervations” by Dr. R.
Sneyers, published in 1975.

For the sake of consistency with the tables, which have been reproduced directly from the original French
text, 2 comma has been used throughout this English edition in place of the more conventional decimal point.
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1. SIMPLE RANDOM CHARACTER OF SERIES OF OBSERVATIONS

TEST OF HYPOTHESIS

The simple random character of a series of observations is a basic assumption for the statistical analysis of such
2 series. Many statistical methods which are used to verify the particular properties of series of observations or to
estimate certain parameters typical of the processes which produce these series are only applicable on condition that
this first assumption is actually realized. Verification of this is a problem which must be solved before proceeding to
any further statistical analysis.

However, as the verification of this hypothesis enters into the genera! field of the technique of significance
tests, it seems useful to us to recall a few connected concepts.

1.1 TEST OF HYPOTHESIS - SIGNIFICANCE TEST

The application of a significance test to a series of observations can arise from the need to respond to two
distinct types of question : whether we wish to ensure that the distribution law for the observations possesses well-de-
termined properties in order to make certain estimates or statistical predictions, or whether on the other hand, we want
to show to what extent the process which produces these observations is modified by a specific action which has
affected it.

In both cases, the test is reduced to the comparison of two hypotheses : one, the null bypothesis, which
assumes that the distribution function for the observations fulfils certain well-defined conditions; the other, the alterna-
tive bypothesis, which states that all or part of these conditions are different from those of the null hypothesis. The
technique used to separate these two hypotheses consists of the calculation of a statistical function of the observations
(test statistic) and the rejection or acceptance of the null hypothesis depends on whether the value obtained for the test
statistic is or is not inside a critical region (refection region) determined in advance.

Application of a test can lead to two types of error. The first consists of rejecting the nuil hypothesis when it
is true (Type I error). 1t occurs when the null hypothesis is true but the value found for the statistic of the test lies in
the region of rejection. This event has a certain probability that can be calculated in certain cases or limited in such 2
way that it does not exceed a value ¢y chosen beforehand. This value O is the significance level of the test.

The second type of error is that which consists of accepting the null hypothesis when it is false (Type II error),
This occurs when the value found for the test statistic does not lie in the rejection region when the alternative hypo-
thesis is true, If §is the probability of an error of the second kind, the probability for accepting the alternative assump-
tion when it is true is thus (1 — f3).
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2 1. SIMPLE RANDOM CHARACTER OF SERIES OF OBSERVATIONS. TEST OF HYPOTHESIS

The latter probability (1 - f) is called the power of the test relative to the alternative hypothesis,

As a rule 2 good test is one which makes the probability of both the Type I error and the Type II error a
minimum at the same time, which Icads one to suspect that a good test cannot be constructed with any statistic. In
addition, as the significance level of a test is always fixed in advance, the best test will be that wich makes the power
(1 - B) a maximum_

Another property which a good test must possess is that of being unbiased (without systematic error) relative
to the alternative hypothesis. This condition is achieved as soon as 0p <1 - f, that is to say when the probability of
rejecting the null hypothesis when it is true is no greater than when it is false, which is an obvious necessity.

The null hypothesis is generally accepted when the value of the statistic is close to the median of its proba-
bility distribution under this null hypothesis. On the other hand, the rejection region of the test is formed by values of
the staristic which differ most from this median. The test is called one-sided when the rejection region of the test is
formed by values which are all situated on the same side of the median value. 1t is called fwo-sided when this region is
formed by values situated on either side of the median.

The choice of the one-sided or two-sided test is, as 2 rule, conditioned by the power of one or other form
relative to the alternative hypothesis. Note, however, that, by suitably modifying the statistic of a two-sided test, an
equivalent onc-sided test can be defined. If, for example, in a two-sided test, the acceptance region of the statistic X is
formed by the interval (-Xq , Xg), use of the quantity X* as the statistic leads to an equivalent one-sided test for which
the rcjection region is the whole series of values of X? such that X2 >Xx3.

One of the most usual significance levels is 0 =0,05. This amounts to limiting, under the null hypothesis, the
frequency of a Type I error to one time out of twenty on average, which scems satisfactory in the majority of cases.
Although, in the examples, the most often used level is 0 = 0,05, the calculation of the test statistic X is generally
completed by calculating the level &, from which point the statistic X is significant. This level is directly deduced from
the probability which the distribution function of the statistic assigns to the value found for X under the null hypo-
thesis. The advantage of calculating ¢ is that the test can then be carried out simply by comparing 0y with the o level
selected. Furthermore, when the null hypothesis is rejected, & gives, in probability terms, an objective measurement of
the degree of incompatibility of the observed situation with the null hypothesis.

Moreover, it will be seen later that the calculation of the level @ associated with the value obrained for X is
indispensable when we wish to calculate the probability associated with a set of independent tests.

1.2 PARAMETRIC — NON-PARAMETRIC TESTS

There is a wide variety of tests of hypothesis precisely because of the diversity of hypotheses which can be
considered. In fact, we can first of all distinguish paramerric from non-parametric tests according to whether, under the
null hypothesis, the probability distribution for the test statistic depends on the shape of the distribution underlying
the observations or not. Furthermore, in the case of a parametric test, the hypotheses compared can be cither simple or
composite. A hypothesis is simple when the values of all parameters of the distribution function for the observations
are fixed in advance, which implies that in this hypothesis, a well-determined probability can be associated with a given
series of observations. On the other hand, a hypothesis is composite. as soon as this condition is not fulfilled, that is, as
soon as the value of at least one parameter of the probability distribution for the observations remains indeterminate.
In a parametric test, both the null hypothesis and the alternative hypothesis can be either simple or composite. For ex-
ample, a test for normality is a parametric test in which the null hypothesis is composite. The latter consists, in fact, of
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1.2 PARAMETRIC — NON-PARAMETRIC TESTS 3

assuming that the observations are distributed independently following a normal distribution of which both the mean
and the standard deviation are indeterminate. In this case, on the other hand, all the moments of the distribution
function higher than the second order are linked to the mean and the standard deviation by wellknown relationships.

As has been said, non-parametric tests are tests in which the form of the distribution for the observations is
not specified. In particular, in such tests the null hypothesis is limited to stating that the observations are distributed
independently with the same distribution, whereas the alternative hypothesis casts doubt on ejther the independence of
the observations or the identity of the distribution.

We can see therefore, that non-parametric tests are those whose conclusions have the greatest gencrality since
these conclusions are not linked to a particular form of the distribution function which governs the distribution of the
observations.

Hence, the use of such tests scems very appropriate each time that the distribution of the observations is
unknown or when there is doubt about its actual form. In addition, this use is recommended in the case of a test having
a high efficiency, that is to say one whose power is almost as large as that of the most powerful corresponding para-
metric test. An indication of the efficiency of a non-parametric test is generally given by its asymptrotic efficiency. In
the case of large samples, this gives the ratio by which the sample size must be changed so that the corresponding most
powerful parametric test has the same power.

In the same context, it is useful to recall that a parametric test is said to be robust when the probability
distribution for the test statistic is modified only slightly by a change in the underlying distribution for the observa-
tions. A robust test is therefore "almost™ non-parametric,

1.3 SIGNIFICANCE LEVEL OF A MULTIPLE TEST

The interpretation of the results of tests of hypothesis applied simultancously to several series of independent
observations is generally made difficult by the fact that it contains an extra risk of a Type Il error if each individual test
leads to acceptance of the null hypothesis, when this is false; or of a Type I error if some of thesc tests give significant
values of the statistic when the null hypothesis is true.

This raises the problem of selecting a method which will enable us to attribute to the set of results obtained a
probability by value of which this set can be considered as globally significant or not. The method chosen will vary,
depending on whether, in the absence of individually significant results at the usual level, we wish to cnsure that these
results, as a whole, arc also not significant, or whether, on the other hand, faced with a few individually significant
results, we wish to pick out the one or more which can actuaily be accepted as significant.

1.3.1 The Fisher test

A method which resolves the first case is that of Fisher. It consists of noting that if k is the number of inde-
pendent series and if &, i=1, 2, Lk, withQ <O£ <1, are the probabilities (significance levels) associated with each
value found for the test statistic, thc quantities - 2 log ; possess, under the null hypothesis, a ¥® distribution with
two degrees of freedom,
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4 1. SIMPLE RANDOM CHARACTER OF SERIES OF OBERVATIONS. TEST OF HYPOTHESIS
It follows that a global test can be based on the fact that, under these conditions, the €xpression :
X=-2 Elogai (1)

has a ° distribution with 2% degrees of freedom, the small values of «; giving risc to large values of X.

1.3.2 The test based on the binomia! distribution

The second method is based on the statement that, by applying the same test to a series of independent
trials, the probability under the null hypothesis of obtaining at least one significant test for a given level is increasin-
gly large as the number of tests is increased. If follows that a particular test, significant at the level &, can be considered
as significant at the level 04 in the series of & tests only if the probability of obtaining at least one significant test at the
level atamongst the & tests does not exceed 0 .

By virtue of the binomial distribution, this means that the upper limit of Qtis given by

1-(1 - af=q, 1

Furthermore, the second method can be generalized and it can be considered also that if ky significant tests
have been obtained at the level &, these tests are significant as a whole ac the level Qg , if the probability of obtaining
at least &, tests at the level (tdoes not exceed @,

From the binomial distribution, the upper limit of &is given in this case by the relation

k _ k -
(kl)“*'(l—a)* *’+(k1+1)°‘k’“(1—a)" ML ok = @

The calculation of Gcan in general be carried out using the equation

Vll’:n
@=L
Va + ViU

3)
where 22, is the quantile of probability 0 , for the variance ratio ¢2 (or the F variate of Snedecor) with py, =2k,
and ¥, = 2(k - k; +1) degrees of freedom.
In particular, for ky =5 , k=12, we have : ¥; = 10, ¥, =16 and for 0y = 0,05 we find
03,05(V1, ¥;) = 1/05,95(v2, v1) = 1/2,83 )

from which, with (3}, we find

a=0,181 (5)

1.3.3 Comparison between the Fisher test and the test based on the binomial

It is perhaps useful to stress that the Fisher test and the test based on the binomial are rather different tests.
This results from the fact that the set of alternative hypotheses opposed to the null hypothsesis is not the same from
one test to another. In the first test, the critical domain can, in cffect, be defined by the relation

X(21 )
- Zo
a1a2 sae ak S Cxpl:— 2 ] (1)
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1.3 SIGNIFICANCE LEVEL OF A MULTIPLE TEST 5
whereas in the second, this definition for &y probabilitics randomly chosen from the & probabilities & becomes
o, <o (2)

where Qis taken from equation 1.3.2(2).

It thus seems that the group of alternative hypotheses considered is larger in the first test than in the second
and that, for this reason, the second test is generally more powerful than the first. It follows that use of the second
test is required when we wish to proceed to the selection of significant tests in a series of independent tests forming
a multiple test.

Note that this selection can be carried out by combining the two methods. In fact, when the Fisher statistic
takes a significant value, the quantities —2log &; can be successively removed in decreasing order until a non-significant
remainder is obtained. However, in order that the significant test on this remainder is unbiased, the level of this test
must be the level &' taken from the equation

kit - k1) =g 3)

1-(1—a
where @ is the initial level of the Fisher test and ky the number of &; quantities sclected. The significant character of
the selected & quantities is then established if the last of these is significant at the level & obtained from equation
1.3.2(1). Otherwise, the selections which do not satisfy this condition have only a random significance,

The generalization of this method to the case of a joint test statistic on &k parameters is immediate. Note
in this connexion that, in the case of a statistic distributed under the null hypothesis, following a X distribution, it is
found from tables that for &¢=0,05 , the successive critical values after selection are obtained approximately, by sub-
tracting at least one unit per degree of freedom from the initial critical value. The significant character of the last
selection is then established from the last reduction undergone by the test statistic.

This method of selection is also applicable in the case of a multiple test formed of several independent tests
applied to the same scries of observations.

1.3.3.1 Example 1. Significance level of a series of twelve independent tests

A trend test was applied to twelve series of maximum values of wind speed obtained at Uccle (Belgium) for each of the twelve
months (i = 1, 2, ..., 12) of the year during 30 years of observation. The values found for the test statistic lead to the probabilitics
Ott. given in Table 1.

TABLE 1. — Values of the probabilities 0[1. associated with the values of the statistic of the trend test

i 1 2 3 4 5 6 7 8 9 10 11 12

0’.';. 0,340 0,108 0,134 0,022 0,088 0,116 0,740 0,600 0,560 0,240 0,920 0,042

Applying the Fisher test gives :
X=-12 Zlog o= 39,58

As the critical value of the )(2 variate with 24 degrees of freedom is equal to 36,4 for the level &y =0,05, we should reject
the null hypothesis for the series of tests.
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6 1. SIMPLE RANDOM CHARACTER OF SERIES OF OBSERVATIONS. TEST OF HYPOTHESIS
In order to apply the test based on the binomial distribution, the values of ¢ for ®p=0,05,k =12and k; =1, 2, ..., 12,
obtained from 1.3.2(2) by means of 1.3,2(3), are first calculated, and the values of 0!'. are then arranged in increasing order, i.e. O:',.‘ . The

Table 2 is then obtained :

TABLE 2 — Ordered values Ot:. " of the probabilities (¢ i Corresponding critical values &

ky 1 2 3 4 5 6 7 8 9 10 11 12
(84 0,004 0,031 0,072 0,123 0,181 0,245 0,316 0,391 0,473 0,562 0,661 0,779
OZ:,’ 0,002 0,042 0,088 0,108 0,116 0,134 0,240 0,340 0,560 0,600 0,740 0,920

In this way we sce that the inequality C!,.' < Wis satisfied for k)= 4, 5, 6, 7 and B, which leads to the same conclusion as
above. This shows in particular that the statistics obteined in Table 1 for i =2, 4, 5 and 12 that is, for the months of February, April,
May and December — form a group of four globally significant values at the 0,05 leve! and the same applies to the groups of 5, 6, 7 and
8 values which are obtained by adding successively to the four previous velues those for =5, 3, 10 and 1. Although the conclusion here
is the same a5 that obtained by means of the Fisher test, it is however, more informetive as regards the nature of the disagreement with
the null hypothesis. On the other hand, as the relation &, < Qis not satisfied for i =1, the test does not enable a specific value signifi-
cant at the 0,05 level to be pointed out amongst the twelve values of &, in Table 1.

For selection starting out from the Fisher statistic, the smaliest value of the probabilities Of‘.' gives

-21og 0,022 =7,63
from which we get the new value of the statistic after a first selection
X=39,58—-7,63=3195
for which, since the number of degrees of freedom relative to the selected quantity is 2 , the critical value becomes
364—2=344

As the last value of the statistic is less than its critical value, there is no need to carry on with the selection, Furthermore, as
the selected probability is greater than the smallest value of (¥ in Table 2, ¢ value taken from equation 1.3.2(1) for X =12 and X =—0,05,
the selection carried out has only a chance significance,

In conclusion, the trend disclosed by the muitiple test is too slight to be able to be localized with any accuracy during the year.

1.4 TEST FOR THE SIMPLE RANDOM CHARACTER OF A SERIES OF OBSERVATIONS

The null hypothesis in the specific case consists of assuming that all observations of the series come from the
same population and that they are all independent amongst themselves. It is then said that such a series is a simple ran-
dom scrics.

It is clear that the domain of the alternative hypotheses which can be opposed to the null hypothesis is very
wide since it contains all the relations which could arbitrarily be imagined between any term of the series and each of
the others. It follows that, in order to verify the purely simple random character of a series, either the null hypothesis
can be compared with a very wide range of alternative hypotheses and a not very powerful test accepted for use, or on
the contrary the null hypothesis can be compared with some fully specified alternative hypotheses, which then enables
more powerful tests to be used.

Since the possible alternative hypotheses are relatively well known in practice, it is generally the second me-
thod which is best to use. In particular, in the case of a series of meteorological observations, it seems that the simple
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random character of a series can be considered as sufficiently well established if the application of a serial correlation
test ind a trend test both lead to acceptance of the null hypothesis. This choice seems all the more justifiable as either
test possibly enables two extreme persistance forms to be shown, one of very short range (from one term to the other)
and the other of long range. However, as the cxistence of a serial correlation can introduce a systematic error into the
trend test and that conversely the serial correlation test is asymptotically independent of any trend test, it is the serial
correlation test which must be applied first. In addition, in the absence of any certainty as regards the nature of the
distribution function for the observations, it is the non-parametric tests which are most appropriate here.

Furthermore, combining the results from the two tests is done by using either the Fisher test or the test based
on the binomial distribution, depending on whether the overall result of the two tests is important by itself or whether
one wishes to know which of the two alternatives, trend or serial correlation, must be used in place of the null hypo-
thesis.

1.4.1 Serial correlation test.

The non-parametric test suitable for use here is the Wald-Wolfowitz test. If x4, x5, ..., x,, are the values of the

series being considered on which a change of origin has been carried out in such a way that

x; =0 (1)
and if also we put
X1 =%1 (2)
the test statistic is the quantity
n
R=X Xi%ie1 (3
i=1

whose distribution under the null hypothesis, is approximately normal for large values of n. The mean and the variance
of the distribution are fairly complex. However, if it is limited to terms of order 1/#, this becomes

E(R)=— S,/(n — 1) and var R=5%/(n — 1) 4
where we have put
S, =Zx3 (5)
In addition, it is clear that if the statistic Ris replaced by the function
r=R/S, (6)
the mean and the variance of the asymptotic distribution become
E(r)=—1/(n — 1) and varr=1/(n = 1) (7)
As the statistic r is also that of R.L. Anderson’s parametric test, in which this statistic has the same asymptotic

distribution, it can be deduced both that the asymptotic efficiency of the non-parametric test is equal to 1 and that the
R.L. Anderson test is a robust one.
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It must be stressed that in the serial correlation test considered, the alternative hypothesis includes only the
contingency of a positive serial correlation (persistence). In order to ensure maximum power to the test, therefore, its
one-sided form is used, and the null hypothesis is rejected for large values of 7.

It follows that the test is reduced to caleulation of the quantity

uy=[m—1yr+1lA/n—1 (8)
and of the probability ¢;, determined from a standard normal distribution table, such that
oy =P (u > ulr)) (9}

If 0 is the significance level of the test, the null hypothesis is accepted or rejected at the level ¢ depending
on whether 0 2> 05 or 0y <0g.

Yet another possibility is to adopt the simplified form of the serial correlation test based on the statistic (3),
replacing cach x; in thex j series by

+1,if %;>0 or —1,if x; <0 (10)

[t can be shown that in this case, the test based on the simplified statistic R becomes equivalent to the runs
test whose statistic is the number R’ of runs obtained by counting the uninterrupted partial series of + 1 or — 1 ele-
ments contained in the total series transformed according to (10), on condition than we decide to reject the null
hypothesis for small values of R’ (one-sided test).

To calculate the level 0y associated with the value obtained for R’, it is noted that, under the null hypothesis,
this statistic has an approximartely normal distribution of mean and variance :

2n,n,(2nny — n)

11
nin—1) an

ER)=2M" 4| and varR =
mn

with
L] +ﬂ2=?3 (12)

where #y and n, denote the number of +1 and - 1 elements respectively in the series.
It is clear, however, that this simplification of the serial correlation test leads to a reduction in its power,

1.4.1.1 Example 2 — Application of the serial correlation test

In the series of annual means of the wind speed at Uccle from 1933 to 1969, the original values have been replaced by the
rank (order number) which is given to them when they are ordered in increasing magnitude. The numbets ¥ obtained in this way are
shown in Table 3. In particular, the first observation ¥, =20 occupies the twentieth place in the series arranged in increasing order of
magnitude. The only aim of this procedure is to simplify calculations to a maximum,

Consequently, by putting

y;-=y’-m§ with 3f=2yi/37£19 (1)
condition 1.4.1(1) is satisfied.

In order to calculate K, we have

20— yie = ZyP + Iyl * - 28yiyle = 25, — 2R )
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TABLE 3, — Rank ¥; of the annual means of the wind speed at Uccle from 1933 to 1969 in the scries of these means srranged
in inereasing order, Auxiliary values y7; , y". - y".ﬂ 7 i, ny, n'i. necessary for calculating the statistics 7, r, and ¢. Progressive values
of u{t) of the trend test.

i ¥t Yi Vi—=Yra| yi—i " ni : e ¥
3 20 1 —It 19 0 19 1] Q 37
2 31 12 -—6 29 1 29 1 1 36
3 37 18 20 34 2 34 3 1,57 s
4 17 -2 10 13 0 16 3 Q 34
5 7 —12 —19 2 o 6 3 —0,98 33
[ 26 7 17 20 3 2 6 —0,56 32
7 9 —10 —20 2 1 T 7 —1,05 k]!
8 29 10 27 21 5 23 12 —0,49 30
9 2 -~ 17 —14 —7 0 1 12 —1,25 29
0 i6 —3 —11 § 3 iz 15 —1,34 28
11 27 8 -7 16 7 19 22 —0,86 27
12 34 15 10 22 10 23 32 —0,14 26
13 24 5 —9 11 6 17 38 —0,12 25
14 33 14 12 19 11 21 49 0,38 24
15 21 2 —9 6 6 14 55 0,25 23
16 30 11 20 14 11 18 66 0,51 22
17 10 —9 —-22 —17 3 6 69 0,08 21
18 32 13 —3 14 14 17 83 0,49 20
19 35 i6 23 16 17 17 100 1,01 19
20 12 —7 8 —38 4 7 104 0,58 18
21 4 - 15 —-—32 —17 1 2 105 0,00 17
22 36 17 25 14 20 15 125 0,54 16
23 11 —8 -7 —12 5 5 130 0,19 15
24 18 —1 —10 —6 9 8 139 0,05 14
25 28 9 15 3 15 12 154 0,13 13
26 13 —6 —6 —13 7 5 161 —0,07 12
27 19 0 5 -8 11 7 172 —0,14 11
28 14 —5 6 —14 8 5 180 ~—0,36 10
29 8 —11 —17 —21 3 4 183 —0,75 9
30 25 6 20 —5 17 7 200 —0,63 8
31 5 ~14 4 —26 2 2 202 —1,04 7
32 1 —18 —22 —31 o 4] 202 —1,49 6
33 23 4 8 —10 18 4 220 —1,36 5
34 15 —4 —7 —19 12 2 232 —1,44 4
35 22 3 16 —13 19 2 251 —1,32 3
36 6 —13 3 30 4 1 255 —1,63 2
37 3 —16 —17 —34 2 1] 257 —1,99 1
from which we obtain 5
R=Sz—2(y;~wy’=-+1) 2 (3)
Since
Ty —yin)? = 8,670, 53 = 4218 4)
from (3), 1.4.1(6) and 1.4.1(8), with n = 37 this becomes
=—117, r=—10,02774, u(r)=0,00023
from which we get
oy =P(u >>0,00023) = 0,5 (5)

We conclude that at the level Oig = 0,05, we have (3 > 0ty which allows the null hypothesis to be accepted.
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For the application of the runs test, if only the series of + and — signs are retained, the scriesy". becomes
+++-——-+-+-—-—++++++-++—-=-+——+—-0 —~F+——F — 4 ——
If the median O is counted as 0,5 in the number of + signs and — signs, using 1.4.1(11) we find
ny = ny = 18,5, E(R’) = 19,5 and varR’ = §,9931

Since we find that R* = 20 or 22, depending on whether O is replaced by ~ or + in the series considered, by taking the
average R’ = 21, we obtain

a; = PR’ < 21) = P(x < (21 — 19,5)/./8.9931)
= P(u < 0,5 = 0,69,

We conclude that, as in the previous test, at the level 0p=0,05 , we have O >Oto. Thus the null hypothesis may be accpeted,
1.4.2 Trend tests

Two non-parametric tests can be used to demonstrate the possible existence of a trend : the first is based on
the Spearman coefficient tes the second on the rank correlation statistic ¢ from Kendall (Mann test).
1.4.2.1 Calculation of the Spearman coefficient TS

For the first test, the original observations %;,i=1,2, ..., n arc replaced by the rank y ; which is given to them

when they are arranged in increasing order of magnitude and the test statistic is the correlation coefficient r, between
the { and y, series; this coefficient can be calculated by means of the formula

6

ro=1— —— 3y, —i)? 1
s v 62 1)
Using the null hypothesis, the distribution of this quantity is asymptotically normal with
1
E(r) = 0 and var r, = (2)
n—1

It is clear that in the absence of any assumptions regarding the existence of a trend in a given direction, the
test is correct only if its two-sided form is adopted, that is to say if the null hypothesis is rejected for large values of
|rs |. In these conditions, after having calculated 7, it is useful to determine the probability & , by means of a stan-
dard normal distribution table, such that

o =Pl u |>|u(rs)|) (3)

where

u(ry) = re vVr—1 4)

and the null hypothesis is accepted or rejected at the level ¢ , depending on whether 04 > o or @y < 0.
In the case of significant values of |rs |, an increasing or decreasing trend is observed depending on whether
rg >0 or r. <0
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1.4.2.2 Calculation of the Kendall coefficient t (Mann test)

In the second test, for each element x; or, what amounts to the same thing, for each element y, , the number
n; of clements ¥ preceding it (i 2> f) is calculated such that y, > -
The test statistic ¢ is then given by equation

1

and its distribution function, under the null hypothesis, is asymptotically normal, with mean and variance

n(n — 1)(2n + 5)

= 2)

E(t)=£(£-;:—1)- and vart=

It is clear that, as for the test based on the Spearman cocfficient r_, in the absence of any assumption regarding
the existence of a trend in a given direction, the test is correct only in its two-sided form. The null hypothesis must
therefore be rejected for high values of ba(e) lwith :

u(t) = [t —E@)])/+/vart- »H

In particular, if the probability @ is determined using a standard normal distribution table such that
oy =p({u > lain)|) 4)

the null hypothesis is accepted of rejected at the level 6 , depending on whether we have 04 > 0 or 0y <0,
When the values of u(t) are significant, an increasing or decreasing trend can be observed depending on whe-
ther u(¢) >0 or u{r) <O0.

1.4.2.3. Comparison between the riand t statistics

It must be said that both tests are very efficient and that, in particular, they have the same asymptotic efficien-
cy relative to the most powerful corresponding parametric test in the case of a normal linear regression.

However, when a series shows a significant trend and when we wish to locate the period from which the trend
is demonstrated, the second test statistic lends itself better to the sequential calculation required for this purpose.

1.4.2.4, Example 3. Application of trend tests

If we return to the series in Table 3 where the numbers y, are the ranks given to the values ®; of the original series arranged
in increasing magnitudes, for the first test, we obtain

Z(y;—i)? =11.372 1)
from which, using 1.4.2.1(1) and (4}, it is deduced that
r. = —0,348, u(rs) = — 2,088

and

o = P(lul > 2,088) = 0,037 (2)
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It follows that at the level O = 0,05, the null hypothesis must be rejected in favour of the existence of a decreasing trend. For
the second test, we find

t=Zn; =257 (3
from which, with 1.4.2,2(2) and (3), we obtain
u(t) = — 1,988 and oy = P(|ul> 1,988) = 0,047 (4)

The same conclusion is drawn from this at the level 0 = 0,05 as with the first test.

1.4.2.5 Determination of the simple random character of the sevies of annual wind speed averages ar Uccle from 1933
to 1969

If we consider the fact that we have associated the serial correlation test and the trend test in order to verify the simple
random character of a series, the calculation of the overall level of significance is still required in order to bring the analysis to a con-
clusion.

Reconsidering the methods given in 1.3, and using the values of Oy given in 1.4.1.1(5) and 1.4.2.4(2), we find for the Fisher
test

X=—2(log0,5 + log0,037) =7,98
a value for which the table of x_z with four degreees of freedom allows us to write
o = P2 > 7,98) = 0,094

that is to say, for 04 =0,05 , 04 > 0y .
In the same way, the test based on the binomial distribution for k =2 and O =0,05 leads to the data in the following table :

kq 1 2
(4.4 0,025 0,223
(x; 0,037 0,5

from which we find that in no case do we have Oli’. <.
Thus we observe that the null hypothesis is rejected neither by the Fisher test nor by the test based on the binomial distri-

bution.

1.4.2.6 Progressive analysis of a sevies by means of the statistic u(t)

As has been stated above, the statistic of the second trend test lends itself better to calculation when, in the
case of a significant trend, we wish to locate the start of the phenomenon by means of 2 sequential analysis.
This comes immediately from the fact that the value of ¢ for the series formed of the first 7 terms is none other

than the sum

t‘-= ny +n2 + ..+ 711' (1)

that is, the sum 1.4.2.2(1) stopped at the ith term. The corresponding value of u(t;) is obtained by putting # = i in

the equations 1.4,2.2(2) and (3).
In the example in Table 3, this procedure shows, in particular, that only the last value of u(ti) exceeds the
absolute value of the critical value at the 0,05 level, which is 1,96.
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Figure 1 — Annual rainfall at Brussels-Uccle from 1833 to 1969. Sequential values of the statistics #(¢) and u (¢}

*c

Figure 2 — Annua) gverages of the air temperature at Brussels-Uccle from 1833 to 1969. Sequential values of the statisties
u(t) and u'(t)
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We may therefore assume that, if the trend is real, its effect is only very recent and it is advisable to await
later observations to obtain confirmation from them,

Note that this principle can be usefully extended to the backward series.

In this case, we calculate the number n; ofyj terms for cach y; term, such that y; >y]- with i <, which gives a
check on the first calculation, since we have

n,tn=y,—1 2)
If we then put
i'=(m + 1)—4¢ and n;-ﬂn’-. (3)
the values of » ; for the backward series are given by equation
u; = —u(ti.) (4)
which in particular leads to
U= u, )

In the absence of any trend in the series, the graphical representation of u;and u] in terms of i generally gives
curves which overlap several times, whereas in the case of a significant trend, the intersection of these curves enables the
start of the phenomenon to be located approximately,

Figures 1 and 2 give typical examples of both cases.

1.4.2.7 Case of series containing equal terms

It occurs fairly frequently that in a series of observations two or more observations are identical. This can arise
cither from the natural or technical limits of the observation accuracy (reading accuracy, rounding off) as is often the
case for continuous variables such as temperature, pressure, ctc., or from the very nature of the distribution governing
these observations, notably when it concerns a discrete quantity such as the number of frosty or stormy days, etc.

It is clear that, in all cases, the calculation of the statistics of the previous tests must be suitably modified to
avoid systematic errors.

In the case of the determination of the ranks y; of cqual terms, this modification consists of giving to cach of
these terms the mean of the ranks which they would occupy if they followed one another directly in the ordered series.
For example, if rank 16 is occupied by two or three equal terms, the rank ¥; to give to cach of these would be 16,5 or
17 respectively.

For the calculation of 7o it is useful to return to the original equation, which is, with %¢ = Z‘(y,- ,

p o Ziyi— (Z)n 1)
! SISJ,‘
where
st = Zi? — (T and 55 = Ty} — (Zi)/m @)
I

Finally, for calculation of the statistic ¢, it will be sufficient to increase the number of relations y; P yj for

i = j by half of the number of relations Yi =Y to obtain a suitable value of n,.
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1.4.3 Test for stability of the variance

In the previous sections, the test for the simple random character of a serics of observations has been reduced
to the joint application of a serial correlation test and a trend test because of the fact that, amongst the alternative hy-
potheses which can occur, the only ones considercd were those for correlation between succeeding terms of the series
and for a systematic deviation from the central value of the series during the observation period.

By proceeding in this way, however we neglect another form of possible perturbation, that of the variation in
the dispersion of the values of the serics about the central value during the course of the observation period.

When a perturbation of this type is suggested, for example after considering the graphical representation of the
observed values, the method of verifying whether it is true or not consists in calculating the series of absolute values of
the deviations from the mean of the original series and in applying a trend test to the new series. If the effect is real,
the grouping at the start or end of the series of the largest deviations leads to significant values of the statistic of the
test, whereas the caleulation of its values sequentially allows us to check that such a grouping has not occured inside
the series.

In addition, as is easily verified for the ¥; ranks of the observations in the ordered series, we have, using the
null hypothesis of a simple random series,

where # is the Jength of the series. It can be concluded from this that, under the null hypothesis of a simple random se-
ries, the trend test applied to the original series and the same test applied to the series of absolute values of deviations
from the mean arc independent whenever the probability distribution for the observations is approximately symme-
trical.

0 1)

n
cov (J’bl - 5

In this case, it follows that the overall probability associated with the two trend tests can be calculated either
by means of the Fisher statistic or by means of the binomial distribution.
In particular, by virtue of (1), this condition is achieved if the trend tests are applicd to the series of ranks
¥; and the series of absolute values
n

by, ——I.
y: 2

1.5 REFERENCE WORKS CONSULTED

The methed for determining the simple random character of a time series is that described in [ 12 ], The definitions relating
to the tests of hypothesis are generally in zgreement with those found in general textbooks on mathemartical statistics.

Otherwise, the instructions as to the use and efficiency of the tests described come mainly from [ 5)[8]and [10], the
caleulation of &by means of equation 1.3.2(3) is taken from page 674 of [ 6 ] and the examples are taken from [ 13 ] or from the
Uccle climarology archives. Figure 1 and 2 are taken from f1a ]

Note, however, that the list of general sources quoted in the bibliography is a simple working list which professes to be neither

exhaustive nor exclusive,
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2. ON STATISTICAL ESTIMATION

Statistical estimation can be considered as the major part of the statistical analysis of series of observations. As
a matter of fact, the adoption of probabilistic hypotheses for these observations enables us to link probabilities with
any given observable value (whether it is a properly observed value or not) or to proceed with the inverse operation,
namely to determine the value of the observed element corresponding to a given probability. This is generally done by
assigning values (estimates) best suited to the constants (parameters) which determine the distribution function for
the observations, but it can also be done without this intermediate step. Furthermore, the operation each time provi-
des an interval, called the confidence interval, which sets the accuracy of the estimates obtained.

It follows that the statistical estimation is a rational method for comparing observation series which, without
this, would retain only a purely documentary value. It should be stressed, moreover that it is the only method which
makes the practical application of climatological data possible in problems where the user must, for example, introduce
means whose accuracy is known or extreme values where the risk is specified.

In the following part, we first of all examine the case of statistical estimation based on series of observations
forming simple random samples. This shows that checking this hypothesis by means of the tests developed in Chapter 1
Is a necessary preliminary step before applying the method of estimation.

Furthermore, we have made the distinction between parametric and empirical estimation, knowing that one
takes account of the shape of the distribution (which is assumed to be known in advance), and that the other proceeds
without knowledge of it. In the first case, only the parameters of the distribution function for the observations are
unknown, whereas in the second it is assumed simply that the distribution has the analytical properties necessary for
mathematical statistical calculation.

It immediately follows that parametric estimation is more precise than empirical estimation which, on the
other hand, is more general. This is the reason why in practice, the problems of estimation are resolved by adjusting
a distribution function to the observations, with the empirical estimation being kept possibly as a last resort to verify
the compatibility of the series of observations with the fitted distribution.

It is as well to note, however, that because of its greater simplicity, the use of empirical estimation is still
to be recommended when extreme precision is not required.

The case of continuous variables, that is to say those where the distribution function is a continuous function
of the random variable, is examined first, and is followed by that of discrete distributions.

2.1 EMPIRICAL ESTIMATION

As we have just pointed out, this estimation method is based on elementary properties which link the series
of observations to the distribution function of these observations, or to the simplest parameters of this function whose
analytical shape, however, remains entirely unknown.
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In the case of a continuous variable, these properties are related either to the order statistics and to the empi-
rical distribution function of the series of observations, or to the empirical mean and variance of the series.

2.1.1 Distribution functions for the order statistics. Confidence intervals

It is known that if 0 <<F(x) &1 is the distribution function of the observed variable x and if % is any observa-
tion whatsoever, by definition
F(x) =P(xg <<x) 6N

Since F(x) is 2 monotonic increasing function of x , then x; <x, means that F(xy) <F(x,).
If a simple random series is then available with » observations xy , %4, ... %, and if q)n(x) denotes the distri-
bution function of the largest value x; amongst these n values, we have, by the joint combination of the probabilities,

®, (x)=Px’, <x)=P(x; <x)Plry <x)..Pl, <x) 2)
that is to say, with (1).
D, (x)=[Fe0)]" 3)

Furthermore, if these # observations are arranged in increasing order of magnitude in such a way that we have
’ LI > < »
x1<x 2 =, <xm<... \xn 4)

values which are then called order statistics of the series, by writing F for F(x), the distribution function @m(x) of the
m™ value or of the order statistic x 1, is given in general by the equation

n

B, (x) = (:;)F”'(l —Fy" 4+ (m " I)F"‘“(l —Fyml4 e+ F )

Thus the function which has already been introduced in the test based on the binomial distribution is found
again, which, for calculation of F, when @m(x), m and » are given, enables us to refer to the model given in 1.3.2 by
means of equations (2) and (3).

The result is that if by means of equation (5) the values F; <<F, of F corresponding to two values of @m(x) :
®, < ®,, given in advance, are calculated, the interval (Fy , F3) contains, with probability (P, — ®,), the value of F
corresponding to the order statistic x, . In other words, it can be stated that if several series of » obscrvations are car-
ried out, the value of F(x) associated with the observationx’ ,i.e. F. =F(x ;n), is contained between F, and F, with

m
a probability (&, — ®,), that is to say, on average in 100(P, — ;)% of the cases. The interval (F; , F3)isa confi

dence interval of F at the (0, — B,) level.

It is clear that, depending on the requirements, we can make cither @, =1 — ®, = @2 or ®; = 0 and
1 —®, =aor ; =aand ¥, =1 in order to obtain an interval (F; , F3) at the level (1 — ).

In the first case, a rwo-sided confidence interval is constructed and in the two others, a one-sided confidence
interval, In addition, F; and F; are the confidence limits at the level (1 — a).

Inversely, the determination of the confidence intervals (F, , F,) for the level (1 — ) for each order statis-
ticx’y , %%y, .., x’, allows a confidence interval to be constructed for value xy of x corresponding to a given value Fy
of F.
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In reality, letx’g and x g be the order statistics for which the confidence intervals are respectievely : (Fy , F3)

and (F"; , Fg). As the confidence limits F, and F, of Fix ') increase with x’,., we obtain Fg > F as soon as

x’p >x’, and Fy >F as soon asx’, >x"g . From this it follows that for Fy we have

Fy >Fy >F, (6)
as soon as, for the corresponding value x¢ of x , we have

®'p Prg >x" (7

It is deduced from this, that for all the values of xg for interval (7), the given value Fg lies within the corres-
ponding confidence interval (Fy , F5).

The interval (x’g , % ") can thus be considered as 2 (two-sided) confidence interval of x,, for the level (1 — a).

In addition, if Fy is equal to none of the values of the limit Fy, but is found to be contained between two con-
secutive values, by virtue of the continuity of F(x), #’y can be estimated by lincar interpolation. The same remark ap-
plies forx "y .

2.1.2 Central values, variance and covariances of the variables Fm. Estimation of F{x ’m).

In practical applications, the use of a confidence interval can be shown to be of little use. This is why it is
generally desirable to give F, a specific value, as appropriate as possible, which can then be used in the calculations.
Preference should naturally be given to a central value so that the difference in absolute terms compared with the real
value is likely to be very small, The choice can, therefore be made between the mean, the median or the mode.

The mean, in the case of the largest value, is immediately found by writting (IJ" for @n(x) :

1
E(F,) = IchD,, =nfn+1) 1)

th value :

and generally, for the m
E(F,)=m/(n +1) (2)
Similarly, by seeking the value of F which makes d@m a2 maximum, we find the mode ﬁ‘“m, with m &1
B, = tm— 1)/ — 1) 3)

Finally, for the median l?m , it is known that the approximate value is

Fm=(m - 0,3)/(n +0,4) 4)

It can thus be stated that for m close to n/2, the three central values differ little amongst themselves. On the
other hand, their values diverge fairly rapidly for the extreme values of m. In particular, if we call the probability
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(1 — F) the exceedance probability, it is immediarely seen that for the largest value, the mean, the mode and the me-
dian of F assume exceedance probabilities equal to 1/(z +1), 0 and 0,7/(n +0,4).

Wc can see that as soon as # > 1, from the three central values, it is the mean which gives the probability of
exceedance closest to the observed value 1/n, from which we conclude that it is the mean which is best suited to be the
estimate of F,, whatever the value of »1, We can take as the empirical estimate of F(x ’m)

S

F, =F(x',)=m/(n +1) (5)

By associating with the estimates of F given by (5) the corresponding two-sided confidence intervals (F5,F3)
calculated for the same level (1 — 0), we obtain the best information regarding the accuracy of the estimates.

Another method for characterizing the accuracy of the estimate F, consists of determining the variance of the
variable F,, , by means of the equation

0%y =var F,, =E{(F,, — F,)?]=F (1= B +2) (6)

m

knowing that, for values of m close to #/2, the distribution of F , is asymptotically normal,
The ealculation of this variance can also be used to chcck the calculation of the confidence interval (Fy , Fy).
if ug >0 is the quantile of the reduced normal variate z, such thar

1-a=P(|u|<ug) (7)
and if (Fy , Fy) is the two-sided confidence interval at the (1 — &) level of F,, we have with good approximation
2ug0y =F3 —Fy T (8

m

and this is the case even for extreme values of m.
In addition, for order statistics of rank m and m’, we note that

cov(F,, F, ) =E[(F,, — FpXE, — F, M =F,, (1 = F, )(n +2) )
from which we derive that any variable of the form (p F,,, +p3 F,, ) has the variance
var (pF,, tpaF 0=
= [pI,(1 - B.) + piF.(1 = Fo) + 2p1paF (L = Fr)]i(n + 2) (10)

In particular, in the case of estimation by linear interpolation between two order statistics with ranks m and
(m +1), with
5, <ug<x', . p=(xg — %0 My — %), 4=1-p (11)
we have
F(xg)=¢F,, +pF,. 12)
and with good approximation
olFixg)]=qop tpog (13)
. m nel :
or again

U[F(xo)]=\/f;xo)[1 —i?(xo)]/(n +2) (14)
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2.1.3 The empirical distribution function. The Kolmogorov test

By definition, the empirical distribution function F ¢) is the function which gives the frequency of the ob-
servations less than x, that is to say we have

F, (x)=0 for xS x'y
F (x)=(m — 1}/n for x <x <x’m- m=23,..n
F (x}=1 for x’n<x

As the true distribution function F(x) is a monotonic increasing funcrion, the difference F(x) — F (x) over
the interval x << x’; takes its largest value for x =x’y. In the same way, for the interval %, <s<x’,  m= 2 3.1
the difference F(x) — F (x) takes its largest value for x ——x . If these various maxima arc dcnotcd by D, this then
becomes

D,, =F(x",) — F ', )=F’ ) — (m — 1)/n (12)
form=1,2,..,n
o
We know that for the probability ;—— the constant DO£>° can be determined such that
o
1 —-5=P(Dm <Doe)' whatever the m, (3)
from which we can deduce that with probability (1 — &/2), all the incqualities
F(x) <Da for xSy
F(x)— (m — 1}/n <Da for x’m_1<x<x’m, m=23 ..n (4)
are simultaneously satisfied.
In addition, when applied to the distribution for observations taking opposite signs, that is, to the order sta-
tistics

-, St S S—x (5)

the same principle with the same probability (1 — 0/2) gives the simultaneous inequalities :

1-Fx)<Dg for x2x',
m
— — Fix) <D, for x> x2x’ . om=1,2,.,(n—1) (6)
n

By making x =x’_, m =1, 2, ..., n in cquations (4) and {(6) we then obtain with the robability (1 — o), the
g m q p

simultaneous equations

m m —
= = D <F(,,) <Dy + (7)

n

used in the Kolmogorov test to decide whether a given distribution function F(x) can be considered as a probability
distribution for the observations or not.
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It is clear that the confidence limits calculated in this way are larger than those given directly by the distribu-
tion functions of the order statistics. This is why Kolmogorov's method should be used only if we wish to determine
a2 domain in which the distribution function F(x) is completely specified with the probability (1 — @). On the other
hand, if we are interested in a particular value of the observed variable, which is generally the case, it is the method
based on the distribution functions for the order statistics which is used,

2.1.4 Empirical mean and variance

Wwe know that the mean g and the variance var x of a variate x are respectively the first-order moment with
respect to zero and the second-order central moment of its distribution, i.e.

1 1
p=E(x)= jxdF and varx=E(x— gl = J.(x — p)*dF 1
o °

In addition, the shape of the distribution for the variate x can be characterized in many cases by the value
taken by the central moments of order p >>2 :

i
Hp = '[(x ~ wrdF 2)
1]

It follows that the estimation of the mean and the variance does not generally allow the distribution to be
determined completely without preliminary hypothesis regarding its shape, i.e. the equations which link the higher-
order moments to the mean and to the variance.

On the other hand, an empirical estimation of the mean and the variance can be carried out without making
assumptions about the distributional shape as far as we can assume that the expressions defined in (1) exist and have
a finite value (that is to say that the integrals do not diverge).

In particular, if we put

[1=Exi-/n and virx=Z{(x — W%/ (n—1) (3

we determine the empirical mean and variance of the element x respectively, which have the property of being unbiased
estimates of the true mean and variance, that is to say,

E()=p and E(virx)=varx 4

whatever the shape of the distribution.

In addition, by applying the central limit theorem, a confidence interval for the true mean 4 can be deter-
mined using the calculation of f.l and of vir x. In effect, because of this theorem, we can state that as soon as # is large
enough and if several series of # independent observations belonging to the same population are available, the various
values of fi are themselves distributed asymptotically as normal with mean M and variance {var x)/n. Fram this it follows
that the ratio

(fl—p)\/n.’s with 52 =virx (5)
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is approximately distributed as a Student’s ¢ variate with (» — 1) degrees of freedom, From this, if £y > 0 denotes
the quantile of this variate for which we have

p(lt I<tp)=1-a (6)
the interval defined by the relation

i — | <sqsA/7 7)

is a confidence interval of the mean p at the level (1 — o).

2.1,5 Case of several samples, Kruskal-Wallis homogeneity test

In the previous section, it appears that the estimates considered become more accurate as the sample size »
is increased. This is why, when several independent series of observations of the same clement are available, it can be
useful to consider the hypothesis that these series are homogeneous, that is to say that they all have the same distribu-
tion. In this case, all the obscrvations can be grouped together as a single sample whose sample size is then larger than
each of the sample sizes of the original series.

The overall sample will then give better estimates than those deduced from each of the separate series,

This being the case, in order to verify the homogeneity of the series, we could limit ourselves to verifying the
homogeneity of the empirical means whilst ensuring the compatibility of their empirical variance with the empirical
variance of the total sample by testing the ratio of the variances. However, such a test will be only approximate and,
moreover, it leaves the question of the homogeneity of the variances unanswered.

It is for this reason that it is better to use a very efficient non-parametric test which can at the same time be
used to verify the homogeneity of both the means and the variances.

In the proposed test (the Kruskal-Wallis test) the observations of cach series are replaced by the rank that
these observations occupy in the total ordered sample. Furthermore, if £ is the number of independent series, #. ,
j=1,2, .., k is the sample size of the series j and if ij is the rank occupied in the total ordered sample by the obser-
vation i of the seriesj , we put

R]':lz?’ij, n=zn]- (1)
and calculate the statistic
12 R
Xe=e—" VY _3n+1 2)
n(n + 1); n; ( )

the large values of which lead to the rejection of the hypothesis of homogeneity of the series.

With the null hypothesis of homogencous means, the statistic X has approximately a )(2 distribution with
(k — 1) degrees of freedom. The acceptance or rejection of this hypothesis can then be linked to the probability of the
value found for X in this distribution.

The homogeneity of the variances is satisfied as in 1.4.3 by applying the same test to the series obtained, this
time replacing cach observation (or the rank r i') by the absolute value to the deviation from the general mean.

As both applications of this test can be considered as being independent, under the same conditions as these
given in 1.4.3, the test for the whole is carried out using the methods described in 1.3.
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Note further that, jn the case of indeterminate rank because of the equality of certain values, to each value,
as in 1.4.2.7, will be attributed the mean of the ranks that one or other value would have if they succeeded each other
directly in the ordered sample.

In this case, the test statistic X is calculated as described, but it must then be corrected by dividing by

zr

1— 3)

na—n

where T =13 — ¢ , t being the number of equal values in one group of equal values and the sum ZT being extended
to all the groups of equal values.
Finally, a check of the values obtained for R]n can be carried out using the equation

IR; = n(n + 1)/2 4)

2.1.6 Graphical representation of a series of observations

The graphical representation of a series of observations generally aims to give an overall picture of the distri-
bution of the observations. If, in addition, we proceed in such a way that, at each observation, the empirical estimate
of the value of the distribution function and the confidence interval at the chosen level are made to correspond, an
overall view of the results obtained and a method of making new estimates very rapidly by linear interpolation are si-
multaheously available.

The most general use consists of using a functional scale for the probabilities in such a way that the theoretical
distribution function is represented on the graph by a line. In the absence of any indication regarding the shape of the
distribution function, however, a linear scale can be used both for the observations and for the probabilities. The latter
case, in fact, has the advantage that the estimate i-“m of the probabilities associated with the order statistics are equidis-
tant on the co-ordinate axis of the probabilities, and so an arbitrary linear scale can be used.

For all methods, while it is true that using a functional scale is a simple methoed of obtaining indications about
the shape of the sample, it is however only by means of an adequate goodness-of-fit test that it can be decided whether
the shape of the sample is representative of the shape of the theoretical distribution or whether it differs from it signifi-
cantly.

2.1.7 Example 4. The montbly rainfall totals collected at Brussels-Uccle in % of the average for odd montbs

The example proposed relates to the monthly totals of precipitation collected at BrusselsUccle during ten consecutive years,
However, in order to eliminate the differences due either to the scasonal variation of the mean rainfall, or to the unequal length of the
various months of the year, these quantities of rainfall have been expressed in percentages of the average over the ten years, In addition,
in order to reduce the volume of the sample thus obtgined, we have considered only the amounts collected during the months of
January, March, May, July, September and November (1, I11, V, VII, IX, XI).

The total ordered sample of 60 elements obtained in this way s given in Table 4, where the amounts of precipitation collected
x are shown opposite the rank 7 assigned to them es a result of their arrangement in increasing order.

Table 5 restores the chronological order of these values during the ten consecutive years for each of the six months considered,
whilst the ranks r opposite the observed values x are those given by the total ordered series, with the exception of equal values wherer
is the average of the values of » given to these observations.
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TABLE 4, — Precipitation at Brussels-Uccle during ten consecutive years. Ordered sample of the monthly totals x in % of the

m x m x m x
1 15 21 81 41 114
2 2 22 83 42 117
3 24 23 84 43 124
4 32 24 85 44 131
5 33 25 91 45 132
6 37 26 92 46 135
7 41 7 92 47 136
8 42 28 95 48 140
9 45 29 97 49 142

10 51 30 97 50 143

11 55 k)| 99 51 145

12 55 32 99 52 146

i3 56 33 104 53 156

14 58 4 104 54 162

15 62 35 109 55 172

16 62 36 109 56 173

17 67 37 113 57 187

18 69 38 113 58 1%0

19 75 39 113 59 197

20 77 40 114 &0 204

TABLE 5, — Precipitation at Brussels-Uccle during ten consecutive years. Monthly totals x in % of the average over the ten
years for January (1), March (1H), May (V), July (VII), September (IX) and November (XI). Ranks r, modified for equal values, of the
observations in the total ordered series

1 \' VIl IX XI
Year
x r x r X r x F x r b 4 r
1 i14 40,5 99 31,5 32 4 15 1 37 6 83 22
2 140 48 131 44 22 2 135 46 146 52 83 24
3 77 20 109 35,5 197 59 97 29,5 92 26,5 58 i4
4 62 15,5 104 33,5 132 45 95 28 109 355 51 10
5 187 57 99 31,5 113 38 143 38 143 50 136 47
6 92 26,5 97 29,5 113 38 162 54 75 19 56 13
7 104 33,5 142 49 55 11,5 81 21 156 53 67 17
8 114 40,5 91 25 124 43 45 9 33 5 173 56
9 41 7 42 8 24 3 55 11,5 62 15,5 117 42
10 69 18 84 il 180 58 204 60 145 51 172 55
R; 306,5 310,5 301,5 298 313,5 300

2.1.7.1 Howmogeneity of the means of the six series of observations

As shown in 2.1.5, the homogeneity test can be used first of all to verify the homogeneity of the means,
In this case, the values of R, obtained from the ranks r of table 5 arc calculated by means of formula 2.1.5(1). As the checking
equation 2.1.5(4) which, for n =60, here becomes

ZR;=306,5 +310,5 +301,5 +298 +313,5 + 300 =1830 =60 x 61/2

7

is statisfied, we can conclude that this is a correct calculation of the Rj‘

L
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Equation 2.1.5(2) then gives, with nj =10 and » =60,
X=0,063 (2)

If we observe that taking out groups of equal values leads to the following table e, = ranks of equal values, t, =number of
equal values of the same group) :

O Rt 15.5 26,5 29,5 31,5 33,5 35,5 38 40,5
] 2 Fl 2 2 2 2 F) 3 2

in 2.1.5(3}, the quantity 2T becomes

Ir=3-2)x8+3*-3)=72 3)
that is to say, with # =60,

1—XTimin +1)n — 1)=0,999667 {4)

a value which is very close to 1. This is why the correction for equal values by means of division by the quantity (4) scarcely modifies
the value (2) found for the statistic X.

As the number of series is equal to 6, the critical value with which the final value of X must be compared is that of the x2
variate with 6 — 1 =5 degrees of freedom. As, at the 0,05 level, this value is 11,07, we find that the value is very much smaller than the
critical value, which allows us to accept the homogeneity of the means.

It must be stressed, however, that the agreement is too good and the exceedance probability, greater than 0,995, is too high
for the value obtained to be attributable to chance.

This too good agreement must be ascribed to the fact that all the quantities of rainfall were expressed as percentages of the ten
year average, which arbitrarily assigns the value 100 to zll the averages.

2.1.7.2 Homageneity of the variances of the six series of observations

To verify the homogeneity of the variances, Table 6 has been ser up from the absolute values of the differences from the
mean, in the same way as Table 5. In other words, for each value of x, the absolute value d = {s - 100| has been calculated and the
ranks » of Table 6 have been deduced from the total ordered series of values obtained for 4.

After verifying that here also we have

ERj =1830 (1)

TABLE 6. — Precipitation at Brussels-Uccle during ten consecutive years, Absolute value 4 of the difference of the monthly
total from the mean for ten years. Ranks r, modified for the equal values, of the differences in the total ordered series

H 111 A\ viI X XI
Year
o r d r d r d r d r d r
1 14 15,5 i 1,5 68 51 85 56 63 49 17 20,5
2 40 34 31 26,5 78 55 35 30 46 42 15 18
3 23 23 9 11 97 59 3 3,5 8 8,5 42 35,5
4 38 32,5 4 55 32 28 5 7 9 11 49 43
5 87 57 1 1.5 13 14 13 14 43 37 36 31
6 8 8,5 3 3,5 13 14 62 48 25 25 44 38
7 4 5,5 42 35,5 45 40 19 22 56 45 33 29
8 14 16,5 9 11 24 24 55 44 67 50 73 53
9 59 47 58 46 76 54 45 40 38 32,5 i7 20,5
10 31 26,5 16 19 920 58 104 60 45 40 72 52
R, 267 161 397 324,5 340 340,5
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with nj =10, n =60, the relation 2.1.5(2) gives this time
X =10,987 (2)
Furthermore, knowing that the table of equal values is as follows :

Te | 1,5 3,5 5.5 8,5 11 14 16,5 20,5 26,5 32,5 35,5 40
f, | 2 2 2 2 3 3 2 2 2 2 3

it follows that for the correction divider 2.1.5(3)

TT=02%-2)x9+(3%-3)x3=126 (3)
which gives
1— ZT/n(n +1)n —1)=0,999417 4
The corrected value of X thus becomes
X =10,993 (5)

which is a little less than the critical value 11,07 at the 0,05 level of the )(2 variate with five degrees of freedom, Hence the hypothesis
of homogeneity of variance can also be accepted.

Although the combination of the two tests has no meaning in this case since the first hypothesis, the homogeneity of the
means, is a certainty because of the definition of the variable x, we shouid nevertheless note that with &4 =0,9995,0; =0,05, the Fisher
test (see 1.3.1) gives

— 2 log 0y — 2 log 0 =0,001 +5,991 =5,992 (6)

a value which is less than 9,49, the critical value at the 0,05 level of the )(2 variate with four degrees of freedom,

In the same way, the test based on the binomial (see 1.3.2) for k =2 at the 0,05 level gives 0,025 and 0,22 as the lower limits
for the smallest and largest of the two values ¥y and (3, limits which are not exceeded.

Therefore both tests allow us to conclude that the null hypotheses may be accepted.

2.1.7.3 Calculation of the confidence intervals of the probabilities associated with the order statistics

The limits Fy and F5 of the rwo-sided confidence intervels of the probabilities associated with the order statistics are given in
Table 7.
As shown in 1.3.2, their calculation has been carried out using the equation

F'—'_Vl U2/(V2 +V1 ‘b‘z) (1)

where P; = 2m , V3 = 2 (61 — m) and where v? is the quantile of the vana.nce ratio with #| and VY, degrees of frccdom of order
P 0,025 for Fy and order P =0,975 for F4. In this connection, note that v? V1, V) for P=0,025 is the inverse 112 ¥y 1) of

(Vz , ¥1) for P =0,975. Furthermore, the calculation has been done with equation (1) for m(1,30) whereas for m(31,60) account
has been taken of the equalities

F =1-—F and F =1—F

1,m 2,(61-m) 2.m 1,.461-m) @)

In addition, by using 2.1.2(6), the standard deviation has been calculated :
op =IF (1 —F 621'2 wih P, = m/6l 3)
m

from which the amplitude of the two-sided confidence interval at the 0,95 level has been derived, approximated by the
normal distribution

do=2 x1,96 0 (4)
m
where 1,96 is the quantile of the standard normal variate u for which we have :

P(lu 1<1,96)=0,95 (5)
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TABLE 7. — Limits Fy —FO 025 and F = Fo 975 of the two-sided confidence interval at the 0,95 level of the probabilities
associated with the order statistics of rank 1 for a samplc size 7 = 60. Quantiles of the variance ratio v> for P =0 ,275 with the degrees
of freedom ¥ and V5 or V3 and ¥4 used in the calculation of these limits. Amplitude dg of the two-sided confidence interval approxi-

mated by the normal distribution

m vy 12 1o*(v3,v1) | F1=Fopas| v*vv2) |Fa=Foers do F;=Fg,01s | F1 = Fo 025 m
1 2 120 1/39.5 04,0004 3,81 0,060 0,063 0,9996 0,940 60
2 4 118 83 0,0041 2,90 0,090 0,089 0,9959 0,910 59
3 [ 116 4,91 0,010 2,52 0,115 0,108 0,990 0,835 58
4 8 114 3,73 0,018 2,31 0,139 0,123 0,982 0,861 57
5 10 112 3,15 0,028 2,16 0,162 4,137 0,972 0,338 56
6 12 110 2,80 0,038 2,07 0,184 0,148 0,962 0,816 53
7 14 108 2,56 0,048 1,99 0,205 0,159 0,952 0,795 54
8 16 106 2,40 0,059 1,93 0,226 0,168 0,941 0,774 53
9 18 104 2,27 0,071 1,88 0,246 0,177 0,929 0,754 52

10 20 102 2,17 0,083 1,85 0,266 0,184 0,917 0,734 51

11 22 100 2,08 0,095 1,81 0,285 0,191 0,905 0,715 50

12 24 98 2,02 0,108 1,78 0,304 0,198 0,392 0,696 49

13 26 96 1,97 0,121 1,76 0,323 0,204 0,879 0,677 48

14 28 94 1,93 0,134 1,75 0,343 0,209 0,866 0,657 47

15 30 92 1,89 0,147 1,73 0,361 0,214 0,353 0,639 46

16 32 90 1,86 0,160 1,72 0,379 0,219 0,840 0,621 45

17 34 B8 1,83 0,174 1,1 0,398 0,223 0,826 0,602 44

18 36 86 1,80 Q0,189 1,70 0,416 0,227 0,811 0,584 43

19 38 84 1,78 0,203 1,69 0,433 0,231 0,797 0,567 42

20 40 82 1,76 0,217 1,68 0,450 0,234 0,783 0,550 41
21 42 80 1,74 0,232 1,67 0,467 0,237 0,768 0,533 40
22 44 78 1,73 0,246 1,67 0,485 0,239 0,754 0,515 39
23 46 76 1,72 0,260 1,66 0,501 0,241 0,740 0,499 38
24 48 74 1,70 0,276 1,66 0,518 0,243 0,724 0,482 37
25 50 72 1,70 0,290 1,65 0,534 0,245 0,710 0,466 36
26 52 70 1,69 0,305 1,65 0,551 0,246 0,695 0,449 35
27 54 68 1,68 0,321 1,65 0,567 0,247 0,679 (0,433 34
28 56 66 1,68 0,336 1,66 0,585 0,248 0,664 0,415 33
29 58 64 1,67 0,352 1,66 0,601 0,249 0,649 0,398 32
30 60 62 1,67 0,367 1,66 0,616 0,249 0,633 0,384 31

Thus it is observed that the equation
do = Fz - Fl (6)

is relatively well statisfied even for the extreme values of m. Moreover, it is seen that dg decreases in a ratio of about 1/4 from the cen-
tral values of = to the extreme values.

Otherwise, it is clear that the values of Fy give the lower limits of the one-sided confidence intervals at the 0,975 level and that
the values of F give the upper limits of the one-sided confidence interval at the same levei,

2.1.7.4 Estimation of the value of x for a given probability Fo. Estimation of the probability F for a given value x .
Associated two-sided confidence intevvals

By way of an example the probability 1/11 has been chosen. This is the empirical estimation of the probability F assaciated
with the smallest value in each of the monthly series of ten observations, From the equation

Fo=— ==—=0,091 (1)
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we get
61
mo=—= 5 .55 (2)
11

Therefore, for applying the linear interpolation method, we have
=055 and ¢g=0,45 (3
which, with 2,1.2(11) and the data in Table 4, leads w0
%(Fg) =xy g5 =gx's Tpx'e=0,45x33 +0,55x37=352 “4)
To determine the two-sided confidence interval for x(Fg), one should determine by means of Table 7 the value x’g of x;"
where Fy =Fg as well as the value x” of x', for which F3 =Fg. As in both cases Fy is placed between two consecutive values, one
should again proceed by linear interpolation,
In this way it is found that
x'g=gx’yo +px'y; with p=0,67 and p=0,33 (5)
that is to say (Table 4), withx’y0 =51 and %"y ; =55 : x°g =53,7, whercas for x "y we obtain
x"g=gx’y +px’y with p=0,04 and ¢=096 (6)

from which, with x’) =22 and x’3 =24, x"p =22,1.
It follows that the twosided confidence interval at the 0,95 level for x(Fp) is the interval

(221,53, (7)

It is clear that, for the inverse problem, the same example can be taken, In this case, the value xg = 35,2 is considered as
given and, as the values of the coefficients p and g in (3) remain the same, this then leads to

Fixg)=gFs +pFs=0,091 (8)
In addition, applying equation (8) to the limits of the confidence intervals obtained for x’5 and x"g gives

Fi(xg)=0034 and Fy(x)=0,174 (%)

2,1.7.5 Estimation of the probabilities in the case of equal values

The cxistence in Table 4 of equal values of x for different valucs of # can be & source of ambiguity in estimating the probabi-
lities when the given value x is identical with one of the repeated values of this table.

However, if we consider this as a simple case of linear interpolation, it is clear that the probabilities which should be associated
with such a valuc are, for an empirical estimation, the one which comes from the average of the corresponding ranks in Fable 4, and for
the limits of the confidence interval, the averages of the limits attributed to the same ranks in Table 7.

In particular, for ¥ =55, in Table 4, we have 1 =11 and 12, from which

F(55)=11,5/61=0,189 1)

whilst from Table 7 we obtain

Fy(55)=(0,095 +0,108)/2=0,102 and F,=(0,285 +0,304)/2=0,294 (2}
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2.1.7.6 Two-sided Kolmogorov limits of the true distribution function

Table 8 gives the extreme limits at the 0,05 level berween which the value of the distribution function is found for each order
statistic,

These limits have been calculated knowing that for the 0,95 level and # =60, the quantity Dy is equal to 1,36/\/63 =0,176.
If we then put

m m—-1
FIK(m)=g-6 —0,176 and FZK(m)=0,l76 +-——;0— 2)
for m =1 1o 30, the values shown in Table 8 are found. Moreover, for m =31 to 60, the following relations were used

le((m)=1 - le(él - m) and FIK(m)r-—l — FZK(GI —m) 3)

It follows from relations 2.1.3(4) and (6) that the maximum region inside which the true distribution function is found at
the 0,95 level is defined by the set of inequalities

F(x) < Fx(1) for x € xy
F(x) < Fx(m) for X <X K Xy m=2,3,--,60
F(x) > F1x(m) for Xhr1 > X2 Xh m=12..,59

F(x) > Fx(60) for X 2 Xgo 4)

TABLE 8, — Two-sided Kolmogorov limits Fix and F,, at the 0,95 level

m Fix Fax Fax Fir m

H —0,159 0,176 1,159 0,824 60

2 —0,143 0,193 1,143 0,807 59

3 —0,126 0,209 1,126 0,791 58

4 —0,109 0,226 1,109 0,774 57

5 —0,093 0,243 1,093 0,757 56

6 —0,076 0,259 1,076 0,741 55

7 —0,059 0,276 1,059 0,724 54

8 —{(,043 0,293 1,043 0,707 53

9 -0,026 0,309 1,026 0,691 52
10 —0,009 0,326 1,009 0,674 51
11 0,007 0,343 0,993 0,657 50
12 0,024 0,359 0,976 0,641 49
13 0,041 0,376 0,959 0,624 48
14 0,057 0,393 0,943 0,607 47
15 0,074 0,409 0,926 0,591 46
16 0,091 0,426 0,909 0,574 45
17 0,107 0,443 0,893 0,557 44
18 0,124 0,459 0,876 0,541 43
19 0,141 0,476 0,859 0,524 42
20 0,157 0,493 0,843 0,507 41
21 0,174 0,509 0,826 0,491 40
22 0,191 0,526 0,309 0,474 39
23 0,207 0,543 0,793 0,457 33
24 0,224 0,559 0,776 0,441 37
25 0,241 0,576 0,759 0,424 36
26 0,257 0,593 0,743 0,407 35
sl 0,274 0,609 0,726 0,391 34
28 0,291 0,626 0,709 0,374 33
29 0,307 0,643 0,693 0,357 32
30 0,324 0,659 0,676 0,341 31
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Note moreover, that the amplitude of the Kolmogorov intervals is constant for all the values of m and that here it is equal to

1
F,o —F . =2D,——=0335 (5)
2K 1K o 4o

Obviously, in Table 8, the values of FIK <0 should be replaced by zero and the values of FZK 1 should be set to 1,

2.1.7.7 Calculation of the empirical mean and variance. Confidence interval of the mean
Applying formulae 2.1.4(3) to the data in Table 4 gives :

iz=zxgn=s998/60 =99,97 (1)

varx = Z(x — B)/(n — 1) = [}:x2 (2x) ]I(n

_ (5998)
__[723470 = ]/59 2184,24 @

which are the empirical mean and variance respectively of the total sample.

From these we deduce _
s =/ virx =,/ 2184,24 = 46,74 (3)

Knowing, then, that for P=59 degrees of freedom, 2,001 is the quantile of the Student ¢ variate, for which we have
p(lz 1<2,001)=0,95 (4)

the two-sided confidence interval for the true mean [ at the 0,95 level with 2.1.4(7) becomes

e —u 1=199,97 — u 1<2,001 sA/7=2,001 x 46,74/+/60 (5)
in other words
(99,97 — ul<12,07 (6)
or even
87,90<u<<112,04 (7)

which scts the accuracy of the empirical estimation of the mean,

The same method can be used, for example, to make an estimation of the mean of the ten year minimum from the data in
Table 5, that is, the mean of the order statistic x’ correspending to F=1/11 in the series of ten observations.

Since the minimum values of x for each of the six months are respectively

%'y =41,42,22,15,33 and 51 &
we obtain from then :

virx, = Z[x| — B T/5 = [7844 _ 204 ]/s —181,6 ®)

which in turn gives

s=/virx'y =13,5 (10)
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Furthermore, seeing that, for ¥ = § degrees of freedom, 2,571 is the quantile of the Student ¢ variate for which we have
p(le 1<2,571)=0,95 (11)
the two-sided confidence interval of the mean E(x'y) of the ten year minima at the 0,95 level is written

134 — E(x'y) 1<<2,571 x13,5/4/6=14,2 (12

from which we get

19,8 <E(x'y) <482 a3

Although E(x'y) cannot be made identical with x(F) for F =1/11, however,‘ both may be considered as central values of the
probability distribution for the statistiex’ of the total series with mg =555 , thatis F =1/11,
Tt is consequently interesting to compare the interval (13) with the interval 2.1.7.4{7) to show that the two estimates have

comparable accuracies.
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= r . . .
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FIG, 3. — Precipitation at Brussels-Uccle during ten consecutive years. Ordered series of the monthly totals for the odd

months {January to November) in % of the average over ten years for each month. Confidence intervals at 0,95 of the probabilities
associated with the order statistics. Kolmogorov limits at 0,95 of the true distribution function
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2.1.7.8 Graphical representation of the results

The results obtained have been given in Figure 3. For this purpose, two coordinate axes with linear scales have been used, the
horizontal axis for the probabilities, the vertical axis for the values of x. In addition, to aid the construction of the graph, the scale for
the probabilitics has been graduated as a function of m, The value F of the distribution function is therefore related to m by the relation-
ship

m={n+1F (1)

The graphical representation includes :

{1} The representation of the values x’_ in terms of m from the data in Table 4;
(2) The representation of the confidence intervals for E  at the 0,95 level given in Table 7;
(3) The representation of the Kolmogorov limits, taken from Table 8 and thec equations 2.1.7.6(4).

In the case of equai values in the ordered series, the corresponding confidence intervals are placed on the same horizontal
line. Because of the foregoing, the interval adopred for each of these values takes the extremities as the mean position of the extremities
of the various corresponding intervals.

For the Kolmogorov limits, on the other hand, there is no need to introduce any correction for equal values,

Thus it is confirmed that for extreme values, the Kolmogorov limits are farther away from the extremities of the confidence
intervals than for the central values.

2.1.8 Case of discrete distributions

When, because of their definition, the observations are arranged in two or more distinct groups g1, g2, ..., £,
such that the number of cases in each group is respectively ny, #5, ..., 7, with Eni=n, the distribution of the observa-
tions is a discrete distribution.

The estimation problem to be solved is then that of determining the best values to give to the probabilities
P1, P2, - P Which govern the frequencies in each group and for which we have :

Zp.=1 (1)

It is clear that for the statistical treatment of these observations, there is no drawback in giving the values 1,
2, ..., k to the observations according to whether they belong to the group g1, g3, ... or g;. It follows that if these ob-

scrvations appear as a time series, this operation will allow the methods described in Chapter 1 to be applied in order
to verify the simple random character of the series.

Under these conditions, the discrete distribution considered is a multinomial distribution for which the esti-
mation of any one of the probabilities p; or any of the sums 7 +pz—2 + ... of these probabilities is reduced to estima-

ting the probability in the case of the binomial distribution.

2.1.9 The binomial distribution

In this case, X =2 and by putting py =p and gy =¢ , we have p +g =1. Furthermore, we also have

E(ry)=np and varny =npg (1)
from which
n n
E(—I):p and var'-—1 2E (2)
n n B
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If we adopt as the estimate for p

p=ti (3)
n
we get, from (2)
E(p)=p (4)

that is to say, the estimation in unbiased.
In addition, by making F =p in the expression ¢m of 2.1.1(5), we have

P(n, >m)=¢m(P) (5)
and, in particular
P(n) 20)=¢o(p) =(p +¢)" =1 (6)

whilst for » sufficiently large and »j sufficiently close to #/2, #; has an asymptotically normal distribution.

So knowing p, one or other of these two properties can be used to construct a confidence interval for the
frequency #y.

Conversely, given ny, the confidence interval for p will group together all the values of p leading to a confi-
dence interval of the frequency containing the observed frequency »y.

2.1.9.1 Confidence interval for a frequency
From 2.1.9(5), for a given p, m; <m, means that ¢ml > "y whereas we have

P(ml <n1 <1’R2)=¢m ¢m 1)

My

1t follows that if #y and #m, are chosen in such a way that :

By > 1 -§> B2

d“'mz--l >§; ¢Mz (2)
from (1), the relationship
my <ny <my (3)

will be satisfied with a probability 221 — &.

The interval (3) is therefore a two-sided confidence interval of frequency n; with a level =1 — & In addition,
as the conditions (2) ensure the uniqueness of the values my and my , we agreee to define it as a rwo-sided confidence
interval of the frequency ny at the level (1 — ),

To calculate the limits m; and m;, we note that for &g =qu(p), from 1.3.2(2) and (3), we get

2 P2

Vg = —— 4)
o gy

where v, =2mand vy =2(n — m +1).
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The value of my is then that for which m =m; + 1 leads to v&o = ”?1 — oyzy 0T e the smallest value of

ﬂ‘&o > v%l - o2) - Similarly, the value of my is that for which m = m, gives vfxo = 0(2!,2 or the largest value of

2 2
vao <va12.

For the latter calculation, however, the equation used is

2 =1/02
”cxo(Vl R vz)—-lfvl R vy, 71) (5)
The number of trials used in this calculation can moreover be reduced by starting out from the values of m

and m, given by the normal approximation. In this case, if #g >0 is the value of the standard normal variate # for
which we have

P(lu [<ug)=1—a (6)

because of 2.1.9{1), the approximate confidence limits are

my=np —ug\/npqg and my=np tug/npq (7)

By rounding the values of m} and mr to the nearest integer, the best starting values for the exact determi-
nation of my and m, are found.

2.1.9.2 Example 5. Calculation of the two-sided canfidence interval at the 0,95 level of the number of cases in 100
years of an event whose probability is 1/10

In this case n =100, np =10, 3/ npg =3, M2 =0,025 and ug =1,96. From thesc values, using 2,1.9.1(7) we get :
my=10—196x 3=10— 5,88=4,12 m; =15,88 (1)

The starting values for determining m; and m are then 4 and 16.
The calculation of v&o and of llvao by means of equation 2.1.9,1(4) gives :

my m; + 1 | 41 Vi 020 05,913(1’1,3&)
4 5 10 192 2,13 2,11
5 6 12 190 1,76 2,01
ms vy V2 Ugo lfv:u 03.973("3,”1)
16 32 170 0,59 1,69 1,82
17 34 168 0,55 1,82 1,79

From comparing the values found for v&o , it secrns that the largest value of sy for which (g = m1+1gives vzao >v?),975

ismy=4.
Similarly m4 =17 is the smallest value for which 0y = ¢ gives w2, <o? v, V)= 1/1;‘2) gx (P Py).
Y™ s 0ty 0,025 )
The confidence interval sought is then

4 <ny <17 2)
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2,1.9.3 Confidence interval of a probability

The two-sided confidence interval at the level (1 ~ @) of the probability p associated with the observed fre-
quency ny is the set of values of p leading at the level (1 — 0) to a two-sided confidence interval of the frequency
including the observed frequency n;.

To determine this, we see that if py is taken from the equality

44
(I’n1+1(P1)=1 _2_ (1)
for any value of p <p,, we will have
(43
& (p<i-—— @)
141 2

So using relations 2.1.9.1(2), ny will be greater than the limit 7, of the confidence interval of the frequency.

Similarly, by taking p, from the equation o

¢ (py)== (3)
" 2

for any value of p=>p,, we will have
14
q)"lﬂ p) >;‘ €Y

which means that, using 2.1.9.1(2), #, will be lower than the upper limit m, of the confidence interval.
The interval

P1>P P2 (5)

is therefore clearly the two-sided confidence interval we are looking for.

Tables exist which give the values of py and p, directly for given values of n; and 7. However, if we wish to
calculate pq and g, the form of the equation (1) and (3) allows the method indicated in 1.3.2 to be used,

This calculation can then be simplified by basing it on the normal approximation to the distribution of the fre-
quency. In this case, equations (1) and (3) arc replaced by equations

npi —uo/mpi(l—p)=n,  and  np}+upy/npi(l — pp) =n, (6)
where uy is the quantile of the normal distribution defined in 2.1.9.1(6), cquations whose solutions are the roots of the
equation

(np — ny)? = ud np(1 — p) (7

that is to say that

s = 2n, + ud £ u, ﬂg +4n,n—n)n
L ez 2n + ul)

(8)

However, it is advisable to stress here thar as long as the normal approximation is sufficiently accurare, the
probability associated with the confidence interval (p,p3) is exactly (1 — 0). The result is that the confidence intervals
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of the frequencies that are made to correspond to the values of p in this interval no longer contain #; with a probability
21 — 0, but only with an average probability equal to (1 — &),

This happens, for example, if 7, or m| +1 arc adopted as the lower limit of the interval depending on whether
‘I’m 41 OF @m +p is best approximated by 1 — /2, and whether the same is done with the upper limit. It also follows
that the interval {p’y, p3) is narrower than the interval (p, pa).

Equivalently, the limits p} and p3’ of p obtained from equations

Lg (o .
S0,@D + 0uui@D] =15 and {05 + BuyssD)] = ©)

DR

give the limits of a confidence interval for which the associated probability is exactly equal to the level (1 — ).
These are obtained to a good approximation by taking the average of the solutions of the equations, firstly

2.4 o
¢n1(P)=:l _-2- ! q’nlﬂ pr=1 "—'2-
and secondly
o a
¢, == . B, @==

2.1.9.4 Example 6, Calculation of the confidence interval of the probability assaciated with the frequency ny =1I0ina
total number of cases n =60

The choice of n =60 permits the results given in Table 7 to be used, With 2.1.9(3), this becomes
p =10/60=0,167 1)

wh ereas the limits of the confidence interval at the 0,95 level are deduced from equations 2.1.9.3(1) and (3), that is to say
®,,(p1)=0,975 and Dy(p,)=0,025 (2)
from which we obtain, using the results of Table 7 given for m =11 and 10,
p1 0,285 and p,=0,083 (3)
Furthermare, the normal approximation leads, with 2.1.9.3(8) to
p1=0280 and p;=0,093 (4)
whereas the averages for m =10 and 11 of the values derived for py and p3 in Table 7 give
py=100,266 +0,285)/2=0,276
and

p5=(0,083 +0,095)/2 =0,089 )
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2,1,.9.5 The mean recurrence interval

To express the probability associated with a particular value of the variable x, it is fairly common to us¢ the
concept of the mean recurrence interval T, linked to the distribution funetion F(x) by the relation
1 1
T=— or T = =—
F(x) 1 — F(x)
depending on whether F(x) <0,5 or F(x) >0,5,
In order to justify this idea, the case of a binomial distribution with probability p is considered again. In this
case, if a series of consecutive independent trials is carried out, the probability f; that an event associated with the pro-
bability # will occur only at trial i, that is to say, for its recurrence interval to be equal to 4, is given by

(1)

fi=q’.'1p with ¢g=1-p 2)
Since on the other hand we have
0o 00 i1 1
Lfi=pLqt=p.—=1 3)
1 1 1—g

we can conclude from this that the probabilities f; completely define the distribution of the recurrence intervals of the
event considered.
In partitular, it follows that the mean of the interval / is deduced from the equation

1

oo o | 1
T=g()=Zif;=p Tig"! =p ~rmme =— (4)
1 1 a1-9)° p
a relation which justifies relation (1) for F{x) <0,5.
Moreover, the choice of T=1/[1 — F(x)] for F(x) >>0,5 is logical since it gives the same mean recurrence inter-

val to equally rare values of x, because Fix) is either close to 0 or close to 1.
2.1.10 The asymptotic form of the multinomial distribution. The Pearson test
"
It is known that the term () p”1 4" "1 of the expansion of the binomial (p +4)" with p +g =1, gives the

ny

probability that an event of probability p occurs #; times in a series of # independent trials. Similarly, the term

7l
finy,ng, o my)= P ph2 . Pk 1)
n1! ?221 Hk!
with k
Eni=n,
1

of the expansion of the polynomial (#; +p3 ... +pk)rj , gives the probability that, in a series of » independent trials,
k mutually exclusive events of probabilities py, pa, ..., pp With

k
z Pi=1,
1

occur ny, ny, ..., np times respectively.
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As ny, is fixed once the (k — 1) other values of n; are determined, the probability that we have simultaneously
ny2ni, vy Hnj, .., np  Zmy ) is given by the sum

» » = E E E f(”l’ L PRI nk) (2
MR ST N T np BNy )

or again that the probability P that the frequencies #q, n,, ..., ., are simultancously within the intervals n} <ny,
ny <ny,..nj  <my  is caculated from the relation :

P=@l

»n

’ - @ " 1] 2
]
1+1'”2+1""'"k-1+1 By senlily g

(3

a relation which generalizes equation 2.1.9.1(1).

It is clear that relation (3) can be used either, when the probabilities p; are known, to determine a confidence
domain within which the frequencies n; are found simultaneously with a given probability P =1 — @, or, when the
frequencies 7; are given, to determine the whole series of values of probabilities p; cach leading to a confidence domain
for the frequencies containing the frequencies L

As manipulation of equation (3) is fairly difficult, it is preferable to solve these problems by using the asymp-
totic form of the multinomial distribution,

Returning to the case of the binomial, since the frequency », has an asymptotically normal (Gaussian) distri-
bution with mean ap and variance npgq, as a result, the expression

2
. (ny —np) )
npq

which can be put in the form
1y —np)*  (n; —nq)?
X= +
np ng
has a 2 distribution with one degree of freedom,

Similarly, it can be shown that, in the case of a multinomial law, the frequencies ny, n,, ..., ny have a joint
asympotically normal distribution from which it follows that the statistic

4oy
1 npt-
called the K. Pearson statistic, has an asymptotic ¥* distribution with (k — 1) degrees of freedom. This statistic can be

used in place of expression (2) with a constraint similar to that in 2.1.9.3 regarding the intervals (1 ,p2)and (py ,pa).
In particular, if we denote by )(20 the quantile of the %? variate with (k — 1) degrees of freedom for which we

PO <xd)=1-a (7)

s with My +T!2 =n (5)

X (6)

have

by writing

k (n;—np.)?
ng (8)

— v

np;
when the probabilitics p; are known, a confidence region will be defined for the frequencies n; at the (1 — 0} level,
whilst if the probabilities p; are unknown, the introduction in (8) of a serics of observed frequencies n ; will determine
all of the values of the probabilities p; which are acceptable for the same level,
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In addition, in order to verify the compatibility of a series of observed frequencies #; with a given series of
values of probabilitics p;, the statistic (6) can be used to accept or reject the null hypothesis of compatibility depen-
ding on whether the statistic X is lower than or greater than the critical value 3.

It should be said that because of the asymptotic character of the distribution for this statistic X, it is gene-
rally advisable to use it only on condition that the quantities #p; are not 100 small. In reality, it can be shown that
the behaviour of X for high values (¢=0,05 or less) remains excellent when the quantities np; fall to 3 or 2 or even,
when there are sufficiently many groups, when some of these drop to one.

From this it is concluded that the range of application of the test remains very wide.

2.1.10.1 Example 7. Probabilities of the sequences of consecutive dry years at Brussels-Uccle

The rainfell totals collected at Brussels-Uccle from 1833 to 1960 have been expressed as percentages of the general average
and a year is considered as 2 dry year when this quantity is less than 100%. The other years are rainy years, If it is assumed that the
dry and wet years follow each other by chance and that the probability p of s wet year is equal to 0,5 , the probability #; that it is fol-
lowed by a sequence of i consecutive dry years is then -

p;=p'q=0,5) .(0,5=(05" )
During the period mentioned, 68 wet years have been counted and if we denote by " the number of wet years which have
been followed by a sequence of i =0, 1, 2, ..., dry years, the 68 wct ycars are distributed as shown in Table 9. The mean values np; of

the frequencies »; have also been given in this table; these values are caleujated from (1) with # =68. Finally, fori =5, we have given
the value of np; fori 25,

TABLE 9. — Distribution of sequences of dry years at Brussels-Uccle

i "y P np, (rny — np)3inp,
0 37 0.50 34 0,265
1 17 0,25 17 0
2 1 0,125 8,5 0,265
3 4 0,0625 4,25 0,015
4 1 0,0312 2,125 0,596
s 1 0,0156 2,125 0,007
6 0 0,0078 — —
»7 1 0,0078 — _

Calculation of the statistic X then leads to
X =0,265+0+0,.265 +0,015 +0,596 +0,007 =1,148 (2)

With (6 — 1) =5 degrees of freedom, the critical value of the varizble )(2 at the 0,05 level is equal to 11,07, so there is excel
lent agreement between the observed frequencies ”i and the probabilities ?;

Incidentally, it would be wrong to infer too good an agreement here between the series of observations and the theorericel
distribution. Following the remark made in the previous scetion, since the value of X is relatively small, the distribution of the ){2 variate
does not give the exact value of the corresponding probability.

In other words, we actually have

P(X <1,148) >P(¢ <1,148) 3
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2.1.11 Reference works consulted

The empirical ¢stimation based on the distribution of the order statistics has been used in [151 1t is inspired by concepts of
intervals and of control curves introduced by Gumbel in [4] The propertics of the distributions of the order statistics and the graphical
representation deriving from them have also been taken from f4] whereas the presentation of the Kolmogorov test comes from reference
[11] and that of the Kruskal-Wallis test from {101

‘The empirical estimation of & probability from a frequency is the wensposition of the empirical estimation in the casc of 2
continuous variable. It is based on the identity in relation 2.1.1(5), which gives the distribution of the order statistic x;n, and relation
1.3.2 (2), which gives the probability associated with the observed frequency for a specified generating probabiliry.

The definition of the mean recurrence interval is the symmetrical version of the one given by Gumbel in [4]. The comments on
the appoximation of the multinomial distribution by )(2 appear in [11].

For the remainder, reference is made to what has already been said in section 1.5,

2.2 PARAMETRIC ESTIMATION

The method of parametric estimation is founded on the hypothesis that the observations considered are distri-
buted according to a probability distribution whose analytical form is known and completely specificd by the value of
one or mMore parameters,

If x denotes any observation whatsoever and xq a particular value, this amounts to assuming we can write

P(x <xo)=F(JCO ) 9) (1)

where the distribution function F(x , #) is fully determined as soon as the value of the parameter 8 (or of the vector
@ with components 8, 85, ..., 6, ) is fixed.

In the case of a single parameter 8, if 8 is its true value, the problem of estimating the probability associated
with the observation x¢ boils down to choosing a suitable value 8 enabling us to put

F(xg , 0g) =F(xg , 0g) )

As this choice is generally made by using a function 8(x,, x5, ..., x,) determined from the sample formed by
the observationsx, x4, ..., Xy, function called the estimator, we then have

éo=é(x1.x2,‘..,xn) 3)

which, because of the random character of the sample of observed values of x, allows us to consider the estimator
f(xy,%3, ..., x,) as a random variable also.

If, furthermore, the truc value 8 occupies a central position in the distribution of the estimator
Béxs, %z, ..., x,), from the differential, for =0,

aF(xO! B)

dF(xo, 00) = aa

- df @)
8=dg

we deduce that the variance can be expressed to a good approximation as
2
F(xo, 8)

var F(xg, 8,) = I

s Var 9 (5)

d=8g

which characterizes the error associated with the estimate F(xg, @¢) obtained by (2) as a result of (3).




(& &~ &

42 2. ON STATISTICAL ESTIMATION
Inversely, if the quantile of order P of the variable x is required, the relevant equation is
Flxp, Og)=P (6)

and the variance of the error associated with the estimate "EP obtained in this way is determined, noting that since

OF -
dxp=( "gx" )" dF (7)
we obtain under the same conditions
. oF _, .
varxp=(——)" .var Fg (8)
O0x

where var iTO is given by (5) and where the derivatives arc calculated at x =xp and 8=0,.

An important case is that where the parameters specifying the distribution are a location parameter 4 and a
scale parameter 0> 0 where the variable x observed is related to the reduced variable # by means of the linear relation-
ship

x=p +ou o

If F{x) is the distribution function of the reduced variable u, equation (1) then becomes
Plx <xg)=F(ug) with ug=(xo—MNC 10

In this case, if [l and O arc estimates of the parameters i and 0, functions of x can be estimated using the re-
duced variable # by means of (9). In particular, (2) becomes

n

. xg— H X
B <o) =F( °6 ) =Firg) (1)
with
” (aF)2 2 (12)
F = ([ —
var F(ug) » Var #
where

var i + 2uycov (@2, 8) + uvaré

Var i, =
0 e (13)

whilst the solution of equation (6) is directly given by the relation
xp=it+0up (14)
where up is derived from equation F(uP) =P and for which we have
var;cP=var£t+2uP cov(it , ) +ulz,var& (15)

The foregoing concerns the case where the variable # is continuous. Its extension to discrete variables does not
present any difficultics; however, it will be examined later,
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Several remarks can be made about the parametric estimation that has just been derived.

Indeed, whereas the domain of the empirical estimation for the observed values remains limited to the inter-
val extending between the extreme values xj and x, and, for the associated probabilities, to the interval defined by the
probabilities 1/(z + 1) and n/(n + 1) given to these extreme values, parametric estimation makes estimation possible
over the whole arca of definition of the variable x and for any value between 0 and 1 of the distribution function of
this variable.

In addition, in the domains where both types of estimation are applicable, as will be seen in the examples,
parametric estimation generally leads to estimates at least as accurate. Because of relations (5) and (8), it is however
obvious that the quality of the parametric estimation depends directly on the choice of the estimator of the parame-
ter which, as has been stated, must be well centred (low bias) and have a small variance,

Parametric estimation thus appears as a2 more powerful method than empirical estimation. It must never,
however, be forgotten that its use remains dependent on the a priori knowledge of the shape of the distribution func-
tion. In particular, when, in the absence of any information on this subject, the function fitted to the observations
is adopted arbitrarily, it is advisable to ensure the compatibility of the fitted distribution with the observations. In
any case, such verification is always useful.

Moreover, when choosing the function to be fitted, it should be remembered that choosing functions con-
taining the largest possible number of parameters with a view to obtaining the best fit to the observed values is usually
counterproductive.

In fact, from the generalization of equations (5) and (8), the introduction of any new parameter involves an
increase in the variance of the error of estimation, and, as a result, the mediocrity of fit will increase proportionately
with the number of parameters specifying the distribution.

2.2.1 Estimation by the method of moments. Fitting the normal distribution

When the one or more parameters specifying the distribution are moments of this same distribution, estima-
tion by the method of moments consists of adopting as the fitted function that obtained by using the empirical values
derived from the serics of observations as parameter estimates.

In particular, if the distribution function is determined by the values of the mean and the variance, that is,
if these parameters are the moments

1 1
w = '[xdF and  f, = f(x — u,)%dF (1)
[

the method amounts to using the estimators
IR =2xi/” and ﬁlq=2(xt-—ﬁl,.)2/n 2)
for which we have, when the observations are independent,

var i‘l =H2/ﬂ (3)
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and, to an approximation of the order of 1/n,

varfly =(Uq —M3)m  and  cov(lly , i) =Ha/n 4)

since the moments g , p = 3,4 have been defined by relation 2.1.4(2).
Furthermore, if, instead of the variance W;, the standard deviation 0 =+/ U, is considered, the estimator ilg
is replaced by the estimator &=\/;’:l—2 , while from

I3

- duy
do= {5)
24/ 1
we obtain, with (4) var Hz Ma — H?z
var 0= = (6)
441y dnily
and
PO 1 . . Ha
coviiy, , 0N = Leovilly , Mp)=— (7}
24/ M2 2na
In the case of the normal distribution of mean i, and standard deviation ¢ , we have
p3=0 and py=30*
from which, with y, =g% , we derive
e . o .
var iy == , vard=-— and cov(ly, 0)=0 ()
n 2n

The distribution of the variable x can then be defined by means of a relation of the type 2.2(9), since for the
reduced variable #, we have

1 u?
dF(u) =f{u)du = — exp ( ——)du (10}
! V2T P 2

The result is that the estimate of the probability associated with a value xg of the observed variable becomes

with 2.2(11) xo— i

13(x <xg)=Flug) where wup==—— (11)
g
for which, with 2.2(12) and (13), we have
.1 u
var F(ug) =—{f(ug)?. [1 +—] (12)
n 2

Inversely, calculation of the quantile xp corresponding to the probability P = F(up) is derived as shown by
equation 2,2{14), for which 2.2{15) here becomes

. 0 u}
var xp=—=_[1 +—] (13)
n 2

In practice, it is preferable to use as the estimator for the empirical variance s2 =vir x defined in 2.1.4(3),
because 5% gives an unbiased estimate for Y. Note, however, that s =/ var x has a systematic error with respect to @
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that, in the case of the normal, can be made negligible by taking

&=s\/ i (14)

n—1,5

Let us add that introducing the estimates fto and & in (12) and (13) instead of the true unknown valuecs ug
and 0 introduces only a negligible error of order 1/n.

2.2.1.1 Example 8. Estimation by fitting a normal distribution

We consider again example 4 given in 2.1.7 of the monthly rainfall totals collected at Brussels-Uccle given in percentages of
the normal total for which we shall assume that the distribution is normal. In reality, the acrual distribution differs slightdy from the
normal and we shall show later how this hypothesis can be verified.

From the results obtained in 2.1,7.7, we obtain, with n =§0,

” ~ n—
By =9997 and O=s+/ =46,74 x 1,0043 =46,94 (1)

n-—-1035
In order to allow comparison with the results given by cmpirical estimation, the probabilities associated with the values

xg =15, 51 and 97 corrcsponding respectively to m =1, 10 and 30 are calculated,
With 2.2,1(11) the value of #q corresponding to xg =15 is

_15—99,97

46,94
similerly, for xq =51 and 97, we obtain #g=— 1,043 and — 0,063,
Since the tables of F(x) and f(u) give the corresponding values for the nommal,

A

g =—1,810 (2)

F(9)=0,0352, 0,148 and 0475
Heg)=0,0775, 0232 and 0,398 (3

we deduce from these, with 2,2.1{12),

0[Fing)]| =/ var Flirg) =flup)/ (1 + u3/2)in

=0,016, 0,037 and 0,051 1C)]
The empirical estimation gives
Fy=00164, 0,164 and 0492 (5)
with for m =1, 10 and 30, due to 2.1.2(6),
0(Fo) =0,016, 0,047 and 0,063 (6)

It thus seems that parametric estimation gives a better accuracy here only in the vicinity of the mean. Done in this way, the
comparison is not however correct, because the values of Fg used in calculating the variances are not the same in both cases. If the values
of Fg given in (3) arc used for this comparison, assuming that these values were obtained by the empirical method, using 2.1.2(14),
we should have

0(Fy)=0,023, 0,045 and 0,063 (7}
which shows, on the contrary a relatively better precision at the extreme values than in the vicinity of the mean.
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Inversely, if we want the value of the obscrved variable corresponding to the probability P =1/11 =0,0909, the cquation
F(uP) =0,0909 gives, using the table for F(u), up=— 1,335, from which

Xp=99.97 — 46,94 x 1,335 =373 (8)

Moreover, with 2.2.1(13), we obtain

0ep) =0~/ (L Fub/2)/m
=46,94 x 0,1775 =8,3 (9)

As the distribution of &P is approximately normal, the values 37,3 +1,96 x 8,3 (21,0 and 53,6) define a two-sided confidence
interval of xg at the 0,95 level, The empirical estimation in 2.1.7.4 gave the interval (22,1 ;53,7), which is almost identical, This agree-
ment between the two results can however be considered as fortuitous; the statement made on the subject of the values obtained in (4)
and (7) allows us to predict, in fact, that the confidence interval given by the parametric estimation will be on average narrower than
that obtained by the empirical estimation.

The empirical mean, however, is an exception and in this conncction, it will be noted that the calculation of a confidence
interval for the mean is carried out in the parametric casc as given in 2.1.4. It is clear, however, that the interval obtained in this way is
exact only if the distribution is normal. In other cases, it is only a good approximation obtained by virtue of the Central Limit Theorem.

2.2.2 Sufficient statistics. Estimates with minimum variance

From the foregoing, it follows that the accuracy of the parametric estimation is dircctly linked to the choice
of the estimator of the parameter. In particular, the results from example 8 show that the choice of estimators with
variance larger than those which were used can lead, as a rule, to less good estimates than empirical estimation, Seeking
estimators with minimum variance is therefore the prime task. An important case where such estimators exist is that
where the distribution possesses sufficient statistics. In order to define these, let

dF(x , B)=f(x , B)dx (1

be the differential equation which determines the distribution of the observed values x¢, x5, ...y X, (assumed to be in-
dependent of cach other) and let us consider the function

g(x y9)=f(x1 :B)f(x216) -'-f n !6) (2)
which is called the likelibood function, for which, by taking the logarithm, we put
L(d) =log gtx , B)=Z log flx; , 6) (3

If, in addition, T denotes a function T{x{, %3, ..., xn) of the observed values, the statistic T is called sufficient
if the function L(f) can be put in the form

L) =h(T , ) thixy,x3, ..., %)) (4)
where b(T , @) depends only on T and 8 and where k(xy, x3, ..., x,} depends only on the observed values x4, xz, ..., %,

The sufficient statistic as defined by (4) is unique, except that if T is sufficient, any one-to-one function of
T will also be sufficient. Moreover, in this case, estimates of 0 with minimum variance exist and are expressed as a
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function of the statistic T only. To obtain such an estimate, we can proceed as follows.
Calculation of the mean E(T) of T by means of the integral

E(T) = J‘TdFi dF,--dF,
where dF i stands for f{x i @)dx i leads to a relation of the form
E(T) =T(&
By solving this equation with respect to 8, by substituting T for E(T), we find the estimator

9 = &(T)

wich may be corrected for bias by calculating the difference : 6(8) =6 — E(é)_
Similarly, the variance of T is obtained by means of the integral

varT = J‘ [T - E(’I)]z dF,dF,---dF,
from which we derive the variance

varf = [%)-:r -varT

which possibly can be corrected for bias of 8.

The preceding calculations are simplified if the function »(T , @) in (4) can be put in the form

BT ) =A0)T +B(@)

In this case, the sufficient estimator is the solution of the equation

L)

—— =
00

and if the estimator 8 obtained in this way is unbiased, we have

vat § = 1/1(8)
with
OL() 3L®B)
P =-Eg[
302

18)=Eg|

In the case where 8 is not without bias, relation (12) is only approximate. The exact relation is then

var 8 =[1 + 5@ 2/10)
in which we have
ab(0)

b(@)=0—E@) and b(0)=—
a0

47

(5)

(6)

N

(8)

(%)

(10)

an

(12)

(13)

14)
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Finally, when the parameter 6 is a vector with several components 8y, 8,, ..., 8, , the generalization of the pre-
ceding ideas follows easily. In particular, equation (11) is replaced by the system of equations

L), 0. ..., 6)
26,

H

=0, §=1,2,..,k (15)

and the variance (12) becomes the covariance matrix

-1

(16)

Hm@®h-mﬁwﬁ£ﬁﬂ

36,00,

The determination of the estimators by means of equations (11} or (15) and their variances by equations (12)
or (16) is called estimation by the maximum likelihood method. This name is justified by the fact that if the estimator
@ derived from (11) is unbiased, it can be shown that the likelihood function L{#) passes through a maximum for § =8.

2,2.2.1 Case of the normal distribution

Since for this distribution, we have

—_ ! u?
- f(x)—W exp (——2—)
wm K cecx<tw and >0 o)
by purtting o
Ty=Zx;/m and Tp=Xx—T) 2)

the likelihood function expressed in natural logarithms leads to

Tz +K(T1 - #}2

n n
=— - log2n——log &* —
2 2 207
from which it is evident that the statistics Ty and T, are jointly sufficient.
As, on the other hand, we have
E(T;)=f¢ and E(Ty)=(n— 1)0° 4)
we obtain the e¢stimators already known
g=T, and O*=Ty/(n—1) (5)
which, by what has gone before, are estimators without bias at minimum variance.
In addition, applied to the function L, the maximum likelihood method gives the equations
oL 2m(T; — W) oL n Ty +a(T, —w? ©
— = ee———— ), — T — =0
o 202 dc® 207 20*

from which we obtain
=T, and 0*=Ty/n V)]

3
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Furthermore, from the relations

PL__n. @L_n _2AT,+nT —p*] &L n(Ty — W) ®)
op? o?’ ¥o?)? 20* 266 * oude: 0 p
we obtain
2
2L | ©
e n
fcov(n, 69 = “ E[a_u, aaz] " o
n

Since, on the other hand, Ty is a normal variate and Tzloz a ) variate with {(n — 1) degrees of freedom, we

have
var x 02
var Ty =——= =~ and var Ty =2(n — 1)6* (10)
n n

This shows that for the estimators (5) the exact relations are

s 20
var l=— and var g% =-— 11
n n—1

Thus we see that, in the case of the joint estimation of it and 02, the solution by the maximum likelihood
method is correct for i, but is only approximate for 2.

2.2.2.1.1 Example 9, Fitting of a log-normal distribution

When the variable studied is non-negative, the log-normal distribution can often give a good fit. To analyse this, it is sufficient
to replace the values of the variable x by those of log x in the preceding equations. The daily averages of the wind speed in Table 10
give an example where such an adjustement is applicable,

In this case, by using natural logarithms, we obtain

e
flog x)=3,398, Gllogx) =s\/ =0,3439 x 1,0043 = 0,3454 1)
n—1,5
In particular, for xg =14, with log 29 =2,639, we have
2,639 — 3,398
Ry = = 2,20 (2)
0,3456
which gives N . .
Fo=F(ug)=00139, flug}=0,0355
and, as in 2,2,1.1(4)

O(Fp)=0,0085 (3)
Ioversely, if we had waken F(ug) = 0,0139, ug = — 2,20 would be obrained, i.e. jog a‘co = 2,639, and, as in 2.2.1.1(9),
Gllog xg) =0,082.
Since, on the other hand, we have
dx
dlog x =—, that is to say , dx =x . dlog x {4)
x

we derjve from this, to a good approximation,

0("x o) =%o0(log xg)=14 x 0,082 =1 15 (5)
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TABLE 10. — Daily averages of the wind speed at Uccle in July, Ordered simple random sample of 60 values (in 0,1m/s).

m x m X m X
1 14 21 26 41 34
2 15 22 26 42 36
3 17 23 26 43 37
4 18 24 27 44 38
5 19 25 28 45 38
] 19 26 28 46 39
7 20 27 28 47 41
8 21 28 28 48 43
9 21 29 29 49 44

10 22 30 29 40 44

11 22 31 29 31 45

12 22 32 30 52 43

13 22 33 30 53 45

14 23 34 30 54 46

15 23 35 30 55 47

16 23 36 31 56 43

17 24 37 3 57 49

13 24 38 32 58 31

1% 24 39 32 59 62

20 26 40 34 60 68

2.2.2.2 The gamma distribution
In this case, we have
-
dF(x,08)= £ g/ By (1)

with Fra)

x20, >0 and f2>0
By using natural logarithms and by putting

T, =Elogxi and T, =Zx‘» (2)
we get
L=—nolog f— nlog [(a) +(a— 1)T; — T,/ (3)

from which it is found that T, and T, are jointly sufficient statistics.
On the other hand, as we have for the gamma distribution

- d
E(Ty)=nE(logx)= nlogB +n(0d with YPa)=— logl() 4)
do
and
E(T4)=nE(x)=no § (5

by substituting in the previous relations T, for E(T;) and T, for E(T,), equations are obtained in &and f# whose solu-
tions are the sufficient estimates of these parameters. In particular, by eliminating 8 between equations (4) and (5) the
¢quation in &is obtained :

T T,

logot— Yo) =A  with A=log— —— 6)
n n
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If we adopt the following approximation

Y(or) =log o — lat-l o? )
equation (6) becomes 2 12
12A0%2 — 60~ 1=0 (8)
which gives
1+/T+4A73
= ———emm (9
From (5}, we then obtain . 4A
B=T,/(n&x) (10)

The accuracy of this estimate is adequate for all practical purposcs. Note, however, that as the estimators
which follow from this are not linear functions of T and T,, they cannor be expected to be unbiased.

Furthermore, the determination of the covariance matrix could be made directly by calculating the appro-
priate integrals. In order to simplify the calculation, we can, however, be satisfied with the approximate values given by
the maximum likelihood method.

We thus find

var & ar f = M— cov (&, B) = S {11)

. -
" nfap(@) ~ 17 n[ay'(@) — 17 n[oy'(@) — 1]

in which we can make in an approximate way

1 1 1 1
pia=o'+-o? +-d®* - - +=d"’
2 6 30 84
and
1,1 5 1 4. 1 4
aP () —1=m@ +—0"——@t +—a {12)
v 2 6 30 84
Moreover, for the caleulation of F(x, &, §), we have
i 1 - (13)
F(x,a, f) = x* " le™*Pdx
G f) ﬁ"I‘(a)J
o
t
-1 *~le " dt (14)
I{e)
o
u’pr1
=L 12~ le~'dt
I(a) (15)
0
with
x t

t="B'- , U= e

which reduces the calculation of Fix, ¢, f) to the tables of the incomplete gamma function.

and p=q-—1
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As regards the calculation of var %‘0, for a given value of x, we see that from (15), we obtain

dF—aF m:u+aF d
Y -

where, with & =—'x/(ﬁ\/a, we have

u u
du=——df— — da
i 20

From this we obtain

varFo=(@——u-'aF)z-var&+(§-QE)z-varﬁ

dx 2a Ou ou
IFfoF u IF
_qu oxfor 4 LY.
B 6u(6a 2 au) cov (@

F
knowing that for the calculation of b we have

Q_P_'
Ja

_ F(og + dex) — Flay — Ad2)
24

z=ap

oF
with an approximation which improves as At decreases, and that for -au— a similar relation can be written.

Inversely, for the calculation of var a?:o, when the value of F is given, the relation

Iy
L R

B
4L

du_
dx

AL

B

B

-1
N (gf)

gives, with 2.2(8)

5

where U(ii'o) =</ var Fy is given by (18).

2.2.2.2.1 Example 10. Fitting of a gamma distribution

a4

(16)

Qa7)

(18)

(19)

(20)

(21)

This type of fir also suits the case of a non-negative variable, Although often considered 25 an alternative solution for usein a

log normal distribution, the two solutions cannot be considered as equivalent,
Considering data in Table 10 again, with 2.2.2.2(2) and (6), we obtain
Ty T,
— =3,398, —=3172 A=3457-3,398=0,059

n n
and thus using 2.2.2.2(9) and (10), gives us

&=8,6 and f=3,69
In addition, 2,2.2.2(12) gives

Y =0,123, ay’'(o)—1=0,0604

N

(2)

(3
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which with 2,2.2,2(11) Jeads to
var &6=2,37, var $=0,462, cow@,f)=—1018 )
In particular, for xg =14, we find
o =xo/(B/@) =14/(3,69 x \/8,6)=1,3 (5)

With p =8,6 — 1= 7,6, #g=1,3, the tables for the gamma distribution give

-

Fo =F(ug)=0,0238 (6)

For the calculation of var Fg with ¥ =1,3 , we find, using the same tables,

JF
a?f [Fip =7,8) —F(p =7,4))/0,4=(0,0210061 — 0,0268726)/0,4 =— 0,0147 7)

whereas for p =7,6 , we obtain

oF
kY =[F(u=1,4)— F(u =1,2)}/0,2 =(0,0350552 — 0,0153433)/0,2 =0,09856 (8)
From this, with u/20{ = 0,0756, /8 = 0,3523 and using 2.2.2.2(18), we obtain
var Fy, = (—0,0147 — 0,0756 x 0,09856)>.2,37 + (0,3523 x 0,09856)* x 0,462

— 2(0,3523)(0,09856)( —0,0147 — 0,0756 x 0,09856)(— 1,018) (9)
0,000154

that is to say
0(Fg)=0,0124 (10)
For the same probability, the estimation by the log-normal law and the empiricat estimation give respectively
0(Fg)=0,0125 and 0(Fg)=0,0194 (11)
Inversely, if we had taken F{ug) =0,0238 , we should find a"co =14, From 2.2,2.2(21), we then get

0(.;:0) =3,69 x 1/ 5,6 x 0,0124/0,09856 =1,36 (12)

2.2.3 Estimation by the maximum likelihood method. Efficiency of an estimator

When no sufficient statistic exists because of the form of the distribution function, the problem of seeking
good estimators can be solved by using the maximum likelihood methed defined by cquations 2.2.2(11) and (15).
Under certain regularity conditions and notably when the number of parameters is small with respect to the size of the
sample, the estimators obtained in this way arc asymptotically :

1. unbiased;
2. distzibuted jointly as normal;
3. with minimum variance.
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In addition, the variance or the covariance matrix of these estimators takes as an asymptotic value that found
from relations 2.2.2(12) or (16). ‘

Furthermore, if v denotes the variance of any estimator ¢ and vy the variance of the corresponding estimator
tg by the method of maximum likelihood, the limiting value, for large samples, of the ratio

. Yo
Ef=lim — (1
v

is called the efficiency of the estimator under consideration.

In the assumption where vg and v are functions of 1/#, the ratio Ef gives the proportion by which the sample
size must be changed for the estimator ty to be as accurate as the estimator ¢.

If the estimator tg is itself any cstimator whatsoever taken as reference, the ratio Ef is called the relative
efficiency of the estimator ¢ with respect to the estimator zp.

In example 10, for Fy =0,0238, we found for the gamma discribution

0(F¢) =0,0124 (2)
whereas for the log-normal distribution and for the empirical estimate, we had
0(Fg)=0,0125 and 0,194 3)

The cfficiency of the two last methods for fi‘o =0,0238 compared with the first method is thus respectively

00124, 0,0124
yr=1 (

? =041 4)
0,0125 0,0194

From this it is concluded that, for the value of F considered, the estimates given by the gamma and by the
log-normal distributions have equivalent efficiencies, whereas the cfficiency of the empirical estimate shows that,
for a sample of 60 observations the accuracy obtained is the same as that obtained by the gamma distribution from
a sample of 25 observations. The efficiency thus supplies a measure of the quantity of information which is neglected
by adopting onc estimator rather than another,

Another example is given by fitting the gamma distribution by means of the method of moments. In this
case, the estimates of the parameters otand f are derived from the equations

Ba=p , Bla=s? (5)
where fiand s? are the empirical mean and variance of the sample.
It has been shown that, for at=1 , the efficiency of the estimates thus obtained does not exceed 0,5 , whereas

if @=10 , it is close to 0,9. From this it is deducéd that we can use the simplifications into the calculations given by
relations (5) only if ®>10,

2.2.3.1 The double exponential distribution (Fisber-Tippett Type I)

For this distribution, we have

x—p

F(u)=cxp[ — ¢¥] with u= V)]

thas is to say, the observed variable x s linked to the reduced variable u by a location paramcter M and a scale parameter




ol &~ &

2.2 PARAMETRIC ESTIMATION 33

0 >>0, This is often of use in the case of monthly or annual extremes. From this we get

) _dx
dF(x)=exp[— e¥]. ¥ — 2)
o
The result is that if we denote by U, i=1,2, .., n,the values of u corresponding to the observations x;

and given by relation (1), the likelihood function, using natural logarithms, leads to the expression
u.
L=—2¢ 3—Zui—nlogo (3)

The estimates by the maximum likelihood method thus satisfy the equations

B_L= —l(Ee_"‘-n)=0, oA _ —E(Z'e_"'u,—zu¢+n)=0 S
du o oo o

whilst from the relations

6°L n *L n|n? 2 9*L n
—_— = - —_— = —— — — == — — 1
E(apﬁ) o E(aﬁ) o? l: 6" =1 ]’ i (B,uaa' a* =D (>)

be obtained after some calculations, using v = E(u) =0,577216 ... (the Euler number) and /6 =var u , we get the
asymptotic values :

2 2 2 2
vargft = %[% +(y— 1)2] / % = 1,10866‘-’;;

3 2 3
var, ¢ = "—(1 / 1) =0,60793 T
n 6 n

a2 72 -2
covy(f,8) = ?(1 ) / <= 0,25702; )

As cquations (4) are fairly complicated to solve and as, in addition, they lead to estimates which are biased,
preference is generally given to other solutions a little less efficient, but unbiased and easier to calculate. Onc of these
solutions is that given by Lieblein in which for # 2> 6 the efficiency of it is closc to 1 whereas that of 0 is maintained
between 0,7 and 0,8, Another acceptable solution is that proposed by Kimball. It consists of noting that, because of the
first of the two equations (4), the second gives

nG=Ex,— Te ix; 7
In addition, if the x; are arranged in increasing order x] <3 <... S« , with (1), relation (7) becomes

n0=2x;n(1 +log F,) (8)
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Kimball's solution is derived from this by replacing log F,, by its expectation

1 1 1
E(logF, )=— (=4 — +..+=) &)
€ m m m+1 n

The estimate obtained in this way is also biased. The bias is eliminated by multiplying the estimate of 0 by
the coefficient b,, taken either from a table or, if # > 11, from the relation

log (b, — 1) = —0,975652log (n — 1) + 1,043532 — 1,950309/log (n — 1) + 3,574231/log *(n — 1) (10)
The corresponding estimate for i is then
f=%—y8 with x=Zx;/n (11)

The efficiency of these estimators can be considered as excellent. For » > 10 , Ef(f) is already close to 1,
whereas Ef(U) exceeds 0,80. Compared with the Licblein estimators, they have in addition the advantage that their
efficiency increases regularly with .

If we note also that their covariance rapidly approaches the value given in (6), we can see that, to a good
approximation, the values of varg i, varg ¢ and covg(il, 0) given in (6) can be used during the calculation of the errors
of estimation.

Finally the method which has just been described can be used for distributions derived from the double expo-
nential distribution, notably in the case where x = * log (1) where, depending on the case, ¢ is cither non-negative or
non-positive. The functions obtained in this way are simplified forms of the second and third type Fisher-Tippett
asymptotic distribution.

2.2.3.1.1 Example 11. Fitting a double exponential distribution

The annual maximum of the daily rainfall at Uccle (Table 11) gives an example where the simplified form of the
Fisher-Tippett Type II distribution can be used. In other words, it can be assumed that the logarithm of the variable considered has a
double exponential distribution.

In this case, we get :

11 1
1+E(logF)=1—{1+=+2+ - +—|=—3,67987
+ E(logFy) ( 2737 60)

1,1 i
I =1—-[=+=+ - +— )= —2,67987
1+ E(logF,) = (2 3 + o+ 60)
1+ E(logF;))=1— -l-+l+ S l = —2,17987
3 4 60
1+ E(logFso) = 1 —-— = 0,98333 1

Using natural logarithms then gives : log x} —log 187 =5,2311 , log x5 =log 198 =5,2883 ctc., whilst from 2.2.3.1{10) we
obtain b60 =1,04084,
Using 2.2.3.1(8), we find

o= bﬁgzlogx [1+E(ogF,))60=02421 (2)
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TABLE 11, — Annual maximum of the daily rainfall at Uccle. Ordered random sample of 60 values (in 0,1mm).

m X m X m X
1 187 3 277 41 343
2 198 22 219 42 354
3 198 23 282 43 356
4 203 24 234 44 368
5 204 25 285 45 372
6 214 26 2%0 46 375
7 217 27 298 47 378
8 22 28 301 48 392
9 232 9 306 49 398

10 238 30 325 50 405

11 240 3 329 51 406

12 243 32 333 52 406

13 249 33 334 53 412

14 2s5 34 336 54 415

15 265 35 338 55 468

113 265 36 338 356 480

17 265 37 340 57 507

18 266 38 340 58 511

19 271 39 342 59 600

20 272 40 343 60 723

whilst with
log x = 2Z(log x)/60 =5 752 3)
2.2.3.1(11) gives
4=5,752—0,577216 x 0,2421 =5,612 4)

1n particular, for x( =723, log xg =6,5834 :
- 6,5834 — 5,612
Ug =
0,2421

=4,012

Fo =F(io)=09821 and flrg)=0,01777 (5)

Moreover, with the asymptotic values given in 2.2.3.1(6), 2.2(13) leads to

. 1
var #g = — (1,10866 *+ 214 0,25702 +u3 0,60793) (6)
n
With ug =4,012 , we obtain .
var ug =0,2159 (M
and therefore
O(ng) =0,4647 (8)
which, with 2.2(12), gives
0(Fg) =0,01777 x 0,4647 =0,00826 )

For the same value of Fg , the empirical estimation gives

0(Fg) =0,0168 (10)
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Inversely, for F =0,9821 , we should have obtained log ;co =6,5834, 5:0 =723 , whilst 2.2(13) and (15} here lead to
oflog %) =0 x O(ig) =0,2421 x 0,4647 =0,1125 (11)
in other words, as in 2.2.2.1.1(5)

O(xg) =% 0 (log o) =723 x 0,1125 =81,3 (12)

2.2.4 Estimation by least squares

Consider the linear form

x=u10; tuyly +.. Fu b, te (1)
where 84, 85, ..., Bk are constants, X, ¥y, gz, .., ¥z 4re observations which are all not necessarily random, but
amongst which uy, u3, ..., %, are linearly independent, and where ¢ is a random quantity distributed independently,

with zero mean and variance 6© which may be unknown.

In this case the function

is called the lincar regression of x in %y, uy, ..., #. Furthermore, ifx, ug ande, i= 1,2, ..., n, (n>>k)are n correspon-
ding values of the observation x, the observations uy, #4, ..., ¥ k and the variable e, the determination of the constants
3]- by the method of least squares consists of minimizing the quadratic form

—Fe?=3%(x,— Zu.0)?
Q=ZLe¢} ?(xi ?uqﬂj) 3
which is obtained by resolving the system of equations
9Q
—-=—22ui-(x:-—2ui-9-)=0 (4)
aﬂj i 7 ji 7

The expression for the solution of this system of equations can be made particularly simple by introducing
matrix notation. In this case, if x, § and ¢ denote the component vectors x, 6]- and € and if u is the matrix || u,}- il, equa-
tions (1), (3) and (4) become respectively

cx=uflte (5)
Q=r% = —ud)(x —xb) (6)
and
99=—2u‘(x—u€)=0 (7)
that is a0

wx =u'uf (8)
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the solution of which is written
B=uyt u'x 4]
where for a given matrix 4, the matrix a! denotes the inverse of the matrix 4 and the matrix @', the transpose (inver-
sion of the lines and columns) of the matrix a.

A first generalization of the method consists of assuming that the components ¢; of the random error e have
different known variances 01?. In this case, the quadratic form (3) becomes :

2 — Su,f,\?
Q=Z§?=Z("—~—‘ 4 ’)

i a; (10)
If we note that the covariance matrix of variables ¢, is nonc other than the diagonal matrix
af 0 -0
0 of
v=llo0 - & (11)
the quadratic form Q can be written
Q=e7le (12)

This new expression makes a last gencralization possible by assuming that the random variables ¢; are no

longer independent but have any, but a known, covariance matrix, of order » :
”=||”rs I, rs=1,2,...n (13)
where v,  =cov(e, , ¢,). The quadratic form (12) then keeps the same cxpression
Q=e¢v le=(x —ub)v™ (x —u0) (14)

and using the method leads successively to

dQ 4
—==2u% (x—ul)=0 (15)
40
that is to say
wo lx =uvl (16)
from which we obtain
é=(u wlay e ix a7

It is clear that the estimates obtained in this way for the components of the vector @ are lincar forms of the
components of the vector . In addition, it can be shown that wcﬂhavc E(f) = and that var 0 is a minimum, which
means that, amongst all the linear estimators of @, the estimator & is unbiased and possesses the smallest generalized
variance.
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Furthermore, this variance (which is in fact the covariance matrix of the components of ) can be calculated
directly as follows, From (17), with (5), we obtain :

B = (o w)"w'v=1(ud + o)
= Wo™u)"w'v'ub + (Wo-lu)~lu'v-le

=8+ (o~ tu)y~u'vle (18)

from which we find .
0—-8=vlu)yluwle (19)
and, as a result

var 8 =E[(a — 9)(@ - 8y]

=E[@v u) tuvlee v  utu u)?]

With E{ee’) =v , after simplification we obtain
var 8= (u' uyt (20)

Considering our knowledge of the covariance matrix v, it should be stressed that, because of (17), the multi-
plication of all of its clements by the same factor does not change the solution 8. Then again, it can be shown that using
the hypothesis where all the components of the vector e possess a joint normal distribution, the quadratic form Q given
by (14) hasa x2 distribution with (n - k) degrees of freedom when 8 =4.

Therefore if, in the most simple case, the variance 0% is not known, the value of Q given by (3) could be used
to construct a confidence interval for 62,

On the other hand, if the matrix v is known, the calculation of Q by means of (14) will enable us to verify the
compatibility of the series of observations with the hypothesis posed by relation (1).

It is clear that during the application of a ¥? test to the statistic Q, large values of this statistic implies that the
linear form (2} is not sufficient to fully explain the variation of x as a function of u. Inversely, too small values are evi-
dence of cither an overestimation of the value of the clements of the matrix v or the overabundance of the compo-
nents of & used in the regression (2). The test can thus be used in its single-sided or two-sided form depending on the
alternative hypotheses considered.

For calculation of Q, it can be useful to know that from (14) we obtain

Q=xvx — 0%l —xv uf +O0uwlud 21)
Furthermore, from (17) we get simultancously
P

v x =uvlul  and xvtu=0uwlu 22)

As a result, after simplification, (21) is written
E),: xv lx — é’u’v_]ué 23)
or again, by putting =x"%1x and using (22)

A

Q= xvlx— é‘ﬁ (24)
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The linear estimators obtained by the least squares method also have a normal asymptotic distribution as soon
as the joint distribution of the variables ¢, fulfils certain very general conditions for regularity. As a result, the calcula-
tion of var @ by means of (20) can also be used to advantage in significance tests on 8.

More specifically, if we wish to establish that the true valuc of 6 differs from a particular given value 6, the
conclusions will be based on the value taken by the quadratic form

X=(0 — 6) (var 810 — ) (25)
in other words, with (20)

X = (é — 8y ’v_lu)(é -0y (26)

whose distribution under the null hypothesis 8 =8y is approximately a %? variate with a number of degrees of freedom
cqual to the number of components of the vecror 8.

When the joint distribution of the variables e; is normal (Gaussian), it is clear that the distribution of the pre-
ceding statistic is exactly that of a X variate.

2.2.4.1 Examples of estimation by the least squares

2.2.4.1.1 Example 12. Calculation of the normal of the number of frost days in Belgium in January from the normal of
the dasly mean minimuwm ajr temperature

a) Estimation of the parameters

The normals shown in Table 12 of the number of frost days and of the mean daily minimum of the corresponding air tempera-
ture were drawn up on the basis of 30 year records.

If, for the relation between the number of frost days g and the mean daily minimum air temperature ¢ for the month of Ja-
nuzary we adopt a linear model of the form

g=0, +0,t+e )

which is valid for all the stations in the Belgian climatological network, where &, and £; denote constants and ¢ is an independent ran-
dom quantity with zero mean, it can be predicted that between the normals T and 7 a relation of the form

g=0,+0,t+% (2)

also exists, where ) and 0 are the same constants as in (1), where g and 7 arc the nomals for a given station and where € is o random
quantity with zero mean, whose values are independent from one station to another. Morcover, since the quantity ¢ is itself an average,
its distribution s, at least asymptotically, normal.

Thus the estimation of the constants &) snd &, can be made using the leastsquares method in its most simple form. Note
however that by virtue of (2), we have

var E=9§ var T +vare (3)

from which we find that var € can be estimated only sfter calculation of 8 and by knowing varg and var 7,
This being so, using the method in its matrix version, let us recall that if a, b, w, ... denote the matrices ||a.v. Il, ”bij I i s I,
..sy the product of the matrices a and b is the matrix

ab=|| ?ﬂ,}'bﬂ [ 4

w'u =|| :Z_ju,}'"ﬂ i (5)

from which it transpires that
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and that if the matrix b is the inverse al of the matrix a , we have

ab=||T azby =15 |
with 8 =1 for {»= land 5,.1=o for i . i 1 !

Under these conditions, taking up again the notation of 2,2.4, the use of relation (2) leads to

x,‘=g|'- ] uil =1 . ﬂi2=t" N 11" =var ¢ , ‘D'-’-: =0
fori¥i'=1,2,..,15.

Moreover, putting 4 =#'u , with {5), we obtain :

ayy = Zuguy =15, ay; = ay = Uy = Zuuy,y = I,

@3 = Zugtyy = I}

which gives us
22 —dy
- - 1
a =) s —————ll —ay; ay
411822 — d12
On the other hand, we also have
u’x = 2uizx[ = z}ggg

that is to say that, by putting ﬁ=u’x, we make :

By =2§’- i Ba =EI;E,‘
The solution 2.2.4(9) is thus written with (9)

B,
B,

G2 —4d;;

1
3
311822 — G332

d=(uw) ux=a"'f= —-a,, dy,

in other words,

By = (8228, ~ 61282)/(a11822 — a1,)

By =(—a,28; + a1,8:)(a119,2 — a15)
As, in addition to aq; =15, we extract from Table 12 :
a,; =25 =(=-30)+ (=11 + - +(-03) = —122
ay; = LI = (=30)* + (—11)% + .+ 4 (—~03)? = 3080
B, = 23, = (220) + (173) + --- + (132) = 2338
B, = ZhG, = (=30)(220) + (—11)(173) + --- + (—03X(132) = — 24660,

with (13), we obtain :

8, = [3080 x 2338 — (~—122) x {—24660)])/[15 x 3080 - (—122)] = 4192520/31316 = 133,9

8, = [—(—122) x 2338 + 15 x (—24660)]}/31316 = —2,704

(6)

N

(8)

(9)

(10)

(11)

(12)

(13)

14)

(15)

If then we adopt the values 169 and 13,3 for var g and var T respectively, obtained from the series of observations forg; and t,

with (3), we obtain

var =169 — (—2,704)> x 13,3 =718

(16)
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From this we deduce, with 2.2.4(20),

var 8 =71,8uu)! =71,8471 17
that is to say, on means of (9) and (14) :
var 91 = 71,8 x 3080/31316 = 7,06
var 8, = 71,8 x 15/31316 = 0,0344
cov (8,, 8,) = 71,8 x 122/31316 = 0,280 (18)
b) Significance tests
The calculation of E)_ given in 2.2.4(24) here becomes, with (14) and (15) and the values of E'. in Table 12,

Q= (gt — 0,8, ~ 0,8,)/71,8
= (380378 — 133,9 x 2338 — 2,704 x 24660)/71,8
= 639,16/71,8 = 8,90 (19

Knowing that, because of the normality of the quantity e, the variable El has a xz distribution with 1§ ~ 2 =13 degrees of
freedom, and since in this distribution we have

PO >>8,90) 0,78 (20)
we conclude that, at the 0,05 level, all of the hypotheses posed are aceeptable.
In order to establish the significant character of the coefficients of the linear regression obtained, the quadratic form 2.2.4(25)
with 30 =0 can be calculated. In this case, this quadratic form becomes

X = 0'@ww)d,8 (21)
in other words, with (14) and (15),

X =(a,,0} + 2a,,0,8, + a,,0)/71,8

= [15(133,9)% + 2(—122)(133,9X(—2,704) + (3080)(—2,704)2]/71,8
= 379802/71,8 = 5290

(22)
a value which for a xz variate with two degrees of freedom is very significant .

'I‘ABISE 12, — Normals of frost days in January g (in tenths of & day) and of mean minimum dsily corresponding air tempe-
rature ¢ (in 0.1 C) for fifteen stations in the Belgian climatological network

Station § F{l I

220 ~—30
173 ~ 11

158 -11
213 —~26
142 —03
k) | -0l
174 -17
109 10

177 —18
128 Q3
177 —-20
162 —06
132 —03

g bk bk
WAk WK =0 W0oD SN AW -
-
Ak
%)
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Since, moreover, with (15) and (18), the ratios :
ivar B, = (133,9)%/7,06 = 2540
83jvar B, = (—2,704)2/0,0344 = 213 (23)
also lead to very significant values for the X variate with one degree of freedom, the hypotheses &y =0 and f; =0 can both be rejected.
¢} Estimates by means of (2) and (15)

If we take the estimator

g=0, 40,7 | 4)
we shall have R R .. .
var g=var 0, +2F cov (8, ,8,) +72 var 8, 25)
that is, with (18), X
var g=7,06 +2 x 0,2807 +0,0344 77 (26)

In particular, in the case of station 1 (Table 12) for t =—30, it becomes

$=133,9 — 2,704(—30) =215
and

var g=7,06 +2 x 0,280(—30) +0,0344(—30)* =21,2 (27)

which by comparison with var ¢ = 71,8 shows that the cstimate 1lg‘=215 can be considered as an improved estimate of the observed
g=220. .
Furthermore, g can also be considered as an estimate of the true mean mg of the distribution of the number of days of frost.

In this case, the value of var § must, however, be increased from the variance of the error of ¢ with respect to its true mean m . which
is achieved by adding the term 9% var & to var ; which is the value already utilized in (16) :

(—2,704)? x13,3=97,2 (28)
We thus obtain .
var g=21,2 +97,2=118,4 (29)

which, compared with var g =169 , shows that Eis also an estimation of the true mean "y better than g.

We should note here that if changes of the origin in g and ¥ are carrjed out, only the values of 31 , var 84 and cov 6, 92) arce
modified. Furthermore, these changes of origin do not affect the estimates g nor the value of var £ given by relations (24) and (25),
calculated in the new reference system. In particular, if we take as the origin of the temperatures 7 the mean of the values of .?ifrom
Table 12, in the new reference systermn we shall have Z.E’- =0 and, because of (9) and (17), cov ((; , {3) =0, from which it results that
var g will have the form

varAE=var 6, +72 var ég (30)

We come to the conclusion that the error of estimation which affects the values of } increases when the corresponding value
of T is well away from the average of ¢ values considered.

This is all the more useful as, in the example above, the value ¢ =—30 is the one which in Table 12 differs most from the ave-
rage —08. It can thus be seen that the least squares estimate is better here than the initial estimate over the whole range of the values
observed. It will be noted that this property is generally satisfied only when the number of estimated parameters is small with respect to
the number of observations n.

One point must still be made regarding the use of relation (1) by means of {13) to calculate the number of frost days where
that value is missing.
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If g denotes such an estimate, we can write

g=gte (31)

from which, because of the independence of é and 2, we get
var g =var g +var ¢ (32)

where var g characterizes the scatter. of the estimates g around the common mean of g and 2
From this we deduce

var g <varg (33)

from which we find that the introduction of the values of g in & series of values of g is 2 source of heterogeneity since the scattering of
the estimate g is smaller than that of the observed variable. A solution which obtys the distribution of the initial variable g will be exa-
mined later.

2.2.4.1.2 Example 13. Normals of the monthly rainfall totals in January in Belgium. Calculation as a function of the
altitude of the station

a) Estimation of the parameters

Table 13 gives the mean January reinfall R, figures found over a period of 30 years as well as the sltitude b‘- of the station and
the variance var &; of the error of the mean with respect to the true mean estimated from the observations made at cach of the nine
stations considered.

The linear mode} adopted is of the form

R;=8 +0b,Fe; , i=1,2,..,9 (1)

where 8, and B are constants and where the error e ; from the normal is a random quantity of zero mean, whose variance differs from
one station to another, but whose values from one station to another are assumned to be independent and distributed following the nor-
mal distribution.

Refering to the notations in 2.2.4, we therefore have here

x,-=R‘- , ui1=1 y Wiy =bi , Yy =vare; 'vﬁ-,=0 (2)
for i#i'=1,2,..,9,
and
vid 0 O
0 v3s
U_l = 0 0-.. 09'91 (3)
which, for the matrix a=u"s '4 , leads to :
_ -1 —
ayy = Buyop ' uy = Zug!
ay3 = @y = Tty vy 'y = Tog 'y (4)
_ -1, _ y.=1
g = Eulzvﬂ Uiy = EU“ h;z
and
azs —dyz
- —1 e 1
al=@v )y 'l= ———noo |l —a,; ay %)

2
dy182; ~ 812




(& &~ &

66 2, ON STATISTICAL ESTIMATION

TABLE 13 — Normals of rainfall totals in January R, for nine Belgian stations {(in mm). Corresponding altitudes b; of the
stations (in m), values of the variances var €, of the estimations ﬁ’. and of the difference R i~ R’.

Stations { R Ay var #; Ry Rie— R,
1 125 672 98 130 —5
2 68 50 29 66 2
3 73 120 34 73 0
4 136 370 117 99 37
5 70 236 30 85 —15
6 65 10 27 62 3
7 61 4 23 6l 1}
3 97 240 59 86 11
9 67 100 28 71 —4
As in addition
1 Zuy v 'R, H Zo; 'R, ” ©)
wo lx =l Zu,o7'R; | =1l Zog'hR,
by putting f=u w1y, whichis 4 "
Bl =E‘U # R’ and ﬁ'z =2'ﬂ i b:'R" (7)
we obtain the solution
a228) — ay2h;
_ ip_ 1 (8)
b=a B=————= Il —a3f, +ay,h,
ay34dy3 — 813
with ~
var 0 =a "} (9}

From Table 13, with (4) and (7) we obtain :
gy = 1/98 + 1/29 + - + 1/28 = 0,24915
ay3 = 672/98 + 50/29 + --- + 100/28 = 31,32
a3y = (672)%/98 + (50)%/29 + - + (100)2/28 = 9482
By = 125/98 + 68/29 + .- + 67/28 = 18,36
B2 = (125 x 672)/98 + (68 x 50)/29 + -- + (67 x 100)/28 = 2881 (10)

From this we get, with (5), (7), (8) and (9},

5, = a2y = anfy | 9482 X 18,36 — 31,32 x 2881 _ 838566

dy1833 — aly 0,24916 x 9482 .. (31,32) T 1381,5 60,7
az - —a.,f + alztﬂz = —31,32 x 18,36 + 0,24915 x 2881 =0,1033
ay1d22 — G12 1381,5
varf, = 42z 7 = 9482 = 6,86
allazz - alz 1381,5
_ an
rg, = 0,24915 = 0,0001803 et COV(Gl,az) = 31,32 = —0,02267

1381,5 1381,5
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b) Significance rest
The quadratic form 2.2.4(24)
Q=xvlx OB (12)
here becomes
Q=Zv} R}— 0,8, — 0,6, (13)
where
v} R? =(125)%/98 +(68)%/29 + ... +(67)%/28 =1435,1 (14)

Using (10) and {11), we derive from this
Q=1435,1 — 60,7 x 18,36 — 0,1033 x 2881 =230 (15)

a value which for a x2 vatiate with 9 — 2 =7 degrees of freedom is significant for a level less than 0,01,
In addition, if the estimates i'?.’. of the tru¢ mean arc calculated by means of the relation

R;=60,7 +0,1033 b, (16)
the values of R, - fl’. which are deduced from this in Table 13 do not allow us to attribute this disagreement to the fa¢t that the relation
of R, with b; will not be linear. It is necessary therefore to assume that local sources of heterogeneity exist whose valucs of var e; ace
not accounted for.

¢) Estimates by means of (1) using (11)

Assuming that we have been able to accept the hypotheses posed in (1), by estimating the true mean by means of relation

R;=6, +0,b,=60,7 +0,1033 b, an
we should have . R n "
var fll-=var 0y +2cov(fy, O2)b, +var ﬂzb? (18)
that is to say, with (11)
var R, =6,86 —0,04534 b, +0,0001803 b? (19)

This formula shows that the estimation fli is again better in all cases than the initial values R, and that var f{’. reaches its
minimum value 4,0 for b =126,

d) Note

It should be noted that, in the preceding example, thg independence of the random quantities ¢ ; from one station to another
is a simplifying hypothesis, In fact, because of the dimension of the meteorological phenomena which affect a region such as Belgium,
it is ro be expected that a positive correlation will generally link the monthly totals of water collected, a correlation which will be grea-
ter, the shorter the distance between the stations. It follows that the correct solution of the problem here would be to adopt a matrix
# where the covariances are not all zero. As the solution to this problem is possible only by means of inversion of the matrix v and this
inversion can generally be obtained in certain conditions only by means of computer-programmed methods, such a solution has not
been developed here.

The fact that these correlations have been neglected in our example, however, does not imply that the solution obtained is
not acceptable, The only reservation which must be made in such cases is that by neglecting the correlation which links the accidental
etrors, the estimation error given by relation (18) is underestimated as is the valuc of the quadratic form Q.
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To understand this, it is sufficient to consider the simple case of correlation coefficients which are all equal to 1 and where

the variances var e; are all equal amongst themselves.

In this case, the values of R i verify without error the relationship

which signifies that 8 is determined without error, unlike B, which remains affected by the same error as the initial values Ry It is
clear that by neglecting the correlations here, we arrive erroneously at var #=q=o0.

2.2.4.2 Application to the distributions defined by a position parameter [ and a scale parameter O. Linear estimators
of the parameters

In this case, the random variable x is linked to a reduced variate # by a relation of the form

x=pn+ug (1)
as the distribution of the reduced variate # is fully known,
If, furthermore, x, <x; <... S« is a simple ordered random serics of observations of this variable, we have
for the order statistics the relations
xi=p+u'-0 , i=1,2,.,m : (2)

where the %; denote the order statistics corresponding to the reduced variate u. By taking the average, we obtain

E(x’-)=,u+E(u!-) .0 (3
and from this

The result is that if we denote by v the covariance matrix of e;=x; — E(xi), that is to say, the order statistics
%5, and by w, the covariance matrix of d:- =u;— E(u’-), that is to say, of the order statistics #,, we have

v=0%. w (5)
Returning then to matrix notation, it follows that if the vectors {x4, x3, ..., xn), (i, 0) and (g, €3, ..., en)
are denoted by x, 8 and e and the matrix || 1 Ex,) || by u, we have again the equation

x=ufl +e (6)
whose solution by the least squares method is written
0= v lu) lu s {n
thus, by means of (5), after simplification by o2,
6= wo ) luw ™ x (8)

It follows that as soon as the matrix # and the matrix w arc known, i.c. the mathematical expectation and
the covariance matrix of the order statistics of the reduced variate, we can calculate the linear estimators of the para-
meters M and O,
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As, 1n addition 2.2.4(20) here becomes
var @ = (o w)? =0* (u'w u)? (9)

the efficiency of the estimators obtained can be directly calculated.

In the case of the normal distribution, g denotes the mean and ¢, the standard deviation, and the linear esti-
mator obtained for ¢ has enabled Shapiro and Wilk to develop a test for normality for series of observations of sample
size 7 = 3(1)50. This test will bre examined later.

In the case of the double exponential distribution, Lieblein has caleulated the matrices # and w for the sample
size w =2, 3, 4, 5 and 6. Applications of these results have been given by Thom in Technical Note N° 81. As has been
already mentioned in 2.2.3.1, we should note, however, that the cfficiency of the estimator of @ obtained in this way
does not exceed 77%.

2,2,4.3 Estimators with polynomial coefficients

The generalized application of the method of linear estimators as we have just indicated comes up against the
fact that as soon as the sample size of the series of observations increases, the corresponding mazrix w becomes practi-
cally incalculable.

Linear estimators of a more simple type have been introduced by Downton taking into consideration the
variables

R5=Ei5x£, 5=0,1,2,..,.N (1)

where x; arc still the order statistics of the variable observed.
With 2.2.4.2(2), we obtain

R =Xifu+Zu0 @)
and similarly
E(R,) =X i*u+Zi°Eu)o (3)
from which we get
R, —E(R) =X [u;— E(p)] 0=b0 )

If the vectors (Rg, Ry, ... RghM,0)(bo, by, ..., by) are then denoted by R, @ and b, the matrix IiEiZiSE(ui)H
and the matrix || E(b,.bs)” by u and w respectively, we have the equation :

R=ull +bo (5)
whose solution can again be written .
f=@w uyluw R (6)
and for which we also have .
var @ = g2 {u w1 u)_1 (¢h)

which cnables us once more to calculate the efficiencies of the estimators.

The advantage of the method rests in the fact that the existence of certain recurrent relations between the
mathematical expectations and the covariances of the order statistics makes the calculation of the matrices # and w
relatively easy. In addition, the efficiency of the estimators obtained for @ and ¢ rapidly increases with N, so that we
can limit ourselves to a small number of components of the vector R,
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In particular, in the case of the double exponential distribution, by making N =2, Downton has obtained csti-
mators whose efficiency rapidly becomes satisfactory for increasing sample sizes. For the application of his method the
reader should refer to his publication which contains an example. Note, however, that the distribution function  of
the reduced variate considered by Downton is G{x) = 1 — F(u). It follows that, in the formulae, the order statistics of
the double exponential distribution arc arranged in decreasing order, that is to say we have : x; Zxq, 2. 2xn.

In the case of the normal distribution, Downton has given a lincar estimator of 0 with N =1, which has been
used by D’Agostino to construct a test for normality applicable to series of sample size » 2 50. This test will also be
examined later,

2.2.4.4 Reference works consulted

The application of differential calculus to the calculation of the variance of functions depending on random variables is
justified in reference [8] We should recall in this connection that this application is valid only if, in the total differential of the function,
the derivatives of order greater than the first are negligible with respect to those of the first order. In particular, this is achieved asympto-
tically in the cases which are considered here, as soon as the first derivative is not zero and the other derivatives are finite, because of the
fact that the variances of the estimators of the parameters tend towards zero when the sample size of the serics of observations increases
indefinitely.

Moreover, the problem of estimating the standard deviation of the normal distribution without bias is dealt with in references
[3] and [16]. Our presentation of the theory of sufficicnt statistics and the method of maximum likelihood is principally taken from [8]
and [11]. the case of the gamma distribution and the double exponential distribution from f1 7] and [18] respectively and the method of
estimation by least squares from [8}

The linear estimators of the parameters of the double exponential distribution have been introduced by Lieblein in [19] and
the results obtained by Downton in this area for the normal and the double exponential distribution are published in [20] and [21].

The data for examples 9, 10 and 11 are taken from the Uecle archives, those for example 13 from [22] and example 12 is
given in [23}

As regards the notation of the matrix equations which appear in the least squares method, note that we have not considered
it useful to use special notation, the introduction of matrices being made, as in [1 ], without ambiguity.

2.2.5. On the choice of the distribution to be fitted

As has been stated in the preceding examples, fitting distribution functions to serics of observations generally
leads to more accurate results than those derived from the non-parametric properties of the order statistics. Therefore
parametric estimation should, be preferred to non-parametric estimation whenever this is possible. It is, on the other
hand, very clear that the best accuracy obtained by parametric estimation is real only if the shapc of the fitted distri-
bution closely matches that which governs the distribution of the observations.

In practice, it must be recognized that the actual shape of the distribution function of the observations is not
generally known and experience shows that the fact thata climatological datum is an average or an extreme value does
not necessarily mean that its distribution is represented by a normal or by a double exponential distribution. It often
happens, as 2 matter of fact, that the populations from which we take the clements whose averages or extreme values
are being determined are in reality mixtures of populations composed in such a way that the final distribution of the
averages and extreme values arc outside the very general framework in which the normal and the double exponential
distribution are used.

It will therefore be seen that parametric estimation is possible only after the function which agrees best with
the series of observations has been selected.
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To make such a choice, we could work in two ways :

{a) Fit a relatively general function to several parameters and by means of significance tests retain only 2 mini-
mum number of estimated parameters so as to ensure a satisfactory accuracy of the estimates;

(b) Carry out a goodness-of-fit test with a relatively simple function such as the normal, and in the case of non-
goodness-of-fit, make another choice based on the values obtained for the third-and fourth-order empirical moments
and on the result given by a graphical representation of the series of observations on probability paper with appropriate
scales,

The first method is theoretically the more correct; however, it implies that the fitted function is sufficiently
general to meet all the cases which can occur in practice for the element considered.

The second method, on the other hand, is an casicr application, as long as an efficient goodness of fit test is
available. However, in the case of nongoodness-of-fit, the choice of 2 probability function based on a simple graphical
representation, even completed by the indications taken from the higher-order empirical moments, will always retain
an arbitrary aspect.

This is why, whatever the method used, it is always as well to ensure a good agreement a posteriori between
the fitted distribution with the series of observations using the properties of non-parametric estimation. In addition, it
is desirable to subject the solutions selected to another statistical check when sufficient secondary information is avai-
lable.

Moreover, we shall see when examining the tests for normality that, apart from use which is made of graphical
representation in the second case, the two methods actually follow 2 common principle.

2.2,5.1 The exponential distribution as a particular case of the gamma distribution

For the exponential diseribution we have

dF(x ,f)=dF(u)=e“du with wu=x/8 ' (1)
B being a scale parameter, which gives the distribution function
) dF(u)
Flx ,f)=Fu)=1—¢%=1-— 2)
du

Comparison with 2.2,2.2(1) shows that the exponential is a gamma distribution for which &= 1. It follows
that the likelihood function 2.2.2.2(3) is simplified according to

L=—nlogff—Ty/f (3
from which results the sufficient statistic for 8, .
B="Ta/n #)
with
PL\NT! .,
varf=| —E| — = f*In (5)
f l: (332)] &«
To verify whether a gamma can be identical to an exponential, we note that with @¢=1, 2.2.2.2(11} and (12)
give

var &=1,5498/n, var B=2,5498ﬂ2/n and  cov (&, ﬁ) =—1,54980/n (6)
So, the corresponding elements of the inverse matrix for the covariance matrix are

[(var @, (var ﬁ)_l , (cov((ﬁx,é)-1 =n[1,64524, 1/8%, 1/8] (7)
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Under these conditions, to verify the identity of a gamma distribution with an exponential distribution of

parameter 8y we can calculate the statistic

. X=n[1,64524(A%)° +(ABIBY? + 2 AKNABIB) (8)
where A&=& — 1 and AB=p — B , using the null hypothesis that this statistic has a x? distribution with two degrees
of freedom.

An alternative test which may be used here, the likelibood ratio test, is based on the fact thart if gx , 9) is
the maximum of the likelihood function of the general distribution, estimated from the series of observations and if
glx 80) is the corresponding maximum for the general distribution when one or more paramctcrs have given values,
for large samples, the statistic X = — 2 log / with I =g(x , Bo)lg(x 0) has approximately a x? distribution with a
number of degrees of freedom equal to the difference between the numbers of parameters estimated with cach of the
likelihood functions, when g(x , @) is the true likelihood function. Large values are significant of the disagreement
with the null hypothesis.

Finally, note that, in the case of the exponential, 2.2(5) and (8) become

- oF
var Fg = (ug == )2 /n=(uq e #0)2 /n
and Ou
var xo =x0/n (%)

2.2.5.1.1 Example 14, The duration of glaze at Brussels

The analysis of synoptic reports has allowed us to establish the frequency of the duration of glaze given in Table 14. With
2.2.2.2(2) we obtain

T, =18,6278 and T,;=125 (1)
from which, with n =60, 2.2.2.2(6) gives

125 18,6278

A=log ~— — =0,73397 —0,31045 =0,42352 2)
60 60
From this, using 2.2.2.2(9) and {10), we denvc .
a=1,329, B=1,5676 (3)
Furthennore, from 2.2.5,1(4) we obtain .

ﬁo =125/60=2,0833 4)

Thus, to verify the null hypothesis for an exponential distribution with parameter Bo, we have
A&=1,329 — 1=0,329, AB’&O =(1,5676 — 2,0833)/2,0833 =-0,2475
which leads to the value of the statistic 2.2.5.1{8)

X =60 [ 1,64524(0329)° +(0,2475)% +2(0,329)(—0,2475) ]=4,59 (5)

As this value is less than 5,99 , the critical value of the )(2 variate with two degrees of freedom at the 0,05 level, fitting an
exponential distribution with paramecter (4) can be accepted. .

For the likelihood ratio test, with (1), (4) and n =60, 2.2.5.1(3) gives : L} =— 104,038 whereas with (1), (3), n =60 and
T[1é) =0,89350, 2.2.2.2(3) gives : Ly ==— 102,701. The value of the statistic is thus : — 2(Ly — Lz) =2,67 with 2 — 1 =1 degree of
freedom. At the 0,05 level, the critical value being 3,84 , the conclusion remains unchanged.
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TABLE 14 — Duration of glaze at Brussels (in hours)

Duration Average Nlhber

duration of cases
0-1 0,5 22
0-2 i 8
1-3 2 12
2- 4 3 8
-5 4 4
4- 6 5 4
57 6 —_—
6~ 8 7 —_
1-9 8 -
8-10 9 —_
9-1i 10 1
10-12 11 —
11-13 12 1

The accuracy of the chosen fit is, with 2.2.5.1(5), characterized by
var §=0,0723 (6)

In particular, for Fg =0,95 , the tables of the gamma distribution from H. C. §. Thom give, for &=1

o =2.9957 and %o =uof=29957 x 2,0833 =6,24 0
whilst from 2.2.5.1{9) we deduce
Olxg) =6,24/4/60=081 (8)
Inversely, for xq == 6,24 , we have F( =0,95 and, as the same tables give

oF
a=0,0500 and ng=2,9957

from 2.2.5.1({9) we obtain

0(Fg) =2,9957 x 0,05/+/ 60 =0,019 9)
For the same probability, the empirical estimate leads to

0(F()=0,028 (10)
2.2.5.2 Tests for ngrmality

In order to allow useful comparisons with existing tests, the most general way in which one can design a nor-
mality test will first be examined.

As the moments of the normal distribution exist for any order, it can be considercd that this distribution be-
longs to a family of probability functions with an infinity of functionally independent parameters and that, in this fa-
mily, the normal function is itself defined by particular values for these parameters.

In this situation, if we wish to fit a normal distribution to a series of =n independent observations
we can, by using the first method given in 2.2.5, proceed with the estimation, which can the assurned to be
without bias, of » amongst the infinity of parameters which define the functions of the family and follow
with a compatibility test of the estimates obtained with the exact values of these n parameters, under the null hypo-
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thesis considered. Note that, in theory, the choice of the # parameters docs not matter much since # observations lead
at most to n independent estimates.

If |l v; |l then denotes the covariance matrix of the estimates of the parameters under the null hypothesis
and if 8., B;, 1=1, 2, ..., n are respectively the exact values of these parameters and their estimates, the goodness of
fit of the normal distribution can then be verified by calculating the statistic

E(ﬁ ﬁ)'ﬂ -1)(%_%% i:j=1;2:-"in (1)

where || » I( 1) || is the inverse matrix of the matrix || v || . Since we know that under certain conditions, this statistic is
approximately distributed as a X° variate with dcgrccs of freedom, large values of this statistic show the disagree-
ment between the series of observations and the null hypothesis and, as a result, form the critical region of the test.

If the value of the statistic X, is not significant at the chesen level, the null hypothesis for a distribution fol-
lowing the normal distribution with parameters ﬁi' i=1,2, ..., m can be accepted and we note that in this case we have
found a fit without making any -error of estimation since an overall test has been carried out on a scries of values
which have all been fixed in advance.

If, on the contrary, the value of the statistic X, is significant at the chosen level, it is ncccssary to estimate at
least one of the n parameters, starting, for example, thh the one for which the ratio (B iy B y? v; 4 is highest. This
first estimate leads to a new statistic X, which, as before, has approximately a ¥? distribution with (r — 1) degrees
of freedom and, depending on whether its value is significant or not, the estimate of & second parameter is necessary
or the first estimate suffices.

Moreover, if as a preliminary, we have estimated the mean or the variance of the distribution, it is obvious that
the number of degrees of freedom of the initial statistic (1) comes down to (» — 2).

Thus we see that by carrying out the test in the way outlined, not only can we ensure the possible goodness of
fit of a normal distribution, but in addition, if we reject this, the alternative can be determined which agrees best with
the scries of observations.

This being the case, the tests for normality available at the present time can be classed into three categorics
depending upon whether they are based on the calculation of empirical central moments greater than the second order
and more precisely on the reduced central moments (moments divided by the corresponding power of the empirical
standard deviation); are based on the order statistics deduced from the series of observations; or whether they intro-
duce, for these order statistics, values corresponding to the distribution of the normal distribution.

2.2.5.2.1 Tests for normality based on calculation of the empirical moments

Applied to reduced central moments, the method which has just been described leads to a statistic of the
form :

-—-Eﬁv '”ﬁ . j=34,..,m7 (1)

where it can be assumed that the B are the normal transforms of mean zero of these moments, and where the matrix
Il v || is the covariance matrix of these transforms.

On the other hand, because of the independence between cach empirical central moment of odd order and all
the even ordered empirical central moments, and although division of the empirical moments by powers of the same
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empirical standard deviation lcads to a non-zero correlation between the quotients obtained, we can consider that the
correlation between the variables {3’- from the odd-order moments and those linked to the cven-order moments is slight.
We deduce from this that the statistic X, is split up into the sum of two practically independent statistics X ., , and
X, n-2200¢ dependent on the odd-order moments and the other on the even-order moments.

It follows from this that the test for normality can be carried out by proceeding separately to a test of the
symmetry of the distribution of the observations by means of the statistic Xl’ n-2 and to a test of the peakedness of
the dispersion of these obscrv.ations using the statistic X, 5 and by then determining the probability associated with
the global test by means of the tests considered in 1.3.

A simplified version of such a test is available in the form of tests in\/F'1 and b, by K. Pearson. In particular,

if we put
\/b_l =m3/(m2)3‘9' and by =mgl{m, )2 (2)
with .
mj=2(x,--~z)'/n, j=2,3.4 3
where x =2 x/n and x;, i=1, 2, ..., n are the n observations, following tables published by E. S. Pearson and H. O.

Hartley, the work by D'Agostino on the normal transform of 4/ By and that of D*Agostino and Tietjen on the guan-
tiles of b,, the preceding test can be applied whenever # =7 or 8.

We might think that the use of the simplified form of the test means that part of the information contained
in the empirical central moments greater then the fourth order has apparently been neglected. However, because of the
cotrelation linking the third-order empirical moment to the empirical moments of odd-order greater than three and that
linking the fourth order empirical moment to the empirical moments of even order higher than fourth, it is only a
fraction of this information which is neglected in actual fact,

As regards the general use of the joint test based on the statistics/ b, and &, , the tables drawn up by Bow-
man and Shenton for sample sizes extending from 20 to 1000, show that the actual distribution of the Fisher statistic
calculated from the probabilities associated with the statistics\/Tl and by is more spread out than that for the x>
variate with four degrees of freedom. Moreover, if an agrecment aiready exists at the 0,05 level when # >50, such an
agreement appears at the 0,01 level only for # >>1000. Thus, when using these tables for the %2 variate in applying the
joint test, we must take into account the fact that the probabilities (significance levels) which they give as correspon-
ding to large values of the Fisher statistic are smaller than the real values.

2.2.5.2.1.1 Example 15. Air temperature at 225mb at Uccle in January. Distribution of daily averages. Test of norma-
lity based on the central empirical moments.

From Table I5 we get

%= (70+ 8,0+ - + 34,0)/45 = 14,6

my = [(7,0 = 14,6 + (8,0 — 14,60 + - + (340 ~ 14,6)%)/45 = 254731
Jmy = 50471

my = [(7,0 — 14,60° + (8,0 ~ 14,6 + - + (340 — 14,6)°)/45 = 167,3842

m, = [(1,0 — 14,60 + 80 — 14.6* + - + (34,0 ~ 14,6)°)45 = 3832,54
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TABLE 15 — Air temperature at 225mb at Uccle in January. Ordered sample of 45 independent daily averages. Coefficients
a,,, (W) of the Shapiro and Wilk test and [(» + 172 — m] of the D*Agostino test.

m D g m | Gartem— ) | @ | Da—m
1 70 34,0 45 210 0,3850 22
2 3,0 232 a4 15,2 0,2651 21
3 8,0 23,1 43 15,1 0,2313 20
4 34 20 42 13,6 0,2065 19
5 8.4 1.2 41 12,3 0,1865 18
6 9,0 20,0 40 11,0 0,1695 17
7 9.8 18,8 39 9.0 0,1543 16
8 10,0 18,5 38 8.3 0,1410 R
b 10,2 18,4 37 8,2 0,1286 14

10 11,0 18,0 36 7,0 0,1170 13

11 11,0 18,0 35 1.0 0,1062 12

12 11,0 17,9 34 6,9 0,0959 11

13 11,6 17,2 33 5.6 0,0860 10

14 11,8 16,4 32 4.6 0,0765 9

15 12,0 16,4 31 4,4 0,0673 8

16 12,6 15,2 30 2,6 0,0584 7

17 12,8 15,2 29 24 0,0497 6

18 12, 14,9 28 20 0,0412 5

19 12,9 14,8 27 1,9 0,0328 4

20 13,0 14,5 26 LS 0,0245 3

21 13,0 14,5 25 1,5 0,0163 2

22 13,2 14,0 24 0,8 0,0081 I

23 13,5

and hence

V1 =malla/my)® =167,3842/(5,0471)° =1,3019

by =ma/(m,)? =3832,54/(25,4731)* =5,9063

To obtain the normasl transform of \/F , we make

A e+ D(n+3) ”’=13019 46 x 48 m=38086
Y= b‘{ 6(n — 2) ’ 6 x 43 '

114 {2(3(:12 +27n—70Kn + 1}n +3) _ 1)}"2
r= (n — 2)(n + SXn + TXn + 9)

= - 1+ {4,9562}V/2 = 1,2263

d=1//logy = 3,1311

e = {2/(y* — D} = (20,2263} = 2,9728

ug = dlog [Y/e + {(Y/e)* + 1}'/7]
= 3,1311log [1,2811 + {1,6412 + 1}3/2]
=334
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Using the table for the reduced normal variate, we deduce that, under the null hypothesis, we have
P(l u | >3,34)=0,00084 <0,001

that is to say, the value of\/ET is significant at the 0,001 level in 2 two-sided test. For the value of by, the table of percentiles from
D’Agostine and Tietjen (Table A in the anncx) shows that, with the null hypothesis, we have

P(b4 >5,90) <001

We can therefore say that the value obtained for by is significant at the 0,02 level in a two-sided test.
To apply the Fisher test (cf. 1.3.1), we can thus make

a; =0,001 oy =0,02

which gives us
X =—2log 0,001 —2 log 0,02 =(+691+3,91)x2=21,64

Table B of the annex shows that the value obtained for the statistic X is greater than the critical value at the 0,01 level, that
is, under the pull hypothesis, we have

P(X >21,64) <0,01

From this we conclude that the hypothesis of normality can be rejected at a significance level greater than 0,01.

2.2.5.2.2 Tests for normality based on the order statistics or on the corresponding values of the normal distribution
function

If we consider the order statistics Xyp » M= 1,2, ..., n derived from the ordered series of observations, the test
for the normality of the distribution of the observations must be based on the compatibility of these statistics with
their mathematical expectation. If 4 and ¢ are the mean and the standard deviation of the normal function considered,
it is obvious that under the null hypothesis the joint distribution of the variables Uy "—'(xm — /o will be that of the
order statistics of the standard normal distribution. If, moreover, || Vi’ l| denotes the covariance matrix of these
statistics and Em =E(um), their mathematical expectations, the test statistic then becomes

X'—'E(um - im)w’;;l)-(um:-— 'ﬁm.)
=Zx,, — p— Thy,) 2,51, (%, — H— O, )O (1)

where || "n(r-;z)’ It denotes the inverse matrix of the matrix (| 7, - Il

Here again large values of the statistic make up the critical region of the test.

In practice, such a test of normality does not scem to have been developed up to date, probably because the
matrix v is known only for small values of » and particularly becausc of the complexity of calculations which the inver-
sion of the matrix v involves.

On the other hand, a series of tests of normality exists which can be considered as a simplified form of the pre-
vious test since in this case the statistic is of the form

X=Eamxm /s (2)

in other words, the ratio of a linear function of the order statistics to the empirical standard deviation.
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Because of the symmetry of the normal distribution, such a statistic must be transformable to
X =2“m(xn+~_1-m —x, s, m=1,2,..,(n—-1)/2 or nf2 (3)

which means that it must be sensitive at the same time to asymetric alternative hypotheses and to alternatives where the
kurtosis does not conform with the kurtosis of the normal distribution. It thus appears that the statistic (3) can fulfil
a similar role to that of statistic (1) considered in 2.2.5.2.1.

To choose the best values to give to the constants @, » We can see that when these are fixed, the mathematical
expectation of the numerator of statistic (3) is, to within a constant factor, equal to the truc value of the standard
deviation, &. On the other hand, the best values are those which make var X a minimum so the choice imposed consists
of placing the linear estimator of @ with least variance (cf. 2.2.4.2) in the numerator of statistic (3).

With s =% (x,, — %)?/n and by taking W = X2 , the statistic of the Shapiro and Wilk test is obtained where
small values make up the critical region of the test and for which tables of quantiles have been set out for » =3 4,...,50.

For n 2 50 , D’Agostino has extended the range of application of the test by taking the Downton linear esti-
mator (to within a constant factor} for the numerator of X in (3}, (cf 2.2.4.3), that is to say, by taking

am=(n+1)/2—m (4)

and by transforming the statistic X in such a way as to obtain a variable of zero mean and unit variance.
Furthermore, by making a,,, =1/# , the statistic (3) becomes the statistic of the Geary test for even #; for odd
n, this test statistic, with @y, =1/m, takes the form

X+|xm0-—E!/m (5)

where mg =(n — 1}/2 + 1, that is to say, Xy is the median of the series of observations.

Finally, with ay =1, a, =0 for m #1 and s? =T (x,, — %)*/(n — 1), the statistic (3) is identical to that
of David-Hartley-Pearson.

In the same category, several tests similar to the Kolmogorov test exist; we shall mention two of them.

In the first, the Lilliefors test, for cach order statistic, the difference between the value of the fitted normal
distribution function i“(xm) and-the fraction m/n is considered, and the test statistic D is the maximum of the absolute
value of the differences obtained in this way :

D =Max | F(x,,) —m/n | (6

In the second, the Kuiper-Louter-Koerts test, the statistic V is the width of the sample of differences consi-
dered in the previous test :

m A m .
V=Max [~ —F(x, )]~ min [~~~ F(x, ) ] M
" n
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2.2.5:2.2.1 Example 15 (continued). Application of tests for normality .based on tbe.order statistics
(a) Using the Shapiro and Wilk coefficients (Table C in the annex), we obtain from Table 15 :
Z 2, (W 41 = %,y) =0,3850 x 27,0 +0,2651 x 15,2 +... +0,0081 x 0,8 =32,4580

In example 15, we found my =25,4731, so the Shapiro and Wilk statistic takes the value

W= [zam(w)(xn+l-m - xlu)}z = (32,4580)2 = 0,919
nm, 45 x 25,4731
From the table of quantiles of W (Tabie D in the annex) for n =453 , we derive

P(W <0,919) <0,01
that is to say that, in a one-sided test, the value obtained is significant at the 0,01 level.
{b) For the D'Agostino statistic, Table 15 leads to
Tl +102 —m (g oy — %) =22 x27.0 +21x152 +... +1x0,8 =2719,3

from which, using the values obtained in example 15, we obtain
X = In+ 12— m)(Xps1—m = Xm) - 2719,3
nz\/;; (45)% x 5,0471
The D’Agostino transform then gives the value
_ /n(X —0,28200479) _ 6,7082 x (~0,016029) _ _, 59
0,0998598 0,02998598 ’

= 0,266066

Y

for which the table of quantiles of ¥ (Table E in the annex) shows that we have
Prob (Y <-3,59) <0,01
in other words, in a two-sided test, the value obtained for Y is significant at the 0,02 level.

{c) Wsing Tabic 15, the Geary statistic here becomes
¢ B som = Xm | %33 = B _ 27,0 +152 4 - + 08 +]13,5 — 14,6]
n/my 45 x 5,0471

_ 1686+ 1,1
227,12
The table of quantiles of the Geary statistic shows that we have

= ().7472

Prob (X <0,747) 220,05
From this we deduce that in a two-sided test, the value obtained for the gratistic is significant at the 0,10 level.

(d) With the same data, the David statistic gives

X Xn T %1y n—1_ 270 % fﬁ
/m, n 50471 - NV 45

= 5,3496 x 0,9838 = 5,29
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The table of quantiles for the David statistic enables us to write
Prob (X >5,29) 20,95
From this we conclude that in a two-sided test, the value obtained for the statistic is also significant at the 0,10 level.

{(¢) Por the Liiliefors and Kuiper tests, we shall limit ourselves to noting that for the fist D = 0,119 and for the second
V =0,173, values which are significant for a level of about ©,10.

2.2.5.2.3 On the choice of the test for normality

The diversity of the answers given by using cach of the tests performed on the same example immediately
poses the question of which is the best test.

The results obtainéd show indeed that, if the usual significance level of 0,05 is adopted, the null hypothesis
is rejected by the test based jointly on the central moments of the third and fourth order as well as by the Shapiro
and Wilk and D'Agostino tests, but that it is accepted by the others.

As we have seen for each of the two classes of test, none of these is capable of taking full advantage of the
information contained in the series of observations. On the other hand, in the second cartegory, the fact that the statis-
tics used by Shapiro-Wilk and by D’Agostino are constructed with linear estimators of the standard deviation, with least
variance or asymptoticaily with least variance, should in general give them a greater power than the simplified versions
of Geary and David.

This conlusion extends to the tests derived from the Kolmogorov test, since in this last case, consideration of
only the extreme value in a series of values is also, in general, abandonment of part of the information.

However, this does not prevent one of these last tests being more powerful than the first for a particular alter-
native. Specifically, in the case of the David test when the alternative is the uniform law (F(x) =x/a for 0 Sx Sa),
the difference (x, — x;) is a sufficient statistic and the David statistic becomes, as a result, the most powerful test.

In the general case of a non-specified alternative, the choice therefore lies between the Shapiro-Wilk and
D’Agostino tests and the test based on the central moments of the third and fourth order.

Although the study of the power of these various tests relative to a series of alternatives seems to show a slight
advantage for the first two tests, the simultancous use of the first and the last remains desirable since, if the hypothesis
of normality is rejected, the choice of the alternative can be based on the values found for the coefficients\/'ﬁ and b;.

2.2.5.3 On the choice of the alternative when the bypothesis of normality is rejected

So as to allow an alternarive to be adopted when the hypothesis of normality is rejected, we give below the
reduced central moments of the third and fourth orders : \/-3-1 =ﬂglﬂ%’2 and P, =piq/13 for distributions which have
been considered previously. The observed variable has been denoted by x, the reduced variate by u.
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Reduced moments -\/Fl and B, of some general distributions

a4

81

Distributions Vh B,
a. Distributions linked with the standard normal :
dF(u) = (2m)~'/3 exp (—u*{2)du
— Normal distributions : x = + O 0 3
— Log-normal distributions :
logx = a + fu, logw = 22 (0,1.}.2)\/0,2__—1 3
+(w? - b+ 3w*
+ 6a? +6)
=014 o=101 0,43 3,33
= 0,44 = 1,10 1,47 7,08
= 0,90 = 1,50 4,75 60,6
=118 =2 10,39 429
b. Gamma distributions :
dF(u) = % e=“du, x = fu 2/ 331 + 2/0)
x =01 6,32 63
= 0,5 2,83 15
(exponential) =1 2 9
=2 1,41 6
= 10 0,63 36
¢. Distributions connected with the double
exponential ;
F(u) = exp[—e™"]
Type I Fisher-Tippett asymptotic distribution :
X = U+ ou 1,396 54
Weibull’s distribution : F(u)=1 —exp [ — ¢™],
logx = a— Pu
g=0,1 ~0,64 3,57
=0,5 0,63 3,25
{exponential) =1 2 9
=2 6,62 87,72
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For Weibull’s distribution, note that we have

VB =T + 38) = 3T(1 + 28I (1 + ) + 2I°(1 + BIBB)
Bs = [PQA + 4B) — 4I(1 + 381 + B) + 6I'(1 + 280I'*(1L + B) — 3I'(1 + PIB*(H)

with
BB =[I'( +2p) -T2 +p)12

So the exponential distribution appears as a particular case of both the gamma and the Weibull distributions.
Similarly, in the log-normal, gamma and Weibull distributions, we see that a distribution exists where the values of \/3'1
and f3; are very close to those of the first Fisher-Tippett asymptotic distribution.

The result of this is that, beyond conditions imposed by the definition space and by certain special properties
of the obgerved variable, it will often be ease of calculation which determines the final choice of the fitted distribution.

It is appropriate to recall a characteristic property of the family gamma distributions when the parameter § is
fixed. In this case, they have the well known additive property of the % laws, that is 10 say that the distribution of the
sum of two independent gamma variables with parameters «; and &, is a gamma distribution with parameter
o =0y + oy, It follows that, in this respect, the gamma distribution, for non-negative variables, is similar to the normal
distribution for non-limited variables.

2.2.5.4 On graphical representation on probability paper. Final goodness-of-fir of a fitted distribution

In the case where the relationship between the variable of the fitted distribution x, and the reduced variate
u is a linear relation of the form
x=u+ou (1)

graphical representation of this relationship in a co-ordinate axis system with linear scales in x and in » is a line. If, in
addition, the corresponding values F(u) of the distribution function of the reduced variate # are marked on the co-
ordinate axis #, a graphical representation with a linear scale in » and a probability scale in F(z) is obained with the
relation x =x(F) represented by a line. When we then proceed to the graphical representation of the points [xm,F(uOm)]
where u,,, is a central value of the probability distribution of the order statistic »,,, , we get a simultaneous representa-
tion of the series of observations and the distribution to be fitted. In particular, if we take for #,, the mean
%, = E(u,,) of the order statistic u,,, , the test agreement corresponding to the case where the test statistic 2.2.5.2(1)
is zero will be characterized by the fact that all the points [xm, F(Em)] are aligned on the line of equation (1).

So the joint representation of the distribution which has been firted and the series of observations has a double
usefulness. In fact, it permits :

(a) when the fitted distribution is rejected by a goodness-of-fit test, the determination of whether the reason
for the rejection results from the form of the fit, br from the presence of aberrant observations, or from both of these;

(b) when the fitted distribution has been accepted, the easy reading of the probability F associated with any
particular value of the observed variable x.
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It is sometimes customary to mark the scale of the probabilities in terms of the mean recurrence interval (cf.
2.1.9.5), in other words, to indicate the value of T given by cither of the relationships

T=1/F for F%0,5 and T=1/(1-F) forF=>0,5 (2)

In practice, usc of the average u,, to represent the observations of the series can be shown to be inconvenient
because it is necessary to use a table of mathematical expectations for the order statistics.
When we wish to avoid this disadvantage, we can for F(ug,y,) take the value

E[F(um)]=ml(n +1) 3

which we know is the mathematical expectation of the probability F associated with the order statistic u,,, (cf. 2.1.2).
Such a solution has the advantage that, in the vicinity of the median, it is practically equivalent to the first method
and that, at the extremes, the difference between the values given by each of the methods is small relative to the varia-
bility of the extreme values.

In short, in order to judge the final goodness-of-fit of the distribution which has been fitted to the series of ob-
servations, it is desirable to calculate the probabilities attributed to the median and to the extreme values by the fitted
function and to verify whether the probabilities obtained arc within the corresponding confidence intervals calculated
as shown in 2.1.1. The same method can possibly be used to underline the aberrant character of either of the extremes.

Finally, note that becausc of the asymptotic independence of the distribution of the extremes and the median,
we can also carry out a global test using the tests considered in 1.3.

Be that as it may, it is very clear that in the case of rejection of an extreme value, the fit can be accepted only
if the main reason for eliminating this value is that it is really doubtful or it is actually linked to a very rare event.

2.2.5.4.1 Example 15(continued). Final fitting and graphbical representation

In Figure 4 the vertical axis has been marked in 4K intervals from 204K to 240K. The horizontal axis has been marked in
values of 100 F =1, 5, 10, 20, 50, 80, 90, 95, 98, 99, 99,8, for which we have T =100, 20, 10, 5, 2, 5, 10, 20, 50, 100 and 500 which
for the standard pormal correspond respectively to the values of u =~2,33 , — 1,64 ,— 1,28, — 0,84 ,0, 0,84, 1,28 , 1,64, 2,05,
2,33 and 2, 88,

This being so, by giving to the observations 207,0K, 208,0K, ..., 234,0K of Table 15 the probabilities F = 1/46 =0,022 ,
2/46 =0,043 , ..., 45/46 =0,978 respectively, the graphical representation shown is obtained (on normal probability paper).

On the other hand, with x =214,6K and i =nmaylin—1) =45 x 25,4731/44 =26,0520 , the fitted normal function can,
because of 2.2.1(2) and 2.2.1(14), be represented by equation (1} :

x=214,6+5,13 u (1)
which gives for F =0,02 and F =0,98 (4= +2,05)
%x=214,6513 x2,05=204,1 and 2251 2)
By joining the two points [ 204,1 , F =0,02 Jand [ 225,31, F =0,98], the line is found which represents the fitted normal
distribution.

It thus appears that rejection of the normal distribution is explained by a systematic deviation from the graph of the series of
observations with respect to that of the fit and perhaps also by a divergent extreme observation.
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2%0 - °K _2¢0
238 1236
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F1G.4 — Air tamperature at 225 mb at Uccle, in January. Graph of the fitted normal distribution and the series of
observations
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FIG, 5 — Air temperature at 225mb at Uccle in January. Graph of the fitted double exponential distribution and
of the series of observations
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- To obtain a better fit, we note that the values obrained for\/ by and by , ie. 1,30 and 5,91, are very close to the values of
\/ B, and B, of the double exponential distribution, that is to sy 1,396 and 5,4.
The fitting of such a function to the series of obscrvations by means of the method described in 2.2.3.1 leads to

g=2123 and 0=3,9 (»

The graph of the new distribution which has been fitted and the series of observations on double exponential probability
paper (Figure 5) shows an excellent agreement this time with, however, the same peculiarity for the last value.
To make sure that this value is allowable, we note that we have

x=2123 +394u (4)

where % denotes the reduced variate of the double exponential distribution.

' The result is that for ¥ =234,0 , we have u = 5,564 , which corresponds to F(x) =0,99617. In ascrics of 45 observations,
the distribution function of the last value is F%; the probability associated with xg5 =234,0 is therefore : (0.99617)%° =0842 , 2
value which is within the confidence interval (0,025 , 0,975) at the 0,05 level, There is therefore no reason to suspect the last value
and the fit (4) can be accepted.

We should also point out that the choice of the double exponential distribution is preferable to that of one of the other
possible forms, because of the fact that, for the first function, the space defining the reduced variate is not limited.

In order to apply the goodness-of-fit test based on the two extreme values and the median, we have in the case of the fitted
normal function (1) successively :

(a) for the first value :
x; =207,0, u;=(7,0—14,6)/513=—148, F(u;)=0,0694;
the probability associsted with the first value is thus
(1 — F)* =0,0393 and for a two sided test & =0,0393 x2=0,079
(b) for the median :
X33 =213,5 , uz3 =(13,5 — 14,6)/5,13 =— 0,21, Fluy3) =04168

As in the case of the probability associated with the median, we have also 0° (F)=0,5x 0,5/47 , that is to say O(F) =0,0729,
the normal approximation for the distribution of F(x33) make the value of the standard normal variate cortespond to 0,4168 :

(0,4168 — 0,5)/0,0729 =— 1,14
We thus have, using tables of the normal;

P[F(uy3) <0,4168]=0,1271,
that is, in a two-sided test
o, =0,1271 x 2 =0,254

(c) for the last value ;

_ xa5 =234,0, ua5 =(34,0 - 14,6)/5,13=3,78, Flugas) =0,9999216;
the probability associated with the last value is thus

(F)*5 =(0,9999216)%° =0,9965
which is, in a two-sided test,
oy =(1 — 0,9965) x 2 =0,007.
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For the global test, the Fisher statistic here becomes

=—2 Zlog 0;=2(2,53831 +1,37042 +4,96185) =17,74
for which the table of the )¢ distribution with six degrees of freedom shows that we have
P(Z >17,74) <0,01
In the case of the fitted double exponential function (4), we find in the samne way
@, =0,795 ,0, =0,787 and 0y =0,318
The Fisher statistic is then
X=-2 Xlog &;=2(0,22941 +0,23953 +1,14570)=3,23
for which the table for the % distribution with six degrees of freedom shows that we have :
POC >3,23) >0,7

The rejection of the normal and the goodness-of-fit of the double exponential distribution are thus confirmed.

2.2.5.5 Reference works consulted

Theory and applications of the maximum likelihood ratio test may be found in [8]and [9].

The account of the normality tests is taken from [24] where an attempt to synthetize tests given in [25] has been made,
Disregarding the importance of the problem, this description also seems useful because of the recent developments which have been
achicved in this area and because of the iflustration it gives concerning the general problem of applying tests of hypothesis. We should
add that a very full document on this subject has been prepared by Subcommittee 2 of the Committee ISO/TC 69 and the methods
described here have benefited both from work already accomplished and from contacts with Professor E.S. Pearson of this committee,

Moreover, the normal transform of 4/b; is given in [26], Table A of the annex comes from [T6] and from [27] Table B of
the annex has been drawn up from the tables in [28], the Shapiro-Wilk test and Tables C and D of the annex are taken from [29]. the
D’Agostino test and Table E have been published in [30] and [31] and the respective powers of the tests have been examined in [32],
Note that the tables in [33] enable us to calculate the probabilities associated with the values of b, when 1 is between 20 and 200
and the probability between 0,992 and 0,001.

Otherwise, the preceding sections can be considered as direct applications of the theory and principles given in carlier sec-
tions.

As regards the examples, example 14 is taken from [34 ] and example 15 from [35].

The tables which appear in the annex have been reproduced with the kind permission of their authors,

2,2,6 The parametric estimation in the case of distributions of discrete variables

When the random variable is a frequency, the values that it takes are whole numbers 0, 1, 2, ..., &, &k +1,

. ; in which case, it is said to be a discrete variable. The distribution function of such a variable is a discontinuous

function since it progresses from 0 to 1 in steps while the variable successively takes the values 0, 1, .., &,k +1, ...

In climatology, chance phenomena such as rain, snow, hail, storm, glaze, fog, etc. are examples of events

which can be counted, generally in the form of days of rain, snow, hail, ... and the series of numbers of days thus

obtained pose the problem of seeking the probability function which governs the statistical distribution of these fre-
quencies.
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In spite of the very wide usc which is made of fitting discrete distributions to the series of numbers of days
of particular chance phenomena, two criticisms must always precede the use of such distributions.

The first concerns the very justification of their use. As a matter of fact, the discrete distributions are mainly
intended to give a probability to the various numbers or times that a particular phenomenon ¢an occur during a series
of observations and the fact of having distributed the observed values of a meteorological variable into classes of the
same interval does not imply that the distribution obtained can be represented adequately by a discrete distribution
function. For example, when the variable observed is a period expressed in whole numbers of time units, this does not
in any way alter the fact that it is a continuous variable. Furthermore, it seems justified to ask whether this remark does
not apply to the statistics of consecutive days with special meteorological characteristics, since the appearance of such
a day is linked mainly to the existence of a definite type of weather whose life-time often exceeds that of a day.

On the other hand, in order to simplify the calculations, we can obviously still use approximate values given
by certain continuous asymptotic forms of discrete distribution functions, such as the normal or the gamma distribu-
tion.

The second problem which is often encountered in the fitring of discrete distributions concerns the actual
quality of the scries. When considering chance phenomena observed during relatively short periods, such as storm, hail,
glaze, etc., the majority of the series of these observations are affected by the inevitable irregularity with which they
are observed by voluntary observers. In such cases, it is therefore always wise to cnsure that the possible deficiencies
of an observer are compensated by a sufficiently general definition of the phenomenon, as for example a definition
at the scale of all the stations of one region, rather than at the purely local level of one special station.

2.2.6.1 Notation and genevalities. The principle of minimum x.

For the sake of convenience, in the following, we shall discriminate between the positive observations, that is
to say those during which the phenomenon considered does occur, and the negative observations, that is to say, those
where this phenomenon does not occur.

If x then denotes the frequency of the positive observations and if £ =0, 1, 2, ..., # are the various possible
values of this frequency,  , the total number of observations possibly being arbitrarily large, we put :

pk=P(x=k) )

7 k
Bp=Px>k)=Ep; ; Q=B k) =2y @)

n.
S =Zib; (3)
from which we obtain
n

P0=Q,,=§p]-=1 and  Q=1—Pp,4 (4)

and also

" n
E(x)=2jpj/2pj=50/P0=So (5)
0 0
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It follows that the Q, denote the values of the distribution function of the discrete variable x for the various
values of k.
From this we also get n
var x =E(x?) — [E(x)]? =2j2p]-—83 (6)
0 .

More generally, we also have
E(x ?k)zsk/Pk (7
and from this we deduce that the expression
Ip =S3/Pp — (k — 1) (8)

which generalizes the Borel mean length, gives a mean of fx — (k — 1)] for x k. In particular, if x denotes the se-
quences of consecutive positive observations {consecutive days of storm, hail, ...}, lk gives the average length of the se-
quences greater than or equal to k£, when their length is counted from &.
For k =0, (8) becomes
I =8¢ +1=E(x) +1 %

For the observed frequencies, by denoting by f3 the number of cases when x =k, we put in the same way for
the number of cases with x 2k or x <k

n k
Fp =Efj ot szzj}- (10)
k 0
and for the sum of the x 2>k
n
N,=ZX ;f}- (11)
k
As a result, the total number of the observed values of the variable x is Fy and its empirical mean ¥ is given by
* =Ng/Fy (12)
Similarly, the empirical mean lengths are defined by means of the relationship

from which we get
I =Np/Fg +1=% +1 (14)

In the following, the binomial distribution and its most common derivatives are considered and, as regards
their fitting, it will be noted that the principles of mathematical statistics which have been used in the case of conti-
nuous distributions are completely applicable to the discrete probability distributions.

In particular, estimates which come from the fit of a distribution are valid only on condition that the observed
frequencics follow one another independently. Before any fitting, it is therefore necessary to ensure that this hypothe-
sis is completely satisfied by means of the tests described in Chapter 1.
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Under these conditions, we use the form taken by the likelihood function expressed in natural logarithms
n
L=Zf, logp, (15)
0 .
from which, as for continuous distributions, we decide whether the distribution has sufficient statistics or not.

In particular, if, in the case of a distribution with a single parameter &, it appears that the sum Ny is a suf-
ficient statistic for this parameter, and if we have

E(x) = ¢{e) (16)
with (12) we obtain
E(Ng) = FoE{x) =Fo@(0) (17)

from which it results that the sufficient estimate of & satisfies the equation

No =Fof (@ (18)
As we also get from this
de(o) .
var Ng =¥} P vara (19)
do

and because of the independence of the Fy observed values of x, we have further
var Ng =Fg varx (20)

we finally obtain

dp(o)  varx
var &= ——=]2
do  Fy

21

To verify the goodness-offit of a given discrete probability distribution for a series of observations, the K.
Pearson statistic is used, which here becomes
_ 2
X = E w (22)
0 Fopy
and for which the number of degrees of freedom is (n + 1) — 1 =nif the probabilities p, have been fixed in advance
or {n — r) degrees of freedom if these probabilities have been calculated from the estimates of r parameters. When
interpreting the result, we shall take account, however, of the recommendations given in this connection in 2.1.10.

It should be noted that when no sufficient statistic exists, an alternative method of estimation to the method
of maximum likelihood is that known as the minimum %x* method, which consists of seeking the values of the para-
meters which make the statistic (22) a minimum.

The advantage of this last method is that, in addition to good estimates of the parameters, it provides the
means of directly ensuring the goodness-of-fit of the fitted distribution. However, as its solutions are no more precise
and calculations involved are less convenient, solutions obtained using the maximum likelihood function are to be
preferred.
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2,2.6.2 The binomial distribution

When p is the probability of a positive observation and in a series of » independent observations, the total
number x of positive observations is counted, the binomial distribution gives the probabilitics associated with the
various possible values of x, thatis: 0,1, 2, ..., ».

With ¢ =1 — p, we have in this case

"k onk
pp = pkg"™ (1
klin — k)
which are the successive terms of the expansion of the expression (p +¢)". Furthermore, we also have :
" n—k+1

Po=q ; Pp=Pp X=X  R=1,2,..n (2)

9 k

From this, and using the recurrence relation (2), we get

n L]

E(x) = ;kpk =np, E(x?)= ;kzpt =n’p? + npq

varx = E(x?) ~ [E(x)]* = npq 3

It also follows from this, using (2), 2.2.6.1(10) and (11), that if Fy series of # independent observations are
carried out, the likelihood function 2.2.6.1(15) becomes
p =n n—k+1
L= nF, log ¢ +Ng log—+ Z F}, log ~———e 4)
g 1 k

The result is that Ny is a sufficient statistic for the parameter p.
With (3) and using 2.2.6.1(18), the sufficient estimate of p is derived from the equation : Ng =Fg x np ,
that is

p=Ng/(nFq) (5)
Furthermore, as we have

dE(x)

—— 1

dp
with 2.2.6.1(21), we obtain

. 1 varx  pg
varp= — , ——=— 6)
n  Fy aF,

In the case where Fg =1, where only one series of n observations is carried out and if £y =N is the number

of positive observations, the sufficient estimate of the probability associated with a positive observation is
p=xo/n 7

for which we have

var p =pg/n (8)
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As the probability p is linked with no other parameter in this case, it can be considered as an estimate of the
probability in the non-parametric case.

In the general case, the error associated with the estimation of the valucs Qk =P(x S k) of the distribution
function can be calculated as follows.

From (1), using natural logarithms, we get

dlogp, = —k)d logg +kdlogp (9
that is,
de=|:—n—kPk+EPk]dP (10)
q 4
which gives, with the recurrence relation (2),
n—k n—k+1
dp, = [—-— Pt Pk-i] dp a1
q d
It follows that we have
n—k (12)
dQy=d(po+ p1+ B =— ‘——q pudp
from which
A2
varQ, = (n— k) zk) pivarp 13
q

2.2.6.2.1 Example 16. The frequency per year of months with low rainfall at Uccle

Table 16 pives for a period of 128 years the number of years fk during which k months of low rainfall (total rainfall less
than normal) have been observed. As the monthly rainfall levels at Uccle can be considered as independent of each other, we can pre-
dict that the number per year of low rainfall months has a binomial distribution.

With

12 12
Fo = Zolfk= 128, No= Y kf, =825 and n= 12,
0
we have, using 2.2.6.2(5) and {6),

p =825/(12 x 128)=0,53711

and

0(p) =4/ 0,53711 x 0,46289/(12 x 128) =0,0127 (1)

The calculation of 0(}‘)) from the estitnate p involves only a negligible crrot.

By using relations 2.2.6.2(2), the values of i’k shown in the same table are found.

To verify the pgoodness-of-fit of the sample distribution, calculation of Foﬁk and of the statistic X in
2.2.6.1(22) leads to

X=4,38 (2)

As this statistic has a x2 distribution with ¥ =10 — 1 — 1 =8 degrees of freedom (bearing in mind the groupings in Table 16) for which
t_he critical value at the 0,05 level is 15,5, we conclude that the agreement between the fit and the seties of observations is excellent.
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TABLE 16. — Distribution of the number & of low-rainfall months per year at Uccle (1833-1960). Values of i’k given by the
fitted binomial distribution.

k S Fy Ny o B Folx ()8 b
0 — 128 825 1,45 0,00010 — 0,00010 10.000
i 1 128 825 6,45 0,00135 - 0,00145 690
2 — 127 824 549 0,00860 1,29 0,01005 99,5
3 7 127 824 4,49 0,03226 4,26 0,04331 23,1
4 13 120 803 3,39 0,08683 11,11 0,13014 7,68
5 19 107 751 3,02 0,16120 20,63 0,29134 3,43
6 25 88 856 245 0,21823 27,93 0,50957 —
ki 23 63 506 2,03 0,21704 27,78 0,72661 2,04
8 22 40 345 1,62 0,15740 20,15 0,88401 3,66
9 12 18 169 1,39 0,08117 10,39 0,96518 8,62
10 5 6 61 1,17 0,02826 3,62 099344 28,7
11 1 1 11 1,00 0,00586 0,84 0,99940 152
12 — — — — 0,00053] — 0,99998 1.667
On the other hand, as we also have
X =(p - 0,50)* fvar p =(0,03711)%/(0,0127)* =8,54 (4)

a value which is very much greater than 3,84 , the critical value at the 0,05 level, in a xz distribution with one degree of freedom, we
deduce that the probability associated with Jow-rainfall months is greater than that of high-rainfall months. This is in agreement with
the fact that the distribution of monthly rainfall levels is not symmetrical. .

Finally, from the values obtained for fj’k we also get, for example, the value of Q5 :

Qa2 =po +py1 +p; =0,01005 ()
for which we have, from 2.2.6.2(13) :
' A 12 -2
0(Qy)= x 0,00860 x 0,0127 =0,0024 (6)
0,46289

For p =0,01005 , non-parametric estimation, with 2.2.6.2(8), leads to :

0(Qz) =/0,01005 x 0,98995/128 =0,0088 (7)

The mean recurrence interval T; =1/0,01005 =99,5 corresponds to Qy =P(x < 2) =0,01005 ; furthcrmore the two-sided
confidence interval at the 0,05 level that (6) associates with Qy, i.¢. 0,01005 11,96 x 0,0024, for T4 leads to the interval

67,8 €T, <187 (8)
Similarly, for high values of k, we have
Ty =1/1 - Qy ;) | (9
and notably, for x 227

Ty =1/(1 — 0,50957) =2,04 (10)
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2.2.6.3 The Poisson distribution

When, in 2 binomial distribution, the number of observations 7 is very large and the probability p is very small
so that the mean & =np remains finite, relations (1) and (2) in 2.2.6.2 take the following asymptotic forms which de-
fine Poisson’s distribution

-

=% _ |, k=0,1,2,.. (1)
Pk k1
from which we obrain
-0 o
Po=¢ , pk =PL.q .z-, k=1,2,.. (2)

From this we obtain, via the recurrence (2) :

B = Fkpo=a, B =3k =a’+a
[+]
varx = E(x?) ~ [E(x)P =a? +a—a’ =« (3)

It then follows that in the case of a series of observations governed by a Poisson distribution, in which r de-
notes the highest observed value of x , the likelihood function 2.2.6.1(15) becomes

M
L=—&Fy +Nolog(!— Efklogk' (4)
1

which shows that Ny is again a sufficient statistic for the parameter o, We thus deduce, with 2.2.6.1(18), that the
estimate of (tis given by the equation Ng =Fg &, that is to say,

&-_-NQIFO (5)
for which, with
dE(x)
—— 1 ,
do
we obtain, using 2.2.6.1(21)
. varx @
var = ——= — (6)
Fo Fo

Similarly, for the calculation of the error associated with the estimate of Q = P{x < k), we note that, by
expressing relation (1) in natural icgarithms, we obtain

k
dlogpk=--d0£+—da (7)
o
which, with the recurrence (2), gives

and consequently

0(Qy) =p 0@ )
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2.2.6.3.1. Example 17. The frequency of storms in Belgium in January

Table 17 gives for a period of 27 years the number [y, of years for which a number k of stormy days was counted in J anuary in
Belgium. As storms are very rare in January, we can presume that their frequency follows a Poisson distribution,
With Fg =2f, =27, Ng =Zkf, =33,2.2.6.3(5) and (6) give

=33/27 =1,2222

var 6=1,2222/27 =0,04527 (1)

or

o{0t)=0,2128 2)

knowing that the calculation of var & from the estimate & involves only a negligible error,

The relations 2.2.6.3(2) next lead to the estimates i’k indicated in the same table, from which the values of Foﬁk required for
the calculation of the statistic X defined in 2.2.6.1(22) are deduced.

Since we find

X=0,58 3)
and since in a xz distribution with P=5 — 1 — 1 =3 degrees of freedom, the critical value at the 0,05 level is 7,8 , we can conclude that

there is good agreement between the fit and the series of observations,
From this we obtain, in particular, the estimate

Qs =P(x <3)=0,9642 4)
for which, with 2.2.6.3(9), we have
0(63)=p3 x o{&t) =0,0896 x 0,2128 =0,0191 (5)
against
0(Q3) =\/0.9642(1—0,9642)/27 = 0,0358 )

for the non-parametric estimare.
It follows that for Q3 we have, at the 0,95 level, the one=sided confidence interval

Q3 20,9642 — 1,645 x 0,0191 =0,9328 (7)
or for T4 , at the same level, the one-sided interval

Ts; 21/(1 —0,9328)=14,9 (8)

TABLE 17. — Number of stormy days in Belgium, in Jaanuary (1946-1973). Values of i’k given by the fitted Poisson function.

k A F, N, T B Fo iy & T

0 9 27 33 2,22 0,2946 7.95 0,2946 3,39

1 8 18 33 1,83 0,3600 9,72 0,6546 -

2 6 10 25 1,50 0,2200 5,94 0,8746 2,90

3 3 4 13 1,25 0,08%6 2,42 0,9642 8,00

4 1 1 4 1,00 0,0274 0,97 0,9916 27,9
=5 — — _ — 0,0084 — 1,0000 119
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2.2.6.4. The negative binomial distribution

Because of the continuous nature of the evolution of the weather, any succession of days containing chance
phenomena does not take place in an independent way. It follows that the binomial distribution and its asymptotic
form, the Poisson distribution, do not generally provide good models to represent the distribution of the number of

“days observed over a fixed period of the year, such as a month, a season or the year itself. Indeed, it is observed that,
when one or other of these distributions is fitted, then the theroretical variance is too low relative to the empirical
variance; this precludes these forms being used to obtain good estimates of the probabilities associated with the obser-
ved frequencies.

Since it is defined in terms of two parameters, the negative binomial distribution allows a fit to be made to the
series of observations which takes account both of the empirical mean value and of the empirical variance. This distri-
bution has another advantage arising from the possibility of its definition as the resultant distribution obtained by
considering an infinity of Poisson distributions whose mean values would be distributed in accordance with 2 gamma
distribution.

Each chance phenomenon ~ such as 2 hail storm, for example — is charateristic of particular conditions of the
state of the atmosphere which are themselves related to types of weather which can differ from each other to a varying
extent. Thus, through its second definition, the negative binomial distribution also offers a means of characterizing the
degree of heterogeneity of the causes which produce the chance phenomena considered.

So, with 0 <& <{1 and § >0, we have for this distribution

Bp+1)..B+k—1)

po=(1 ~f and py=po o ~  R=1,2, .. )
!

which implies the recurrence B+k—1
pk=pk_1a_—k_', k=1,2, e (2)

From this we have oo

[~ -
Ex)=ZX kp, =Eapk_1(ﬁ +:-1)=aff+aEx)
0 0

which gives
E(x)=af/{1 — @) 3
Similarly, we find
E(x?)=af(1 +ofia — o) )
and consequently _
var x =E(x;) — [EG)P =af(1 —a)? (5)

In anticipation of subsequent theoretical conclusions, we note that relationships exist between the two para-
meters & and f§ of the negative binomial distribution and the location parameter  and the scale parameter b of the
gamma distribution describing the distribution of the mean values m of the Poisson distributions

a=1,—mb
e
dF(m)="——dm (6)
b°I'(a)
These relations are given by
a¢=f and b=0/(1 —Q) (7)
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which allow us to calculate the variance ab? = $/(1 — a)? of the gamma distribution and thus to obtain a mesure
of the degree of heterogencity of the family of Poisson distributions which govern the phenomenon bcmg studied.
If § becomes very large and & very small, such that & remains constant, we have, at the limit, ab* =0 and
the negative binomial converges to the Poisson distribution.
In fitting a negative binoemial distribution to a series of observations, we note that the likelihood function
2.2.6.1(15) becomes

L=Fgflog(r —a)+Nglogox+Fy logf+F, log B+1) +.. +F, log B+r—1)
r
1
where r denotes the highest observed value of x.
We can thus see that for the negative binomial distribution, Ny is sufficient only if § is given. Thus estimates

do not exist which are jointly sufficient for ctand §.
By eliminating & between the maximum likelihood equations

oL oL
=0 and —=0,
oa ap
we obtain the following equation in 3 :
F F, F
—Fylog| 1 L2 b =0
°°g( * ) B E+1 Frr—1 )

the solution of which then allows us to calculate @ by means of the equation

a=x/{+%) {10)
Similarly, using
B 1 3 1-Qyy
ay=—2>  g,= d a 11
e b BNl Yy i) i —
where oo
Bi=Z2 py.
]
calcularion of
#*L L L
— E(— )}, — E( } and of — E(——)
da? dwdp o
gives the asymptotic values
var &=, /(Fo a), varf=a, (Foa) and cov®,D =—a;,/Fq a) (12)

where a=ay 1 ayq — (a2)%.
For the solution of equation (9), we note that the method of moments leads to the estimates

=2 —%)s? and Pr=(x)PisE — %) (13)

where ¥ and s? denote the empirical mean value and variance; this allows us to take $* as the initial value in obtaining
the solution of equation ($) by successive approximation.
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We note (in common with Fisher) that if we have (§* + 2)/a* > 20, then the estimates (13) are efficient
enough to be used directly.
It only remains to point out that for calculation of var Q, , we again have

k
kozd%Jpj=Ad0t+BdB (14)

with k &
A =Ejpjla— ﬁzpj/(i —o)
0 0

and
k k k
0 1 21

from which it follows that X . R
va.erxA2 var 0t + B2 var § + 2AB cov (t, B (16)

2.2.6.4.1. Example 18. The frequency of storms in Belgium in March

Table 18 gives, for a period of 27 years, the number fk of years for which a number & of stormy days was counted in March
in Belgium. To fit a negative binomial distribution, we extract from this table :

X =Ny/Fo =93/27 =3 4444 ¢}
2 =Zfk— P NFy— 1)
=[3(~ 3,4444)% +4(— 2,4444)® + ... +2(4,5556)%)/26
=5,7949 (2)
The estimates of & gnd § deduced from these values by the method of moments are, using 2.2.6.4(13) :
o* =(5,7949 — 3,4444)/5,7949 =0,406
* =(3,4444)%/(5,7949 — 3,4444) =5,047 (3)

these being estimates for which Fisher’s relation (@ +2)/00* >>20 is not satisfied.
In this case equation 2.2.6.4(9) becomes

3. 4444 24 20 16 12 i1 5 3 2
1 |+ 20— = —+ + + + + + + 27 (4)
°g(+ B ) [ﬁ B+1 B+2 B+3 B+4 B+5 B+6 ﬂ+7]/

We obtain from this (see below in 2.2.6.4.1.1)3 =4,16 , so that, using 2.2.6.4(10), we have

=13 4444/(4 16 + 3,4444) =0,453 (5)
We then deduce, by virtue of 2.2.6.4(1) and {2),
po=(1-0,453%16=0,081290 (6)

together with the values off:k , for k =1, 2, ..., indicated in Table 18.
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TABLE 18. — Number of stormy days in Belgium, in March (27 years). Values of i’k given by the fitted negative binomial

distribution.

k Se Fe Ny 1 B Fobe Oe
0 3 27 93 4,44 0,081288 2,19 © 0,081288
1 4 24 93 3,88 0,153186 4,14 0,234474
2 4 20 89 345 0,179034 4,83 0,413507
3 4 16 81 3,06 0,166531 4,50 (,530038
4 1 2 69 2,715 0,135035 3,65 0,715073
5 6 11 65 1,91 0,099831 2,70 0,814904
[ 2 5 35 2,00 0,069041 1,86 0,883945
7 i 3 23 1,67 0,045394 _ 1,23 0,929319
3 2 2 16 1,00 0,028686 1,90 0,958025
9 —_ — —_ — 0,017557 —_— 0,975582
10 — —_ —_— —_— 0,010467 - 0,98604%
11 —_— —— —_— —_ 0,006104 —_ 0,992153
12 — _ —_— — 0,003493 — 0,995646
13 — —_— —_— — 0,001967 — 0,997613
14 —_— — —_ —_ 0,001092 0,998705
15 —_ — —_ _ 0,000599 0,999304
16 —_— — — 0,000325 0,999629
17 —_— _— — 0,000175 0,999804
18 — —_— - — 0,000093 A — 0,599897

The resulting values of Foﬁk then give for the statistic 2.2.6.1(22)

X=6,52

(7)

Thiis value is less than 12,6 , the critical value at the 0,05 level in a )(2 distribution with ¥ =9 —1 — 2 =6 degrees of freedom. We can
thus conclude that there is good agreement between the fit and the series of observations. Consequently, we can also characterize the
heterogeneity of the family of March storms by means of the variance of the associated gamma distribution; that is, using 2.2.6.4(7),

0,453
ab? =416 ( ——)% = 2,85
1— 0,453

and this value can serve as a basis of comparison for the other months of the year,

Furthermore, for the calculation of the errors of estimation, 2.2.6.4(11) gives :

3 4,16 N B
T4 T AT 30,69, a,; = 1/0,547 = 1,8282
,, = 1= 0.081288 10234474

(4,16) (5,16)°

and hence

a=30,69 x 0,114225 — (1,8282)% =0,16325

With 2.2.6.4(12), we then deduce :

var &=0,114225/(27 x 0,16325) =0,025915

var f=30,69/(27 x 0,16325) =6,9627

+ - =0,114225

cov(@, f) =— 1,8282/(27 x 0,16325) =— 0,41477

(8)

9

(10)

(11)
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In particular, for Qq =P(x $54) =0,715073, we have, by virtue of 2.2.6.4(15),
A=(0,153186 x 1 +0,179034 x 2 +... +0,135035 x 4)/0,453 — 4,16 x 0,715073/0,547 = — 2,014
B =0,715073 log 0,547 +(0,153186 +0,179034 + ... +0,135035)/4,16
+(0,179034 + ... +0,135035)/5,16 +..+0,135035/7,16 =— 0,1182 (12)
With 2.2.6.4(16), we thus have

var {14 =(—2,014)® x0,025915 +(—0,1182)% x 6,9627 +2(—2,014)}(—0,1181X—0,41477)

=0,00508 (13)
whence
o(Qy) =0,071 (14)
The corresponding non-parametric estimate gives
0(Q4) =1/0,715073(1 — 0,715073)/27 =0,087 (15)

2.2.6,4.1.1 Calculation of the coefficient 3 of the negative binomial distribution by successive approximation

Equation 2.2.6.4.1(14) is used as an example to illustrate the method. We therefore have (in natural logarithms}

3,4444 24 20 16 12 11 5 3 2
log|l +=——)=|=+ + + + + + + 27 (1)
g( B ) [ﬁ B+1 p+2 B+3 B+4 B+5 B+6 ﬁ+7]/
We take ﬁl =5 , the pearest integer value to §* , and we insert this into the right-hand side of (1). We obtain
3,4444
log (1 +———‘§—~ }=0,521506 )
that is,
34444
1+ =1,68456 (3
hence
B3 =50316 and f; —B3=—0,0316 4

Similarly, for 8, = 5,1 we find 85 =5,1348 and B, — B3 =—0,0348, or an increase in the difference between B and f§’ of
{0,0348 — 0,0316) =0,0032 for an increase of J of 0,1, We can thus approximate a zero difference by using

0,0316
B3=5-0,1x =5-1,0 =40 (5}
0,0032
We thus obtain
B3 =3,99303 and f3—F3=0,00697 (6)

Furthermore, with ﬁ4 =41, we have

By =409738 and f; - B} =0,00262 @)
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Consequently the corrected new value of [3 becomes
0,00262

Bs =4,1 +0,1x =4,1+0,06=4,16 (8
0,00697 — 0,00262

for which we have
B5=4,1599 and PS5 —f}=0,0001 9)

wWith § =4,16 we thus have a sufficiently accurate value of the solution of equation (1).

2.2.6.5 The geometric distribution

The gecometric distribution is a negative binomial distribution for which the parameter § is unity. For such
a distribution we thus have, using 2.2.6.4(1) and (2},

po=1-a and py=(1-o)a*, k=1,2,.. (1)
togcther with the recurrence
Pp=Ppa™ (2)

When the probability of a positive observation is & and when successive observations are independent, this
distribution function gives the probabilities p; that a negative obscrvation will be followed by a sequence of k conse-
cutive positive observations. Consequently, the geometric distribution appears as the complement of the ordinary bino-
mial distribution in that it gives the probabilities associated with the various sequences of positive observations into
which the total number of positive observations may be decomposed.

Purting §=1 in 2.2.6 4(3), (4) and (5}, we also obtain

o 2 ol + o) (3

X) = —— X*) o =

and Ex) 1—« B (1 —-a)?

43
varx = {4)
(1 —a)?
Since the likelihood function 2.2.6.4(8) reduces to

L=Fglog(1 —a)+Ngloga (5)

the statistic Ny can be used for calculating a sufficient estimate of o,
With (3) and 2.2.6.1(18) this estimate can be obtained from the equation

o
No =F0 . (6)
1-o
that 1s to say,

&=Ng/(Ng + Fp) 7)

for which with (4), 2.2.6.1(21) and

dE(x)
=1-a)?

do
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we have
2
var@=(1 —ay* > .2 ac(l—a)
-ot i m i ®
Finally, from the relation
k k ,

Q;, =P(» <k)=§pj=(1 —o) +Fa—ad) F.. (R — oAty g 9)

we obtain
var Elk =(k + 1)2a2k var @& (10)

As F, is the total number of negative observations and Ny that of the positive observations, estimate (7)
becomes the same as that obtained in 2.2.6.2(5) for the ordinary binomial distribution, since Ny + Fg is the total
number of observations. Furthermore, the expression (8) for the variance of this estimate does not differ essentially
from that given in 2.2.6.2(6) in the case of the ordinary binomial distributior, since we have

E(Fo)=(1 -OC)N with N=F0 +No (11)

On the other hand, if in the gecometric distribution we neglect pg, py, ..., P, the truncated distribution thereby
obtained is still geometric, and this allows other estimates of & to be found using the same formulac.

However, since for these new estimates the value of Fy in the new geometric distribution is the value of
F,,., in the first, it is immediatcly apparent from the relation

F,, <Fo (12)

and from (8) that these new estimates will be less accurate than the first.

2.2.6.5.1 Example 19, Sequences of consecutive months with below-normal rainfall at Uccle

Table 19 gives the number f, of menths with above-normal rainfall which were followed by k months with below-normal
rainfall, over a total of 128 years (1536 months). In particular, over this period 179 above-normal months which were followed by &
single below-normal month were counted.

We have scen In 2.2.6.2.1 that the distribution over the year of the below-normal months follows a binomial distribution,
so fitting 4 geometric distribution would appesr to be justified.

We therefore deduce, with 2.2,6.5(7) and (8),

=825/(711 +825)=0,537109 (1)
and

var &=0,537109(1 — 0,537109)*/711 =0,000162 2)

whence, 0( &)=0,0127, these values coinciding with those obtained in 2.2.6.2.1, a5 we expected.
From the resulting values of i’k and Fy f’k' we then deduce for the statistic defined in 2.2.6.1(22) the value

X =145 3

this value being less than 16,9 , the critical value at the 0,05 level of the )(2 variate with ¥ =11 — 1 — 1 =9 degrees of freedom. We
can thus conclude that there is good agreement between the fitted distribution and the series of observations.
For x %4 we have, in particular

Qq =P(x €4)=0,955300 (4)
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TABLE 19, — Number of months, at Uccle, with above-normal rainfall followed by a sequence of k consecutive months

with below-normal rainfall (1833-1960). Values of i’k given by the fitted geometric distribution

k I P N, 4 I Fopu G s
0 333 711 825 2,16 0,462891 329,12 0,462891 22
1 179 s 825 2,18 0,248622 176,77 0,711514 —
2 9 199 646 2,25 0,133538 94,935 0,845052 3,5
3 41 100 448 2,48 0,071724 51,00 0,916776 6,5
4 23 » 325 2,51 0,038524 27,39 0,955300 12,0
5 13 3 233 247 0,020691 14,71 0,975991 2.4
6 9 2 168 2,30 0,011114 7,90 0,987105 41,7
7 14 114 2,14 0,00596% 4,24 0,993074 7,5
8 3 6 58 2,66 0,003206 2,28 0,996280 144
9 2 3 M 3.3 0,001722 1,22 0,998002 269

10 —_ —_ — e 0,000923 1,42 0,998927 501

11 - — — — 0,000497 —_ 0,993424 -

12 — —_ —_ — 0,000267 — 0,999691 -

13 — — —_ — 0,000143 _ 0,999834 —

14 _ — —_— —_ 0,000077 —_ 0,999911 —

15 —_ — - —_ 0,000041 —_ 0,999932 —_

16 1 1 16 1,00 0,000022 — 0,959974 -

for which we obtain, using 2.2.6.5(10)

For the corresponding non-parametric estimate, we would have

*KQ4) =/ 0955300(1 — 0,955300)/711 =0,0077

0(Q4) =5 x (0,537109)* x 0,0127 =0,0053

(5)

(6)

We deduce from this that the mean recurrence interval for at least five consecutive below-normal months can be estimated

Ts =1/(1 — Q) =1/(1 — 0,955300) =22,4

(7)

it being understood that this mean interval is cxpressed in terms of above-normal months. To express this in years, we note that the
mean number of above-normal months per year is equal to 12 x (1 — &) =12 x 0,462891 =5,55. It therefore follows that, expressed

in years, the mean interval Ts becomes

2.2.6.6 The logarithmic distribution

Ts =22,4/5,55 =40

(8)

When in a negative binomial distribution the parameter f tends towards 0, the value of pg tends towards unity and asymp-

totically we have

pp/B=poct®se

Furthermore, with 0 <0¢< 1, the logarithmic distribution is defined by means of the relations

po=—alog! (1 -a) and P =p°ak/(k +1)

which gives the recurrence

Pp=Ppa @

k

kE+1

()]

(2)
(3)
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which implies, in particular, that
P1<po/2

a4
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By comparing (1) and (2}, we sce that the logarithmic distribution can be considered as the asymptotic form
of a negative binomial distribution with § =0, truncated for k = 0. It follows that in the logarithmic distribution, the

value k =0 corresponds to k =1 in the corresponding negative binomial distribution.

Logarithmic distributions often give a good fit in the case of sequences of positive observations of certain

persistent events.
Such being the case, we obtain from (2) and from the recurrence (3)

®Po  __Po
1-0P 1-«

E(x)=-22 -1, E(x)=
1—-a
and hence

= - 2 _ Po{l = Po)
var x = E(x?) — [E(x)] 1oy

Furthermore, since the likelihood function 2.2.6.1(15) becomes

we deduce that the statistic Ny is sufficient.
Consequently, with (5) and 2.2.6.1(18), the sufficient estimate of & is found from the equation

Po
Ny =F -1
0 of 11—« )
that is, with ¥ =Ng/Fy, (2} and 2.2.6.1(13)
Po —s41=1% or:log(l ~o)= — —%
1—u (1 - a)ig

Knowing that

_d__( Po_\_ Poll = po) _ varx
de\l - a(l — a)® o

we then deduce, using 2.2.6.1(12)

a(t)=a//Fg varx

Furthermore, we also find for

. oa k
Qk =P(x <k)=§ p] :

. ko o(é)
U(Qk)= I% j?j - Qk E(x) |-a-

(5)

(6)

N

(8)

£

(10)

(11)

(12)
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2.2.6.6.1 Example 20. Sequences at Uccle of consecutive days with mean temperature & -~ 5°(70 years)

Table 20 gives the numbers f), of sequences of (k¢ + 1) consecutive deys with mean temperature - %C' observed at Uccle
from 1901 to 1970, The number k thus indicates the number of consecutive days with mean temperature S~ 5 which followed an

initial day with a mean temperature which was as low as this.
As in similar cases the logarithmic distribution gives a good fit, this kind of distribution was also fitted here.

From the data in Table 20 we obtain

1% =(205/118} +1=2,73729 )
which, with 2.2.6.6(9), leads to the equation
o
log(i —)= - —m——o——+~ (2)

(1 —-a)yx2,73729
Using a method analogous to that described in 2,2,6.4.1,1 and taking as the initial velue &=0,6 , the nearest to the cstimate
of the paramerer of the geometric distribution Q=Ng/(Ng TFg)=0,635 , we find

&=0,828 3

which is very close to that obtained (¥=0,833) for the logarithmic distribution of the sequences of dry days at Uecle,
From this we deduce, using 2.2.6.6(2),

po=—0828 log™ 0,172 =0,828/1,76026 =0,470385 4)
so that, using 2.2.6.6(6), we have
var x =0,470385(1 — 0,470385)/(0,172)* =8,4209 (5)
and with 2.2.6.6(11)
o(&) =0,828/+/118 x 8,4209 =0,0263 (6)

TABLE 20. — Sequences of length (& ~+ 1) at Uccle of consecutive days with mean temperature = 5° (1901-1970). Values
of p), given by the fitted logarithmic distribution

k A Fy N, I P Forr O Te
0 52 118 205 2,74 0,47038 55,5 0,47038 2,1
1 20 66 208 Ln 0,19474 23,0 0,66512 —
2 21 46 185 3,02 0,10750 12,7 0,77262 3,0
3 7 25 143 3,72 0,06676 7,2 0,83938 4.4
4 5 18 122 378 0,04422 5,22 0,88360 6,2
3 3 i3 102 3,85 0,03051 3,60 091411 8,6
§ 4 10 &7 3,70 0,02165 2,55 0,93576 11,7
7 - — — - 0,01569 ] 3,21 0,95145 15,6
8 3 6 63 3,50 0,01155 — 0,96300 20,6
9 - - — — ,00860 7] 1,78 0,97160 27,0

10 1 3 39 4,00 0,00648 | — 0,97808 352

11 — - — — 0,00492 7] 1,02 0,98300 45,6

12 1 2 29 3,50 0,00376 _ - 0,98676 58,8

13 - — — - 0,00289 ° 1,52 0,98965 75,5

14 — — — — 0,00223 - 0,99138 96,6

15 - — — — 0,00173 — 0,99361 123

16 — — —_ — 0,00135 — 0,99496 156

17 1 1 17 1,00 0.00106 | — 0.99602 198
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The values of i'k obtained by means of 2.2.6.6(2) and (3) and those of Fy f’k which result from these values give for the sta-
tistic 2,2.6.1(22) the value

X=176 (7)

Since this value is less than 16,9 , the critical value at the 0,05 level of the ){2 variate with V=11 — 1 — 1 =9 degrees of
freedom, we can conclude that there is good agreement between the series of observations and the fitted distribution,
Furthermore, we also have, for example, for x <4,

Qq =0,88360 (8)
with, by virtue of 2.2.6.6(12)

o(Qq) = |0,19474 + 2 x 0,10750 + -4 x 0,04422 — 0,88360 x 1,73729| x %‘;2_2?

— 0,024 9

whereas the non-parametric estimate of the same probability leads to

#(Q4) =+/0,88360 (1 — 0,88360)/118 =0,030 (10)

It should be pointed out that the mean recurrence intervals "i‘k , are expressed in terms of sequences of consecutive days with
mean temperature S — 5°. To express these in years, we note that in 70 years 118 were counted, giving a mean value of 1,69 sequences
per year.

So in the case of 'i‘s , for example, the mean interval, expressed in years, becomes

T; =8,6/1,69=51 (11)

2.2.6.7 Chaice of the discrete distribution to be fitted

As has already been pointed out, most meteorological phenomena are somewhat persistent in pature since
their development cxtends over periods of several days.

It follows that a good fit of the binomial or its asymptotic form, Poisson’s distribution, to the distribution of
the frequencics of days with particular chance phenomena will be obtained only exceptionally, and that, on the con-
trary, it will more usually be the negative binomial and its derivatives, the gecomertric distribution or the logarithmic
distribution which will actually provide the best fit.

To help make the necessary choice, we can invoke principles analogous to those which were used for conti-
nuous distributions. More precisely, we can initially apply a test for the goodness-of-fit of the binomial distribution and
if this test is not adequately fulfilled, we can make some choice based on the behaviour of the empirical lengths or
proceed to a significance test on the cstimate of the coefficient § in a fit of the negative binomial distribution, com-
paring this estimate, for example, with the value § =1 corresponding to the geometric distribution.

As regards the goodness-of-fit of the binomial distribution, we know that if p is the probability of a positive
observation, then the mean of the number x of positive observations in 2 series of # observations is »#p. In this case, the
number of negative observations is (# — x), its mean is »(1 — p) and the statistic 2.2.6.1(22) becomes, for a particular
series of n independent observations,

X _ - np)* + [(n~x)—n(1 — pJ? _x- np)?
np n(l — p) np(l — p)

the number of degrees of freedom being ¥ =2 — 1 =1. We thus recover the statistic 2.1.10(4).

(1)
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If, morcover, we perform Fy independent series of # observations which are zlso independent, then by adding
the statistics X obtained for each series we are led to a new statistic

(x —np)?
X=% ——— (2)
np(l —p)
for which this time, by the principle of additivity of the 3¢ variates, the number of degrees of freedom is equal to
V= Fo .
Finally, if we replace the true mean value np by the empirical mean value : X =np, the statistic (2) becomes
x —x)?
1-pi

for which, under the assumption of a binomial distribution of the frequency x, the distribution is )(2 withv=Fg — 1

X=X

3)

degrees of freedom.
The test based on the statistic (3) can thus be used as a goodness-of-fit test for the binomial distribution. It
then also follows that the statistic

(x — x)?
X=Z {4)

X

obtained by making p tend towards zero, possesses the same distribution under the assumption of a Poisson distribu-
tion of the frequencies x and consequently can be used as a statistic for a goodness-of-fit test of the latter distribution.

If this test is rejected, the behaviour of the mean lengths lk as a function of k gives useful indications for the
possible choice of the distribution which should provide 2 reasonable fit. We know, in fact, that the mean lengths [,
decrease with & for the binomial distribution, for Poisson’s distribution and for the negative binomial distribution with
# > 1, that these lengths are all equal to each other for the geometric distribution and that they are increasing with &
for the negative binomial with § <1 and for the logarithmic distribution.

So if the values of the empirical lengths for the initial values of & reveal a distinct trend or, on the other hand,
if they appear to fluctuate about a mean value, then this directly points towards the use of a negative binomial distri-
bution with 82>1 in the case of a decreasing trend, towards a negative binomial distribution with § <1 or a logarithmic
distribution in the case of an increasing trend and rowards the use of a geometric distribution in the case of a rea-
sonably small fluctuation. In the above examples 16 to 20 (2.2.6.2.1 to 2,2.6.6.1}, calculation of the empirical mean
lengths I*, confirms that the trend of successive values of these lengths each time constituted an indicator for the type
of distribution which should be fitted.

As a last resort, it is still possible to estimate the coefficients & and f of the negative binomial distribution
together with the coefficient & under the null hypothesis § = ). If & and f are the estimates of the parameters of the
negative binomial and if &g is the estimate of & when 8 =f , the statistic of the test of the null hypothesis §=£, be-
comes, by virtue of 2.2.6.4(11) and (12),

X =Fo gt (A +an(AB? +2a,A. AB] (5)

with A& =& — & and AB=f — Bo.
In particular, for the calculation of a4 in the case of a negative binomial distribution where iy =1 (geometric)

we note that we have ‘
P =ak (6)




sl &~ o

2.2 PARAMETRIC ESTIMATION 107
and that, consequently, the last of the relations 2.2.6.4(11) becomes, by virtue of 2.2.6.5(9)
m v
1

Note that the likelihood ratio test may also be used as an alternative test (see 2.2.5.1).
It remains to point out that, whatever final fit one arrives at, it is still useful to check the goodness-of-fit of
the sample distribution with the series of observations, by means of the statistic X defined in 2.2.6.1(22).

2.2.6.7.1 Example 21. Number of sequences per year at Uccle of consecutive days with mean temperature < — 5°
(70 years)

Table 21 gives, for a total of 70 years, the number of years at Uccle for which k sequences of consecutive days with mean
temperature < 5% were observed.
With
X =Ny/F3=1,68571 1)

the statistic 2.2.6.7(4) of the goodness-of-fit test for the Poisson distribution gives
X=[(0 —1,68571)% x 24 + (1 —1,68571)%> x 16 +... + (8 — 1,68571)% x 2)}/1,68571 =146,6 2)

Since for the )(2 variate with Y=70 — 1 =69 degrees of freedom the critical value at the 0,05 level is 89,4 , the goodness-
of-fit of the Poisson distribution must be deemed unsatisfactory, and must be rejected. Furthermore, the fit of the binomial is even
less statisfactory, since whatever total number # of observations the particular sequences considered are referred to, the presence of
the divisor (1 — p) in the corresponding statistic X would make its value even larger than that found in (2).

Moreover, the valucs of the empirical lengths /%, in Table 21 reveal the absence of any distinct systematic variation as a func-
tion of k, this being compatible with the assumption of a geometric distribution. To verify this, we can proceed to estimate the
parameters (X and Bin a negative binomial distribution and proceed to test the hypothesis B=1.

To this end, we note that with 2.2.6.5(7) we have for the geometric distribution :

¢ty =118/(70 1+ 118) =0,627660 (3)
whereas for the negative binomial distribution with $:=1, equations 2.2.6.4(11) and 2.2.6.7(7) give :
1 1
ayy = = 11,4920, = e = 2,68572
1 0,627660(1 — 0,627660)? %12 = 1770,627660
o0 K
4z = O = 0770465 )
1

Furthermore, equation 2,2.6,.4(9) here becomes :

1,68571 46 30 19 i0 5 4 2 2
log|1+=2"""" ==+ + + + + + + 70 5)
g( 8 ) (ﬁ B+1 B+2 B+3 B+4 B+5 B+6 ﬁ+0/
From this we obtain ﬁ: 1,38 , and hence with (1) and 2.2.6.4(10) :
a=1,68571/(1,38 + 1,68571) =0,54986 (6)

With A& =0,54986 — 0,62766 =— 0,0778 and AB=1,38 — 1=0,38 , the statistic 2.2.6.7(5) becomes :
X =70[11,492( — 0,0778)% +0,770465(0,38)* +2 x 2,68572(— 0,0778)(0,38)] =1,54

Since this value is less than 5,99 , the critical value at the 0,05 level of the X 2 variate with two degrees of freedom, the hypo-
thesis of a geometric distribution can be accepted.

For Ehe likelihood ratio test, with (3), Fg =70 and Ny =118 (Table 21), 2.2.6.5(5) gives : f-l = 124,116 , whereas with
&=0,54986 , 3=1,38 and the valucs of F, and Ny, in Table 21, 2.2.6.4(8) gives Ly =— 123,662. Thus : X =— 2(L; — L3) =0,91 with
2 — 1 =1 degree of freedom, At the 0,05 level, the critical value being 3,84 |, the conclusion remains unchanged.
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TABLE 21. — Number of sequences per yesr at Uccle of consecutive days with mean temperature Sa— 5° (70 years). Values
of -;’k given by the fitted geometric distribution

k S F N, M P Fof
Q 24 70 118 2,69 ©0,372340 26,06
1 16 46 118 2,57 0,233703 16,36
2 11 30 102 2,40 0,146686 10,27
3 9 19 8¢ 2,2t 0,092069 6,44
4 5 10 53 2,30 0,057788 4,05
§ 1 5 33 2,60 0,036271 2,54
6 2 4 28 2,00 0,022766 1,59
7 - 2 — _ 0,014289 2,69
8 2 2 16 1,00 ©,008969 —_

The calculation of i’k and of Fofak next gives for the stadstic 2.2.6.1(22)

X=2,68 )
that is, a value less than 12,6 , the critical value gt the 0,05 level of the Xz variste with =8 — 1 — 1 =6 degrees of freedom. The
goodness-of-fit of the distribution fitted is thus confirmed.

Otherwise, we still have, by virtuc of 2.2.6.5(8),

var 4=0,627660(1 — 0,627660)2/70 =0,001243 (8)

2.2.6.8 Distribution of maximal sequences

The knowledge, for a period of the year (month, season or the year itself), of the distribution of the sequences
of positive observations of various lengths, together with that of the number of sequences during this period, allows
us to calculate the probability associated with the maximal sequences for the period considered.

Indeed, if for the periods during which non zero sequences occur we have for the length x of these sequences

P(x <k)=Q )

we know, from what we have seen in 2.1.1, that the probability of having, over » independent sequences, a maximal
sequence of length L %k is

KL<k =[Q[" (2)

If, in addition the number of sequences is variable and if p, denotes the probability of having # sequences
during this period, the total probability for n 3> 1 becomes

P(L <k)=E[(Q,)"]2[q, [*0 3)
with
o0 o0 .
nu=2inpnlzpn=SIIPl =ll (4)
1

from which it follows that ng is the mean length for k£ =1 of the distribution of the number of sequences.
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Finally, since po denotes the probability of a year without any sequences, under the hypothesis of the inde-
pendence of the succession of sequences we have :

QM,D =P(L=0)=py (5)
and
Q p g =P(L k) 7po +(1 = po)[Q, [0 (6)-
For the calculation of the error in the estimates E).M § 1 We have
var Qu,o = var g, N

while for QM k with 2 2#1 , we note that with the use of natural logarithms we obtain from (6)

log[QM.k —pol=log (1 —pg) tnglog Q, (8)
which implies
dQu, = [1 - %M_-:__;Pt'] dpo + (Qux — Po)log Qudn, + t’g&«é:&)qu )
° x

where dpy, dng and dQ), must be expressed explicitly as a function of the parameters of the two distributions.
In particular, if the distribution of the number of sequences » depends on only 2 single parameter &, then
relation (9) can be written in the form

dQM,k =Ad€!+Bko

with
-— d d
A= [1 - QMT—-—-* p”".l-ff + (Qu — po)losQ;é;ﬂ
= ¥o
B= 1o(Qui,x — Po) (10}
Q:

from which it follows, by the assumed independence of the two distributions, that
var Qyy =A% var &+ B var @ an

2.2.6.8.1 Exemple 22. The annual maximal sequence at Uccle of consecutive days with mean temperature <~ 5°
{70 years)

Table 22 gives the number of years 3 for which the maximal sequence of consccutive days with mean temperature = s°
at Uccle comprised & =0,1,2,.. days, over a total of 70 years.
Since the number of sequences per year at Uccle of the days considered follows a geometric distribution (2.2.6.7.1, Example
21), we immediately have
Q0 =po=1-0=1-0,6277=0,3723 1)
just as, by 2.2.6.8(4), 2.2.6.1(9) and 2.2.6.5(3),
no =l =lg =S¢ +1=E(x) +1=2,6857 (2)

since, in a geornetric distribution, all the mean lengths are equal to each other.
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TABLE 22, — Yearly maximal sequences at Uccle of consccutive days with mean temperaturc <-5° (70 years), Values of

j‘JM X given by the fitted distribution of maximal sequences

k A Fy 6.‘_,. Prix Foﬁu_,, T
0 24 70 0,3723 03723 26,06 2,7
1 7 46 0,4551 0,0828 5,80 2.2
2 7 39 0,5822 0,1271 8,50 —_
3 12 32 0,6863 0,1041 7,29 2,4
4 4 2 0,7645 0,0782 5.47 3,2
5 4 16 0,8225 0,0580 4,06 42
6 2 12 0.8655 0,0430 3.01 5.6
7 4 10 0,8975 0,0320 2,25 7.4
8 - - 09215 0,0240 — 9,8
9 3 6 0,9396 0,0181 2,95 12,7

10 — — 0,9533 0,0137 ] - 16,6

1 i 3 0,9637 0,0104 | 1,69 21,4

12 — — 0,9718 0,0081 | - 27,5

13 1 2 0,9779 0,0061 0,99 35,5

14 — — 0.9827 0,0048 '] 1,53 452

15 — — 0,9864 0,0037 = 57,8

16 — — 0,9893 0,0029 - 7.5

17 - — 0,9915 0,0022 - 93,5

18 1 1 0,9933 0,0018 | — 118

The values of Q of the distribution at Uccle of the sequences of various lengehs (2.2.6.6.1, Example 20 - Table 20), taking

account of the fact that in rh:s distribution the values of & here correspond to (k +1), next: give with 2.2.6.8(6), for k =1

&M ,=0,3723 +(1 - 0,3723)(0,4704)%:85 =0 4551

(3

We find in similar fashion the other values of bM & indicated in Table 22. Then we deduce for fJM k and for Fg i’M p values

which lead, for the statistc 2.2.6.1(22), to

X=642

4)

for which the number of degrees of freedom is ¥ =12 — 1 —2 =9, since cach of the distributions used (lengths of the sequences and
number of sequences) was calculated on the basis of the estimate of one parameter. Since the critical value at the 0,05 level is here 16,9,

we can conclude that there is a good agreement between the law fitted and the series of observations,

For calculating the error, taking again the case of a maximal length & =5, we have

Q,, s =0.8225

Morsover, from the relations

po=1l-—a and

which are satisfied in the case of a geometric distribution {2.2.6.5(1) and (3}], we obtain

It follows that 2.2.6.8(10) becomes for A

= Po

A= (1 _ Q;pl.k - Po)(_ 1) +(QM.k

1
ng=ly =E{x) +1 =1—"""

— po)log Qx
3

(5)

(6)

)

(8
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With Qg =0,8836 [2.2.6.6.1(8)] we have, in particular, for k =5

A= [1 _ w] (= 1) + (08225 = 0.3729)log 0,8836

1-0,3723 (0,3723)*
= —{0,28278 — 0,40195 = —0,68473 ®
while for B, 2.2.6.8(10) gives
2,6857(0,8225 — 0,3723)
B= =1,3684 (10)

0,8836

With var &= 0,001243 and var E.‘),s = (0,024)* =20,000576 calculated tespectively in 2.2.6.7.1(11) and 2,2.6.6.1(9), we
finally obtain .
var Q, 5 =(—0,68473)% x 0,001243 +(1,3684)* x 0,000576 =0,001661

or

0(Qy 5)=0,041 an

The corresponding non-parametric estimate gives

0(Qy, 5) =/ 08225 x (1~ 0,8225)/70 =0,046 (12)

2.2.6.9 Thke approximate continuous forms of discrete distributions

When the variance of a discrete distribution is sufficiently large for the probabilities associated with the various
values of k all to be relatively small, the discrete distribution can be approximated by a continuous form. Furthermore,
for the discrete distributions which have been considercd above, the approximate form is, depending on the case
considered, either 2 gamma or a normal distribution.

If these conditions are satisfied, the estimate of the various probabilities can be made through the intermediary
of the formulae relating the parameters of the discrete distribution to those of the corresponding approximate conti-
nuous distribution function. .

Nonetheless, it is often simpler to fit a continuous function directly to the observed frequencies, treating the
discrete variable s a continuous variable; this also applies to the choice of the distribution to be fitted.

For the reduction of the continuous distribution obtained in this manner to the appropriate discrete form, we
need only note that the probability interval of the continuous function, which corresponds to a particular value of the
frequency k, must be centred on this value; that is to say, we should put

k+4
Pe= J p(x)dx 1)

k-4

where p{x) denotes the probability density of the continuous function fitted.
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2.2.6.9.1. Example 23. Number of days with measurable precipitation at Uccle in July (70 years)
Table 23 gives the number f;, of months of July for which k days of measurable precipitation (at least 0,imm) were recorded

over & period of 70 years,
‘We obtain for the mean value

x=Nu/Fg=1174/70=16,771 (1)
Furthermore, for the calculation of the statistic 2.2.6.7(3), we have
p=%/n=16,771/31=0,54101 )

which, for this statistic, leads to the value

(k — 16,7T1)%,
(1 — 0,54101)16,771

X =

=273,4 3

Since for V=70 — 1 =69 degrees of freedom the critical value at the 0,05 level of the )(2 variate i3 89,4 , we must conclude
that a binomia! distribution must be rejected.

TABLE 23. — Number of days of measurable precipitation at Uccle in July {(1901-1970). Values of iJk given by the sample
fitted normal distribution

k S Fy N, 4 fiy 1 F:8 Fobx T

0 — 70 1174 17,8 3,12 (0,9991) 0,0016 e 625

1 _— _— _ — 2,94 0,9984 0,0013 — 345

2 —_ —_ —_ —_ 2,76 0,9971 0,0022 —_ 196

3 — _ _ —_ 2,57 0,9949 0,0033 -_— 119

4 —_ — —_ —_ 2,39 0,9916 0,0052 — 74

5 1 70 1174 12,8 221 0,9864 90,0076 — 47,2

6 _— —_ — — 2,03 0,9788 0,0110 — k18

7 3 69 1169 10,9 1,85 - 0,9678 0,0153 3,33 21,1

8 2 66 1148 10,4 1,67 0,9525 0,0206 1,44 14,7

9 2 64 1132 9,7 1,49 0,9319 04,0270 1,89 10,5
10 2 62 1114 9,0 1,31 0,9049 0,0341 2,39 .7
11 2 60 1094 82 1,13 0,8708 0,0419 2,93 5,8
12 7 58 1072 1.5 0,95 0,8289 0,0495 346 4.5
13 2 51 988 7.4 0,77 0,7794 0,0570 3,99 3,6
14 4 49 962 6,6 0,59 0,7224 0,0633 4,43 2,9
15 2 45 906 5,1 0,41 0,6591 0,0681 4,77 24
16 6 43 876 54 0,23 0,5910 90,0711 4,98 2,1
17 4 37 780 51 0,05 0,5199 0,0716 5,01 —
18 4 33 712 4,6 —0,13 0,4483 0,0700 4,90 2,2
i9 4 29 &40 4,1 -0,31 0,3783 0,0662 4,63 2,6
20 8 25 564 3,6 —0,49 0,3121 0,0607 4,25 3,2
21 2 17 404 3.8 —0,67 0,2514 0,0537 3,76 4,0
22 k] i5 362 3,1 —0,85 0,1977 0,0462 3,23 51
23 4 12 296 2.7 —1,03 0,1515 0.0384 2,69 6.6
24 3 -] 204 2,5 -1,21 0,1131 0,0308 2,16 8.8
25 3 5 132 24 —1,39 0,0823 0,0241 1,69 12,2
26 — —_ —_ —_ -1,57 0,0382 0,0190 4,07 17,2
27 — — — - -1,76 0,0392 0,0130 — 15,5
28 1 2 57 1,5 —1,94 0,0262 0,0092 —_ 38,2
il 1 1 29 1,0 —-2,12 0,0170 0,0063 _ 59
30 - — — - —~2,30 0,0107 0,0041 — 94
3 _ — - — —2,48 0,0056 0,0066 - 152
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The use of the D'Agostino statistic [2.2.5.2.2.1(b}] for checking the goodness of fit of the normal distribution next gives,
by arranging the 70 observed values of k in non-decreasing order

35
33[71/2 = M) gy ™ %) =7669 4)
With my =Z(k — 16,771)%f,/70 =30,06204 , that is /m3 =5,4829 , we next obtain
7669
X = ————————=0,2854515 (5

(70)% x 5,4829
which gives for the D'Agostino transform

v/ 70(0,2854515 — 0,28209479)
Y= = 0,937 (6}
0,02998598

Since this value lies within the confidence interval at the 0,95 level (—2,15 , 1,04) for this statistic, the assumption of a normal
distribution can be accepted, Under these conditions, the unbiased estimate of the standard deviation, by virtue of 2.2.1(14), is given by

iy Fo . [Fozl _s4sr9 [-T2 - 55426 )
b= m"’\/Fo—1 Fo—15 68,5

from which it follows that the quantiles of the standard normal distribution

s[4

allow us to celculate the values of i’k of the discrete function by means of the relation

Py =F(itg) ®

where F(ﬁk) is the value of the distribution function of the standard normal corresponding to ;tk. In particular, for k =1 we obtain
A 16,771 — 0,5

= —2,94
5,5426
so that, using a table of the standard normal distribution function, we have
P, =F(x;) =F(2,94) =0,998359 (10)

The values thereby deduced for ﬁk and Fg ;A;k then lead for the statistic 2.2.6.1(22) to

X =148 (11)
for =20 —~ 1 — 2 =17 degrees of freedom.
Since the critical value at the 0,05 level of the corresponding xz variate is 27,6 , we can conclude that there is good fit with
the series of observations.

2.2.6.10 Reference works consulted

Parametric estimation in the case of distributions of discrete varisbles does not differ essentially from that in the case where
the random variable is continuous. For this reason, the solutions presented comprise direct applications of the methods described above,
with the exception of the minimal X 2 method, the mention of which is justified here because it concerns more particularly the case of
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a discrete variable, For details relating to the latter method we can refer to [11}

The theoretical framework which we have used as the basis for the discrete distributions is taken from [36] whereas the
estimation theory in the case of the negative binomial distribution is taken from [37] and [38]; Fisher’s condition for the application,
in this case, of the method of moments was introduced in [39] Furthermore, we can consider the determination of the distribution of
maximal sequences as being a direct application of the theory of extreme values. We should also note that the use of truncated distri-
butions ¢an also prove useful as has been pointed out in [40]

Examples 17, 18 and 23 relate to series of observations which have been used previously in [38] and in [15], in some cases
completed by recent data obtained during the last few years. The data in the other examples were drawn from the climatological archives
for Uccle.

2.3 PARAMETRIC ESTIMATION IN THE CASE OF CORRELATED SERIES

The probiem presented most frequently to the climatologist is that which results from the presence in the
climatological networks of central stations, which may have been in existence for a hundred years or even longer, along-
side local stations which have been in operation generally for no more than 10 or 20 years and only rarely for 30
years. Furthermore, in the long-term stations the situation is often complicated by the fact that, largely due to changes
in the methods of observation as time has progressed, the series obtained are not homogeneous.

We know, on the other hand, that when series of observations are used for estimating climatologica! parame-
ters, the methods used lead to values which become progressively less accurate as the series become shorter.

It follows that as long as it is possible to correct the long series for any possible heterogencity, the components
of the climate of a region arc generally determined with high accuracy for the long-term stations whereas, in contrast,
for the short-term stations, these same components can be obtained with only mediocre accuracy.

This situation, however, is not always as bad as it may appear at first sight. Indeed, when the local station
is not too far away from the central station, it can be expected that, in the course of their evolution, the variations in
the meteorological clements in the two stations will remain more or less in agreement, i.c. the behaviour of the series of
observations will be more or less correlated. It would thus appear that taking advantage of this correlation must lead
to a better determination than when any such correlation is absent,

In the following we shall show that, by using this correlation, it is actually possible to provide more precise
estimates of the climatological parameters of the local stations and that, in addition, when the correlation is high, the
improvement in accuracy can be very significant.

2.3.} Generalities and fundamental proBlems

Let x and y be the random variables representing the values taken respectively at the long-term station and
the short-term station by the same climatological element. Suppose, furthermore, that the statistical distribution of
these two variables is determined for each of them by location parameters p and M, and scale parameters 0 and G,
through the intermediary of a single standardized variable ¢,
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It follows that the quantiles of same order of the variables x, y, and ¢ are then connected by the relations
x=0t+p and y=0.t+1y (1)

and that for the variables x and y we also have

_'y =a 1x + b.'l (2)
with
ay=01/0 and by =i —a )k = — 10} (3)
where r = /G, which also gives
a% =var yfvarx “@

If we also assume that the two series are in correlation, this time denoting by » and y a pair of corresponding
values from these series and by p, the coefficient of correlation between x and y, then in the casc of a lincar regression,
we have

y— My =praylx — W) e )

where e represents a random variable with zero mean value, independent of x.

It then follows that the expression (y — pjax) is also a random variable independent of x, whose mean value
is {¢t; — pya ) and whose variance is (1 — p%) var y.

In view of this, the problems considered here are as follows :

{a) The optimal estimation of the paramecters of the distribution of the variable y, taking account of the cor-
relation which relates it to the variable x;

(b) The calculation of missing values in the series of values of the variable y, taking the series of values of x
as a reference series.

It is clear that the solution of the first problem provides that of the fitting of the nermal {(or climatological
average) of the variable y, since the mathematical expectation of this normal is the same as that of the location para-
meter f4; or has with this parameter some relationship which is determined by the type of probability distribution of
the variable.

For the second problem, we note that the method of calculating the missing values by using the series of values
of x as a reference series comes down to deriving the value of the standardized variable ¢ from the value of x corres-
ponding to the missing value of y by means of the first relation (1}, that is

t=(x — MWio (6)

and introducing this value of ¢ into the second relation (1), which, in fact, consists of applying relation (2).

This method also allows us to cxtend, in homogencous fashion, the series of values of y when, this being of
recent origin, we wish to reconstitute it, with the aid of the variable x, for earlier periods of time.

We should emphasize straight away that the quantile method used for calculating the missing values must
be preferred to that which consists of applying the relation

Yy =paagle — ) iy (7N
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deduced from (5) since, with (4), it implies the relation
roo 2 2 — A2
var y'=pj a7 var ¥ = p] var y <vary (8)

which shows that, in the latter method, the corrected variable ¥’ has a smaller variance than the original variable.
Furthermore, if in order to avoid this difficulty we adopt

y1=y tey (9)

where ¢ is a quantity chosen arbitrarily from a population with zero mean value and with variance (1 — pi) var y,
we should have

var(y —y4) =2(1 —pi)vary (10)
whereas for the estimate via the quantile method we have
var(y —ayx — b1)=2(1 — p)vary (11)

We therefore conclude that the quantile method is the more accurate.

2.3.2 Optimal parametric estimation

Let x; , ¥;,§=1,2, ..., ) be a simple random sample of pairs of corresponding observed values of the random
variables » and y considered in 2.3.1, for which we assume that the parameters i and 0 of the variable x are known.
The problem of estimating the parameters &y and 0y of the variable y thus reduces to an estimation for 2 bivariate
distribution for which a marginal distribution is known.

The optimal estimation of 0y and #; can be considered in two cases :

(a) The bivariate distribution is normal :
(b) The location and scale parameters of the distributions of » and y possess linear estimators.

2.3.2.1 Case of a bivariate normal distribution

When the distribution of the variables x and y is normal and when the parameters g and 0 of the marginal
distribution of x are known, the equations deduced by the maximum likelihood methed lead for g to the estimator

B} =iy — py(0:/0Yi — ) (1
with
ﬂ = zxt/nls ﬂl = Zy!/nia # = z(x{ - ,ﬁ)’/nl,
8l =Xy~ A)Pny, py =Zx;- B)y; -y )(ny G 6y) @)

whereas for 0; and p; it can be shown that the estimators

N A p? " o (1-n%
0} =0,(0/6"1 and pI=p (1) 1Py) (3)
possess optimal variances.
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Furthermore, for these estimators, we have the following variances :
varu; = (1 — p})varp,, vara} =(1 - p})varé,,

2—p?

varp} = var p,

cov{u},a]) =0, COV(PT,PT) Y

and cov(o}, p}) = (1 ~ pDcov(8,, 51 (4
where we have written

varfy = oi/ny, vard, =aif(2ny), varp, =(1 -~ p})[n,

and cov(dy, p,) = pyo,(1 — Pf)/(z"l)

Since the variances indicated in () arc also the variances of the estimators fi; , frl and p; which can be applied
to the sample of size »; in the absence of any other information on the parameters 4 and &, it is immediately apparent
that the estimators Y} , 05 and P are more precise.

In practice, the values of 4 and € arc not given, but are themselves estimates ;J.and & deduced from the com-
plete series of values of x, which we assume to be of sample size . In this case, relations (1) and (3) remain applicable,
and we note, for the calculation of the variance of the error of estimation, that switching vo the differentials we obtain

(5)

du} = dpy + pradfl  and dof =d0) +p§a1d5 6)

where {1 and & are random variables which are independent of jt and & , of which the variances and the covariance
are the same as in (4). We thus immediately deduce that

varus = (1 - pf)var 8, + platvarfl, varof = (1 — pHyvaré, + ptavard 7

or again R
varu? = (1 — pY)var g, + pivarfl,, varo?=(1—pdvard, + pivara, (8)

with var ﬁl =a% var f&and var 3, =a} var 0 , L.c. that var ftl and var 51 are the values taken by var ﬁa.nd var 0 when
we put =0;.

We also conclude from this that the estimates [} and 0] become more accurate than the estimates jit; and 0y
as soon asn >n,.

2.3.2.1.1 Example 24. The annual rainfall on the drainage basin of the Senne at Vilvoorde (Belgium)

Table 24 gives the annual precipitation on the drainage of the Sennc at Vilvorde calculated from the accumulated total preci-
pitation recorded in the climatologicsl stations of this basin between 1951 and 1970. This table also gives the total annual precipitation
recorded at Uccle for the same period. Since the station at Uccle is one of these stations and since the basin is relatively small in area
(1.006 km?), we can expect that a good correlation will exist between the total precipitation at Uccle and the precipitation in the basin
considered,

Since we have, for Uccle, a series of rainfall obsetrvations corrected for heterogeneities between 1833 and 1970, we can, by
applying the above methods, determine the parameters.of the distribution of the snnual rainfall with greater accurscy than that of the
estimates derived solely from the sample over twenty years.
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Since we know that the assumption of nomality is acceptable for the two variables, the application of relations 2.3.2.1(2)
1o the data in Table 24 leads, with the correction for the bias of the standard deviation [see 2.2.1(14)]. to

A= (879 + 922 + - + T27)/20 = 802
fy = (901 + 839 + - + 742)/20 = 800
* = [(879 — 802)* + (922 — 802) + - + (727 — 802)3]/(20 — 1,5) = 20606,05
& = 143,55
8% = [(901 ~ 800)* + (939 ~ 800)% + - + (742 — 800)2]/18,5 = 2033411

8, = 142,60
A1 = [(879 — 802)(901 — 800) + (922 — 802)(939 — 800) + ---
+ (727 — 802)(742 — 800)}/(18,5 x 143,55 x 142,60) = 0,9746 W

Furthermore, the total ruinfall series at Uccle between 1833 and 1970 leads to the estimates
4 2
pu=p=781 and 0=0=1179 (2)

It then follows, using 2.3.2.1(1) and (3), that we have
1¥ = 800 - 0,9746(142,60/143,55)802 — 781) = 779,7
ot = 142,60(117,9/143,55)(*9746)" = 118,3

TABLE 24. — Total annual precipitation recorded at Uccle and annual precipitation on the drainage basin of the Sennc at
Vilvorde, in mm, between 1951 and 1970.

Vel The Senne
€

Year at Vilvoorde
1951 8§79 901
1952 922 939
1953 556 557
1954 740 T4
1955 616 656
1956 194 786
1957 786 843
1958 834 819
1959 561 556
1960 963 918
1961 904 909
1962 262 800
1963 3 677
1964 786 2
1963 1074 1088
1966 1056 1049
1967 707 2
1968 77 116
1969 777 713
1970 77 742
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Since, moreover, we have

var i, = (118,3)3/20 = 699,7, var &, = (var ,)/2 = 349,9
var fi, = (118,3)%/138 = 101,4, var &, = (var §i,)/2 = 50,7

we can deduce, using 2.3,2,1(8)
varpf =[1 — (0,9746)1] 699,7 + (0,9746)* 101,4 = 131,4

varg? = [1 ~ (0,9746)%]349,9 + (0,9746)* 50,7 = 80,0

Since var ﬁtllva: M =699,7/131,4 =5,3 and var bllvar D; =349,9/80,0 =4,4 we can assume that the normal g is known
with the same accuracy as if it had been deduced from a series over 20 x 5,3 = 1066 years, whereas for the standard deviation 0y the
accuracy is equivalent to that given by a series over 20 x 4,4 == B8 years. We thus see that the'increase in accuracy obtained is consi-
derable.

2.3.2.2 Case inwhich the estimators of the location and scale parameters are linear

When the parameters of the marginal distributions of x and y are estimated by means of linear estimators, if
x;and y;,j=1,2,..,n; , arc the values of x and of y of the sample of size #, arranged in order of magnitude, the esti-
mators of the location and scale parameters are of the form

where the coefficients A; and v; have well-defined values for each value of #;. Under these conditions, if 0 and M are
known and if _(")1 denotes the usual estimate of the coefficient of correlation, as defined in 2.3.2.1(2), morc accurate
estimates than those given in (1) are obtained by means of the relations

0} =8y (001 , =ity ~ prallit—p @
with a7 =01/0,, estimates for which we have :
vare} = (1 — p})vard,, varpf=(1— p)varp
cov(a}, u?) = (1 ~ pDcov(8y, ;) )

Furthermore, if the values 0 and i arc themselves estimates 3 and f.t deduced from a series of observations of
x of size #, then the relations (2) remain applicable. In this case switching to differentials leads to

do? =doj +pya1d0, duy =dpy +pyaydi

where 0 and ity denote random variables which are independent of ;.t and of 3 , of which the variances and the cova-
raiance are the same as in (3), and we have :

varg? = (1 — p?)vacd, + pia}var g,

varp} = (1 - pDvarpy + pladvarf,

cov(o®, ut) = (1 — pHcov(8, ) + plaicov (s, ) ®)
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or again
varg? = (1 — pHvard, + pivara,,
varu} = (1 — p{)varf, + pivar iy,
A
cov(o}, i) = (1 — p})cov(8,, ;) + picov(ay, By (6)
R R S H
where var 0, , var }4y and cov(0, , ﬁ,) are the values taken by var 0 , var ptand cov (3, fl) when we put 0=0;.
It then follows that the estimates (2) are more accurate than the estimates (1) when n 2> ny , as long as the
variances and the covariance of the estimates (1} are decreasing functions of the sample size n,.
Furthermore, if we put
yr=ojt+pt, y=Gr+iy and y=0yr -+, (7
then (6) allows us to write

vary‘m(l—-p“;)var&+p§ var;rl 8)

In particular, when the variances and the covariance of the linear estimators are inversely proportional to the
sample size of the series of observations, we have :

ny varjz=nvar§ : 1))
and relation (8) becomes
3, M .
vary®*=[1—-pj(1 ——)]vary (10)
n

It follows that, in this case, the accuracy of the estimate of the quantile y* defined in (7) is equivalent to that
which would be obtained dircctly from the estimates given by a scries of observations of y of length kn,, with

2 1
k=1/[1-p7 0 —=)] (11)
n

2.3.2.2.1 Example 25. The annual maximum of the daily rainfall in the stations neighbouring the station at Uccle.
Estimation of the parameters of the distribution.

Table 25 gives the values of the annual maximum rainfall at Uccle (Fs 1) and at the station Fs 19 located 2,5 km from the
station at Uccle, for the years 1951 to 1970, as well as the values of this maximum for station Fs 9 located 12 km from Uccle, for the

years 1961 to 1969.

Using the scries available, the problem of estimating the parameters of the distribution for the veriable at station Fs 9 can be
considered in two ways : either we can estimate these parametets directly as a function of those at Uccle, or they can be estimated from
the preliminary estimstes of those at station Fs 19.

As we have seen in example 11 in 2.2.3.1.1. that the natural logarithm of this variable has 4 double-exponential distribution,
we find that we here have a case in which the estimators of the location and scale parameters arc lincar and in which relations
2.3.2.2(10) and (11) are applicable,

If then we denote by x, 5y , and y3 the logarithm of the element considered for the station at Uccle, for station Fs 19 and for
station Fs 9, respectively, and if Dy and 0; are the coefficients of correlation of stations Fs 19 and Fs 9 with the station at Uccle, then

the values ky and &, of & in 2.3.2.2(11) are, for each of these stations, given respectively by

n.
k=101-p} (1)), i=1;2 6y
n
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with 7y =20, 1 =9 and # =60. We find that the estimate based on the relations 2.3.2.2(2), and using the correlation with the station
at Uccle, leads to an estimation accuracy equivalent to that given by series with sample sizes

ny=kyn; and m; =kymng (2)

On the other hand, if we proceed to estimate the parameters of station Fs 9 by means of relations 2.3.2.2(2) through the
intermediary of the improved estimate of the parameters of station Fs 19, then the variances and the covariance of these estimates arc
again given to a good approximation by relations analogous to relations 2.3.2.2(6); i.e., if P13 is the coefficient of correlation between

the stations considered, then the value k4, of &

2 2
"y

will lead for these estimates to the equivalent sample size
n é’ =k 1212 (4)

Consequently, the most accurate estimate is the one corresponding to the larger of the values 2 and k 13. Under these condi-
tions, we find for Fs 1 and Fs 19, using the natural logarithms of the maximum rainfall between 1951 and 1970,

(log 282 + log 511 + --- + log 291)/20 = 5,8326
(log 304 + log 597 + - + log 504)/20 = 59315
[(log 282 — 5,8326)* + (log 511 — 5,8326)* + --- + (log 291 — 5,8326)%)/20 = 0,136011
[log 304 — 5,9315)* + (log 597 ~ 5,9315)* + --- + (log 504 — 5,9315)%}/20 = 0,128710
[(log 282 — 5,8326)(log 304 — 5,9315) + (log 511 — 5,8326)(log 597 — 5,9315) + .-
+ (log 291 — 5,8326)(log 504 — 5,9315))/20 = 0,114477

TABLE 25. — Annual maximum of the daily rainfall (in 0,1mm) at stations Fs 1, Fs 9 and Fs 19

Year Fsl Fs19 Fs9
1951 282 34 e
1952 511 597 —_
1953 375 562 _
1954 343 402 —_—
1955 222 204 -
1956 356 329 —_—
1957 342 318 —
1958 243 282 —
1959 203 162 —
1960 430 518 —
1961 324 330 335
1962 396 495 343
1063 504 605 700
1064 270 73 651
1965 458 483 394
1966 398 405 330
1967 216 200 168
1968 197 252 183
1969 544 540 539
1970 291 504 _
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From this we obtain

01=0,1144774/0,136011 x 0,128710 =0,865
Similarly, using the data between 1961 and 1969, we have
p=0664 and Dy =0,836

The values of k3 and k5 given by relation (1} are thus :

ky=1 / [1 — (0,865)? (1 - %)] = 1/0,501 = 1,995

ky=1 / [1 — (0,664)° (1 - 395)] = 1/0,625 = 1,599

n1=1995x20=399 and n;=159?x9=144

so that we have
Similarly, (3) gives
9
ki =1/[1~(0,836)*(1 — 3733)]=1/0’459=2’18

so that we have

ny=2,18x9=19,6

(5)

(6)

{7)

(8)

By comparing relations (6) and (8), we find that the second method of estimation is the more accurate. Furthermore, relation
(8) shows that the accuracy obtained is equivalent to that given directly by a sample whose size would be approximately double that of

the inicial sample size.

Furthermore, using the estimators given in 2.2.3.1, we deduce from the obscrvations between 1951 and 1970, for the variables

xandy,,
0=0,3178 u=5,649 ©,=0,3233 i, =5,745

On the basis of the values obtained in 2.2.3.1.1
0=0,2421 and pu=5,612

we obtain, using relations 2.3.2.2(2)
o¥ = 0,3233(0,2421/0,3178)°-6*
= 0,2555
ui = 5,745 — 0,865(0,2555/0,2421)(5,649 — 5,612)
= 3,711

Similarly, the series of observations between 1961 and 1969 gives for the variables i1 and y2

o, =0,3534, 1, =5,755, 0,=0,4645, [l =5645
from which, using the same formulae 2.3.2,2(2), we have

o2* = 0,4645(0,2555/0,3534)%436
=0,3542
ui* = 5,645 — 0,836(0,3542/0,2555)(5,755 — 5,711)
= 5,594

)

(10)

(11)

(12)

(13)
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2.3.2.3 Estimation of missing values

The problem of estimating the missing values can take a variety of forms depending on whether we have two
series in correlation or a larger number of series, and on the manner in which the common periods of observation
occur,

To examine this, we shall however confine ourselves to considering the two following cases which are typi-
Ca.l :

(2) We have two series of observations x and y;, the series x being long-term and the series y; being of short
duration and recent. The parameters of the scries y; arc estimated by using the correlation with the series x and the
missing values of y; are calculated as a function of the corresponding values of x.

(b) We have three series of observations x , y; and y,, the series x being long-term, the serics 3 and y; both
being short, the first being an old series whilst the second is recent. The parameters of the series vy and v, are estima-
ted by using the correlation with the series &, and the missing values of y, are calculated as a function of the corres-
ponding values of y4.

As was indicated in.2.3.1, in the absence of any error of estimation on the parameters &, i, 0y and J, the
quantile method leads to an error whose variance is given in 2.3.1(11). On the contrary, when these parameters are esti-
mated, this error is increased by that contained in the estimates.

In case (a), denoting by (y1) the estimate of the missing value y; and differentiating the relations

(y1y=01t+p; and t=x—uo (1)
we obtain for the cstimation error d(y;)
dly ) =dy, —a dx (2)

where dy; and dx are the errors associated with the quantiles ¥y and x for given ¢ which result from the cstimation
of the parameters.
For normally distributed variables, we obtain

var(y,)=(1 — p";)var fh +{1 - pl)gvarfll +t2[(1 — p:)var 61 +(1— ,(:of)2 var 31] (3)
whereas with linear estimators we find \
V“(?1)=(1—Pi)\’al'5’1 +(1 —p ) vary, %)

knowing that var ill, var 31 and var ;1 are the values taken by var fz, var 0 and var ;, when we put 0=0;.
In case (b), making the indices 1 and 2 correspond to the variables ¥y and y; respectively, we find similarly

d(y)=dy; —andy, (5)
where a5 =0,/0y.
We then obrtain, for normally distributed variables,

i 12 ’
var(y,) = {1 -p3- 2:—(pn — p1P2) +—2—[1 -p3-2 s—(piz - p?pi)]} var fi,
1 1
‘2
+ [(1 -+ 'i'(l - .0?)] var flz(y)

2
+ [(Pz ~py)? +—'2—{p% - pi)’] var fi, (6)
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- - - » ~ |3
where n’ is the length of the observation period common to the series 4 and y4, and where var b1y and var i, are
the values taken by var i, and var g when we put respectively 0; =0, and 0=0;, .

Similarly, for lincar estimators, we can write

nl
var(y,) = [1 = p§ - 2;‘@12 = Pan)] var §, + (1 — Pf)var Fay + (2 — pl)z varﬁ, (N
1
These relations arc deduced directly from the fact that for normal variables we have
n' '
cov(fy, f3) = —— p120,02 and  cov(8y,8y) = L 2 pt0,0, (8)
RByn, 2 nyn,

whereas in the case of linear estimators, we obtain an analogous relation for cov(y; , ¥2).
Furthermore, we note that relations (3) and (4) can be deduced from relations (6) and (7) as a consequence
of case (a) being a special case of case (b) in which x =y, ,i.e. withrn=n; ,n’=n;, oy =1 and p;; =p,.

2.3.2.3.1 Example 25 (continued). The annual maximum of the daily rainfall in the stations neighbouring the station
at Uccle. Estimation of missing values

The estimates of the parameters of the distribution functions for the varisbles x, y; and y5 obtained in 2.3.2.2.1 allow us to
solve the problem of calculating the missing values of y5 in three different ways, depending on whether we write

(v2); =y%(t) with t=(x —mwic (1)
(¥2)2 =y%@) with t=(y; —pi)o? 2)
o a2)3 =y3" () with t=(y; — @0} (3)

it being understood that the variance of the error of estimation for the quantile, var (y3), is to be added to the quantity
2(1 — ) var yg or 2(1 — [yo) var y, respectively for case (a) or (b), which is the variance of the error due to use of the guantile
method. So the method does not give any information on the missing values unless we have

var(y;) +2(1 — p) var yy <vary, (4)
where var y3 denotes the variance of the distribution of y3, and where 0 is written for D, or Pz depending on the case, i.e. if we have

var(y;) <<(2p— 1) vary, (5)

We recognize that relations (1) and (3) correspond in 2.3.2.3 to case (4), and relsdon (2) to case (§). So using 2.3.2.3(4)
we obtain for the estimate (1)

var( y2)1 =(1 — p) var 35 +(1 - py)? var y, (6)
or with

var 92 = (9/60) var pz,

9
var(y:); = [l ~pi+ -;‘5(1‘ - pz)’]var 92, (7
while for the estimate (3), we have

var (¥2)3 =(1 — piz)var y2 H(1 —pp)? var_;lz (8)




ol &~ &

2.3. PARAMETRIC ESTIMATION IN THE CASE OF CORRELATED SERIES 125

where, by virtue of 2.3.2,2.1(6), we have
: \ 9

var y; = — var yo 220,226 var y (9)
Y2 39.9 Y2 y2
so that 2 .
var(y2)s =[(1 — p3;) +0,226 (1 — p3;)* var 3, (10)
Finally, for the estimate (2), using
14

a ~ & »
varyzu)=56 vary, and vary; =-6-6vary3,
2.3.2.3(7) becomes
2
var(yz); = {1 -pi- 2%(912 = p1P1)

9 9
+2—0(1 -Pf)‘l'a(t’z“'m)z}"al'ﬁz an
With the values 0y =0,865 , py =0,664 and Py =0,836 found in 2.3.2.2.1, we finally obtain

var(y;), = [1 — (0,664)* + 396{1 - 0,664)2]var 92 =0,576var 9,

var (¥3); = [0,301 + 0,006] var §, = 0,307 var §,
var (3); = [0,324 + 0,113 + 0,006] var §, = 0,443 var §, (12)

We conclude that method (3) for calculating the missing values leads to the most accurate values. Since for the distribution
considered var 3 =1,645 0%, , then using 2.2.3.1(6), condition (5) becomes

var (y,); = 0,307 var , =

2
= 0,307(1,10866 + 0,60793¢% + 2 x 0,25702:)% < (2 x 0,836 — 1)1,64542 13)
that is
0,0207 £* +0,0175 ¢ — 1,068 <0 (14)

this relation being satisfied in the interval
-7,62 <t<6,77 (15)

that is to say, over practically the entire interval of the observed values.
Under these conditions, the relation giving the missing values of ¥ becomes

(y2) = 82,y + by, where ay; = o3*fo?}

and byy = p?* — ay;uf

o, using 2.9.2.2.1(11) and (13),
(72)=1-39J’1 -2,32 (16)

In particular, for the missing value in 1970 at station Fs 9, we have

(y2)=1,39 log (504) — 2,32 ==6,329
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so that this missing valuc can be cstimated as

exp (6,329) =561 (17)
For the calculation of the total error of estimation, we have with #:=(6,239 — 5,594)/0,3542 =2,075 and using (13)
var(y;) =1,471 (0,3542)%/9 =0,02051 (18)
Since we also have
2(1 — ppa) var y =0,328 x 1,645 x (0,3542)% =0,06769 (19)

we obtzin g total of 0,08820 , i.c, a standard deviation equal to 0,30. The standard deviation of the total error of estimation associated
with the value found in (17) is thus of the order of 30%.

2.3.3. The method of differences

When the mean of the distribution of the variable & is known and when we have a short series of corresponding
values of the variable x and of a variable y : x;, ¥;»i=1,2,..,n, asimple method for estimating the mean value of
the distribution of the variable ¥ consists of calculating the mean value (jt; — J) of the differences between the corres-
ponding values (y; — »;) and adding to it the known mean value of x.

If g, and g arc respectively the mean values of the distributions of y and of x , this comes down to making

gy =p+ @y — =iy - — 0 (1)
whercas the optimal estimation is given by the relation
HY =iy —apa—p 2)

The comparison of the two relations shows that if a; =1, the two relations differ by progressively smaller
amounts as g becomes larger.
Furthermore, since, with 2; =1, we have for relation (1)

var g =2(1 — p) var j1; (3)
and for relation (2)
var 3 =(1 - )var i, 4)

we thereby deduce that the ratio 2/(1 + p} of the variances of the estimatjon errors of the two methods varies by a
factor of 2 when p varies from 1 to 0.

We conclude that the method of differences is to be preferred in view of its simplicity, as long as the correla-
tions are high or the variance of the differences is small.

2.3.4 Reference works consulted

The methods of estimation when series are correlated have been taken from [41] In the case of example 24 we have used
hydrological data given in [42] and the rainfall series for Uccle obtained after applying the corrections calculated in [43]. The data for
example 25 were extracted from the climatologicat archives of Uccle.
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A time series x;, §i=1, 2, .., n, is random recurrent (also autoregressive) when the terms of this series satisfy
a linear relation of the form

%, =40 +a1x'-+a2xi+1 +o ey +d;, i=1,2,..,n—k (1)

where the clements ag, 41, ..., 43 ar¢ assumed constant and where the d‘- are random quantities with zero mean which
possess a well-defined joint distribution. If a; 7 0, equation (1) is said to be of order k; it is homogencous if a¢ and 4;
are identically zero.

The most simple case is that of the serics x; =x, where x is a constant. This series satisfies the homogeneous
recurrence relation of first order with constant coefficients

=x, 2)

Similarly, the series x;=e;, which is simple random whenever the quantities €; follow each other independent-
ly and come from the same population, is another simple example of a recurrent series. This satisfies the non-homo-
geneous relation of first order with constant coefficients

*ie1 =%§ +d; 3

where the d; are random quantities for which, denoting by var e the variance of the quantities ;, we have
E(d,-) =0, var d:~=2 var e, cov(di, d'-ﬂ) =—vare
cov(d;, d;, ) =0 for j 22 “4)

We thus see that the scheme offered by the class of recurrent series is more general than that of the simple
random series considered hitherto. Note, however that the range of application of the former is at least as large as that
of the latter since it covers the case of all the series of hourly, multi-hourly or daily observations, this being due both to
the existence of daily and seasonal variations and to the persistency governing, at various scales, the evolution of the
observed meteorological phenomena.

For the applications, we recall that the gencral solution of the inhomogeneous equation of order k is given
by the sum of the general solution of the corresponding homogencous cquation and a particular solution of the non-
homogeneous equation. More precisely, if x}l), x’(z), ey xék-) are k linearly-independent solutions of thc homoge-
neous equation
(5)

x; p =a1x; tagx +.. tapx

i+l i+k-1
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and if ¢; is a random series which satisfies equation (1), then any solution of x; of cquation (1) can be expressed in
the form
x‘.=c1x’§1) +czx§2) + ... +ckx§k) +e:- (6)

by attributing suitable values to the constants ¢y, ¢, ..., Cpi that is, x; is the sum of a deterministic component which
satisfies the corresponding homogeneous equation and a random part which satisfics the non-homogeneous equation.
~ Consequently, for a given serics x;, two problems can be considered, depending on whether we wish to find

the recurrence relation (1) or alternatively to express the series x, in the form (6).

The first problem is that of determining an arbitrary term of the series from the k preceding elements, which
is made possible to within an error 4; by the knowledge of equation (1).

The second problem concerns the separation of the deteministic component of the series x; from its random
part.

In each case, we have to estimate cither the constants ag, a5, ..., ap, or the constants ¢y, ¢, ..., p the most ap-
propriate method for doing so being the method of least squares as described in 2.2.4.

For the first problem, if we denote by x, 0, d and u respectively the vectors and the matrix

Xp+1 dg dy
Xe+2 a4 dy
x=| x, =] a, d=| d,-x
1 Xy Xas» X
1 xZ x3 x.ﬁ+1
(7)
u=1|1 X p Xy-p+s Xn-1
then equation (1) can be written
x=ul +d {8)

and that takes the form 2.2 .4(5).
We find that if » is the covariancc matrix for the elements of the vector d, then estimation of & via the method
of least squares is, as in 2.2.4(17), given by the relation

O=@ v ') luvlx (%)
the order of the matrix v here being (# — k), and we have

var 8 =(u'o ) (10)
The solution of the problem is then given by the estimator

x=ub (11)
for which we also have .
var x =u(var O’ (12)
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Furthermore, the significance tests are based on the fact that with d=x — ua, we have

X w e = lud +avd (13)
and the elements of the vector & possess a joint normal distribution, at least asymptotically.

It follows in particular that, under the null hypothesis @ =0, the quadratic form Buvlub possesses, at east
asymptotically, a x2 distribution with (¢ + 1) dcgrccs of freedom and, if the joint distribution of the elements of the
vector d is normal, thcn the quadrauc form d vl d possesses a x2 distribution with (n — 2k — 1) degrees of freedom
independent of that of 0unub.

Similarly, for the second problem, introducing the matrix notations

2, l 1

X XOx®. . x®
X, x5 P
x=|l x, u=fl x{Ux»  x®
3 €
Ca e
0= ¢ e=| e a4
relation (6) can be expressed in the form
x=ul +e (15)

from which we obtain relations analogous to relations (9), (10), (11), (12) 2nd (13) and for Wthh analogous remarks
can be made, taking into account however that the quadratic forms of relation (13), 8’0 ub and év7 12 possess num-
bers of degrees of freedom equal to % and (# — k) respectively.

3.1 PERIODIC SERIES

When the recurrence relation 3(1) reduces to the equation

where E(d;) =0, the series x; is said to be periodic. The deterministic or systematic component of such a serics has a

period k. Futhermore, the general solution 3(6) becomes
k-1

X;=ap+ Y (a;sinjui -+ b,cosjai) + a{—1) + ¢ (2)
1

where &= 27/k , k’=k/2 or k’=(k + 1)/2 depending onwhetherk is cven or odd, where a, is a constant which is iden-
tically zero if & is odd and in which E(e;) = 0. In this expression, it is also useful to designate as barmonic j the sum

(a, sin jei + b; cos jui).
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The two types of problem considered above reduce either, when the period & is known, to the estimation
of the constants ap, a; , b; and a of the general solution, or, when the period & is unknown, to the actual deter-
mination of this period. Moreover, when the period is known, we can again discern two cases depending on whether
the martrix # is known or not. In the latter case, we assume that the quantities €; in (2) are independent and identically
distributed, i.e. that we can write v =I0% wherc  is the unit matrix and 0% an unknown constant.

For the estimation of the deterministic component, we then have the following possibilities :

1° n=k withv =10% . a2 being an unknown constant;
2° n=nk(n">1) withv=10% , 0* being an unknown constant;

3°n =k , v being known.

As examples of application, we can cite the estimation of the truec mean values of a meteorological element
from :

1° The monthly normals of a meteorological element for the 12 months of the year (¢ =12), the errors of
the normals in relation to the true mean value being assumed to be independent and distributed with the same un-
known variance;

2° A series of monthly averages of a meteorological clement for the 12 months (k8 = 12) of n’ years, the
distributions of the monthly averages for cach month being assumed independent and with the same unknown variance;

3° The normals of a meteorological element for each of the 12 months of the year (k =12) or for each of the

24 hours (k = 24) of a given day of the year, the covariance matrix of the errors of the normals with respect to the true
mean values being known,

As we shall see, estimation of the deterministic components of the periodic series allows us to find estimates
of the true mean values which are more accurate than the initial values when n =k, or than those given by the rormals
deduced from the period of #’ years.

The problem of seeking the deterministic component of a periodic series when the period is arbitrary and is
cither known or unknown will be examined later.

3.1.1 Estimation of the deterministic component of a periodic series when the period is known and the covatiance
matrix of the random component is unknown

As was indicated above, we assume that for the covariance matrix of the random component we have
v = log? )

where I denotes the unit matrix and 02 is an unknown constant.
Consequently, relations 3(9), (10) and (13) simplify to

B=@u)  ux, var@=@wu)c? @)
and . .
xx=0uub+ee (3)
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Furthermore, if the length » of the series is equal to k or to a multiple of &, and if ®=2m%, when k is even,
we have both :

1 sine cosa sin2x cos2a -+ cos(k'— 1} (—1)
1 sin2¢ cos2a sindx cosdx - cos2(k’ —1)a (—1)

u=|1 sinne cosnx sin2nax cos2ma - cosn(k’—1a (1)
n 0 .. 0
o 2
2
2o
2
wu=j90 0 n
and
-0 0
n
0o 2
n
C
n
-1 1
@wt=ff0 - 0 - 4
n

whereas if & is odd, the matrix u loses its last column and the two other matrices lose their last row and last column.
If follows that the elements of the vector & are given by the relations :

r;o =Ex/n,

&j =2(Exi sin jati)/n, .A]-=2(Ex:- cosjoiln, j=1,2,.,k" —1

e = Zx(—1)'n (5

and that we also have :
' var ag =var§k.=o2/n

uar&j=va:13j=2oz/n, j=1,2, ..k —1, (6)

whereas the covariances of the clements &o, a PR aj- and EI' taken in pairs are all equal to zero.
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Finally, if we put

\/nl?. 0
@w=| o 0o Jn

(7
as well as . .
s=/(u'u)f (8)
we have
vars=10% (9)
and (3) becomes
x%=s's e (10)

We deduce from this that the elements of the vector s : 50 \/5', 5’- /ni2 Ej\/nlz and ';k :\/r: are distributed
independently with the same variance 0% and that if we denote these elements by s5;, =1, 2, ..., k, then relation (10)
can be written

n k n
z x’?=2 sf-l-zef {11)
1 1

Since, under the assumption of a joint normal distribution of the clements of the vector ¢, the quantity
ee/o? =% e?/o2 possesses a % distribution with (# — k) degrees of freedom, then in order to test the null hypothesis
@ = 0 or, what comes down to the same thing, E(s) =0, we shall have to distinguish the case in which » =% from that in
which #» =n’%(n’ > 1). In the former case, e'¢ will in fact be identically zero, whereas in the second case eelln — k)
will give an unbiased estimate of 02,

()n=k

Under the hypothesis E(s) = 0, the quantities slz form k independent estimates with one degree of freedom of
the same variance 0°. Moreover, as the quantities s; are disuibuted normally or approximately normally - we can test
the hypothesis E(s) =0 by means of a parametric test of the homogencity of the variances and use for this the likeli-
hood ratio statistic derived by Bartlett. This statistic, expressed in natural logarithms, here becomes

M=k log (Zspk) — Zlog s} 12)

the large values of which are significant and with which we associate the constant

1
¢y =k "y @13)

when using the tables of critical values given by Pearson and Hartley.

If the value of the statistic M is not significant, we conclude that the deterministic component of the series
x; is identically zero and that this series is indistinguishable from the random part ¢;.

On the other hand, when the statistic M leads to the null hypotheses being rejected, we select significant
clements by taking from the set of the k& values of s? the highest values, and re-applying the homogenceity test to the
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(¢ — 1) remaining values. If this new test again lcads to the rejection of the null hypothesis, we once again take the
highest vaJue from amongst the (k — 1) values of 57 2 considered, and repeat the operation until a non-significant value of
the statistic is found. Note that when sclcctmg one of the constants a; or b, the selection should take the pair (a; , b
giving the highest value of the sum @2 + 52 owing to the fact that this pair completely defines the /! ™ barmonic of the

C .. . : . 2 2 2 I 1 2 _ .2 2 .
deterministic component of the serics. Moreover, if we put s L =57, Sh =5 s};._l = (s:zj + 32]+1 Y2,45=12,..

(&’ — 1), with s'z 41 =0 if & is odd, we get a more powerful test by replacing in the statistic (12) Zlog slzby Epj log s’f

ki
. 1
with ¥y =Vp,, =1and 1‘}+1 =2, j=1,2, .., {k’— 1), the constant (13) then being : c; =X _.’: .
t=1 Vt

The quantmcs 5; 2 which have not been selected give an estimate of the variance 0°. In particular, if ky is their
number and Z’s7 sy their sum, this estimate is

& =% /k, (14)
(2)n=n'k(n’>1)

We procecd in analogous fashion, given that under the null hypothesis E(s) =0, the statistic
( Zs])k
(Z&Mn—k)
has an F distribution with ¥y =k and ¥, =(n — k) degrees of freedom, if we can assume that the clements of the vector

¢ arc normally distributed.
Note that for the calculation of this statistic, relation (11) gives

15)

%} =Zu}- 5] (16)
and that, for the final estimate of the variance 0% , we can usc the relation
02 = x? — I n—k +ky) (17)

in which X" dcnotes the sum of the quantities si selected and &y the number of quantities sl which are not signifi-
cant.
So, as far as the estimate of the deterministic compeonent is concerned, we have in both cases

% =ub (18)
where we have retained only the significant constants of the general solution. For the errors of estimation, in addition
to relations {6), using 3(12), we also find

. . O
covlx;, x ) =— [ + 6 cos i’ — i) +2 T cosj (i’ — )] (19)
n

where 8 =0 or 1 depending on whether ag =0 or ag 70, where 8 =0 or 1 depending on whether a; »=0 or az. #0
and where the sum Z” is extended to the values of § corresponding to the harmonics selected.

It follows that if, owing to the selection of the harmonics, the error of estimation for the elements of the vee-
tor x has a variance less than that of the random part of the elements of the vector x, on the other hand, the values
of this error no longer form a simple random series.




|

& /9

134 3. ESTIMATION IN THE CASE OF RECURRENT SERIES

For the actual selection, reference is made to the instructions given in 1.3.3. In particular, when » =k, since
the statistic (12) has approximately a ) distribution with (k ~ 1) degrees of freedom, for the level &g = 0,05, the
value after each selection must be compared to an appropriate critical level. These levels can be obtajned by subtracting
from the initial critical value M, the ratio M /)¢ where xé is the corresponding crirical value of thc variable 2 with
(k — 1) degrees of freedom. Tlus is done a number of times equal to the number of components sl sclected. If 50 is
the last component selected or the mean value of the last pair selected, then the statistic

X=s§ 12 20

where 07 is the estimate (14) of the final estimate of the variance, establishes the significance of all the components
selected once it exceeds the critical value of the corresponding F statistic for the level & obtained from the equation

1—Q-af=ay or 1-(1—a)/2=q (21)

depending on the case, & being the initial level of the multiple test.

In the case where » = n’k(n’ 2> 1), the calculation of the critical values of the statistic (15) can be performed
by noting that the statistic X has approximately a %* distribution with k degrees of freedom. It follows that if F, and
xz are the critical values at the 0 = 0,05 level, then the critical value of the statistic X after % sciections becomes

X, =(kF, -k kF NCH(k ~ k1) (22)

The significance of all the components selected is then tested in the same way, using the statistic (20) where
in this case 0* denotes the cstimate (17).

3.1.1.1 Example 26. The mean daily value of rainfall at Uccle, for days with measurable precipitation

The mean value of rainfall at Uccle has been determined by dividing the normal of the rainfall total for each month by the
corresponding normal of the number of days with measurable precipitation (at least 0,1 mm), these normals being established on the
basis of observations over a period of 137 years (1833-1969) for rainfall amounts and over 128 years (1833-1960) for the number of
days.,

The values of the mean level x; thus obtained are shown in Table 26 together with the values of the circular functions sina/
and cos af for O =2 /12, Since we have negiected the calculation of the error of estimation which affects these values and since the
rainfall data from one month to another are practically independent, we cen assume that the problem falis into the first category consi-
dered in 3.1.1 where the length of the series x, is equal to the period, i.c. that n =k,

Applicatinn of the relations 3,1,1(5) gives successively :

a9 =(343 +327 +... +369)/12 =391,08

a1 =2(343 x 0,5 +327 x0,86603 +... +369 x0)/12 =~ 55,41 (1)
together with the other values of the elements of the vector ﬂshown in Table 26.

For this calculation, values of the functions sin 2¢¢§ and eos 204 are obtained by taking in the series of values of sin ai and
of cos (¥ those values corresponding to the even values of i. Similarly, those corresponding to values of i which are multiples of § give
the velues of sin j Q4§ and cos f a:

Next, by multiplying ag and aﬁ by\/—2 and a, , b §=1,2,3,4,5, by\/.é_, we find by 3.1,1(8) the elements of the vector
s, the absolute values and their natural logarithms of which are’also shown in Table 26.
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TABLE 26, Mean daily value of rainfall, in 0,01 mm, for days with measurable precipitation at Uccle, Selective harmonic
analysis of the monthly values x
i xy sin af cos af F sl log|s] - (£
1 343 0,5 0,86603 4y = 391,08 1334,74 7,21136 329,7 73
2 kre) 0,86603 0,5 &y = —5541 135,73 4,91067 323,7
3 324 1,0 0 1 =—18,83 95,11 4,55503 335,7
4 351 0,86603 —-0,5 dz= 12,12 29,69 3,39081 362,5
5 390 0,5 —0,86603 Ba= 11,50 28,17 3,33826 3970
6 437 0 —~1,0 43 = —2,17 5,32 1,67147 | 4299
7 472 —0,5 —(,86603 fs= 2,67 6,54 1,87794 452,4
8 468 —0,86603 —0,5 dg = 1,73 4,24 1,44456 458.5
9 427 —1,0 0 Ba= —1,83 4,48 1,49962 446,5
10 408 -0,86603 0,5 dg = 1,78 4,29 1,45629 419,7
11 77 —0,5 0,86603 Bs= 2,16 529 1,66582 385,2
12 369 0 1,0 ds = 2,25 7,79 2,05284 3522

For calculation of the statistic 3.1. 1(12), we then get, fork =12,
Isf=Zx?=(343)* +(327)* +.. _+(369)* =1864715 (2)
from which, using the values of log ls lfrorn Table 26, we obtain

My =12 log (1864715/12) — 2(7,21136 +4,91067 + ... +2,05284)
=12 x11,953712 — 2 x 35,07467=73,30 (3)

For ¢; =12 — (1/12) =12, the tables of Pearson and Hartley (Table 32, line {a)) give for the 0,05 level the critical value
22,56. We can therefore conclude that there exists a nonzero deterministic component.
From the values of the clements of the vector s, the first element which we should extract from the group is ag. For the new
test, we then have
Ts} =1864715 — (1354,74)? =29394,53 4)
from which the value of the statistic M, for k =11, is given by

Mp; =11 log (29394,53/11) — 2(35,07467 — 7,21136) = 31,07 (5)

The critical value of the )& variate with 11 degrees of freedom is 19,7 at the 0,05 level, so that the critical value of My; is
22,56 — (22,56/19,7) =22,56 — 1,15 =21,41, this value being less than that found in (5). Selection therefore has to be continued.
As aq and b give the component of the sum of squares (a +b2) with the highest value, we have for the following test

=5} =29394,53 — (135,73)2 — (95,11)% =1925,99 (6)
which gives

Mg =9 log (1925,99/9) — 2(35,07467 — 7,21136 — 4,91067 — 4,55503) =11,5 (7}
As the criticz;l value is this time 22,56 - 3 x 1;15 =19,11, we can assume that the remaining elements of the vector 0 are all

We also have the estimate
0% =1925,99/9=214,0 (8)
50 that, for the pair formed by the last two components selected, the value of the seatistic 3,1.1¢20) gives
[€135,73)% + (95 11)2]/(2 x 214,0) =642
with which we can associace the level & obtained from the relation
1-(1-a)l2/2 =905
that is, & =1 - 0,9915,
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Since the critical value of the F variate with ¥; =2 and ¥, =9 degrees of freedom is, for this level, 9,2, the significance of the
selected components is established.
The estimator of the deterministic component of the series x; is given by the relation

:‘ci =391,08 — 55,41 sin & — 38,83 cos Qf {9)
for which we have, using 3.1.1(19) . o
var x'-=1—2 1 +2)=0,/4 (10)

We conclude that the estimates % i of the true mean values thus obtained are as accurate as normals which would be given by
a series of observations four times longer than those which have been used.
By means of (8), the residual error associated with the estimates ® f given in Table 26 can be charactetized by the estimate of

the standard deviation

&(;c,-) =/2140/4=73 (11)

For the computation of the modified statistic 3.1.1(12), we have : Isj |=1354,73, |s3 |=117,19, |s3 1=28,94, Is3 |=5,96,
{51 |=4,36, Isy |=4,82 and |55 |=7,79, which gives :

M;=12x11,953712 — 2(7,21136 +2 x4,76380 + ... + 2 x 1,57277 +2,05284)=73,08

with a critical value of 14,83. Selecting 5’| gives : Mg = 30,85 with a critical value of 13,65. Selecting then 53 , we have finally : Mg =
11,41 with a critical value of 12,47. If follows that if the selection remains the same, this time Mg is nearly significant. Moreover, if we
select 53 , the statistic 3.1.1(20} gives : X =27,12 with I} =2 and U, =7 degrees of freedom, value which is significant at the level & =
0,001 which makes, with 3.1,1(20) &g <0,05.

3.1.1.2 Example 27. Estimation of the true mean values of the montbly averages of the air temperature at Uccle, from
a series of montbly averages over two years (1971 and 1972)

The 24 successive monthly averages of the air temperature at Uccle (in 0.1°C) for 1971 and 1972 are given in Table 27 (i =1,
2, ..., 24). If we assume that the distributions of these monthly averages about the true mean values are, for each month, normal distribu-
tions whose unknown variances are all equal, then the problem of estimating the true mean values reduces to the second case considered
in 3.1.1, i.c. that in which the length of the series x, is a multiple of the period : # =n'%, with n’ =2 and k =12.

i
The application of relations 3.1.1(5) then gives, using the values of sin (f and cos Qi given in Table 26,

ag =(36 +40 +... +47)/24 =98,00

2, =2(36 x 0,5 +40 x 0,86603 + ... +47 x 0)/24 =— 38,87 1)

together with the other values of the elements of the vector 0 given in Table 27,

As in the preceding example, by multiplying dg and dg by+/24 and a;, b, j=1,2,3,4,5,by \ /12, we also find, using
3.1.1(8), the elements of the vector s, absolute values of which are shown in Table'27.

For the calculation of the statistic 3.1,1(15), we have

Za} =(36) +(40) +... +(47)* =294072
and
Ts? =(480,10)% +(134,65)* +... +(1,22)* =291880,2648 2)

From this we obtain, using 3.1.1(16),
Te? =294072 — 291880,2648 =2191,7352 (3

The statistic 3.1.1(15) thus becomes
291880,2648/12

2191,7352/12

Xy =

=133,2 4)
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TABLE 27. Monthly averages % of the air temperature at Uccle in 1971 and 1972 (in 0,1°C). Selective harmonic analysis
of the monthly averages x;

i x| i xy ) [} & 1901-30
1 36 13 20 dg= 98,00 480,10 21,7 27
2 40 14 46 4, = —38,87 134,65 35,0 31
3 33 15 78 b1 =—58,76 203,55 59,1 55
4 91 16 82 8= 6,50 22,52 93,7 82
5 151 17 119 Pa= 075 2,60 1295 128
6 144 18 141 d3= 0,75 2,60 158,8 149
7 189 19 176 Ba= 275 9,53 168,3 168
] 173 20 161 de= 0,00 0,00 161,0 164
9 143 21 122 Ba= —3,00 10,39 136,9 140
10 107 22 9% as= 1,12 3,88 102,3 100
11 50 23 56 Ps= 9351 32,94 66,5 52
12 52 24 47 dg= 025 1,22 19,2 33

Since the critical value at the 0,05 level of the F variate with ¥; =12 and ¥; =12 degrees of freedom is 2,69, we can reject
the hypothesis § =0 or E(s) =0.

From the values of the elements of the vector s, the first element which we should extract from the group is ag. For the new
test we have

Zs? =291880,2648 — (480,10) =61384,2548 )
from which we obtain the statistic

61384,2548/11
Xn=————=

2191,7352/12
The critical value at the 0,05 level of the x‘! varinte with 12 degrees of freedom is 21,0, so for Xy , using 3,1,1(22),

30,6 6)

[2.69 x 12 — (2,69 x 12/21,0)]/11 =(32,28 — 1,54)/11=2,79

Consequently, the hypothesis E(s) ————O‘for the remaining elements of the vector s can again be rejected. Since the elements
ay and b, give the highest value of the sum (31.2 ‘|'|!vj2 ), for.the following test, we obtain

Zs] =61384,2548 — (134,65)* — (203,55)% =1821,0298 (7)
which gives the statistic
_ 182102989
2191,7352/12

As the critical value of Xg is this time (32,28 — 3 x 1,54)/9 =3,07, we can assume that the remaining elements of the vector
@ are all zero, It follows that we also have

X9 (8)

0% =(2191,74 +1821,03)/(12 +9) =191,08 (9)
and that for the last component selected, the statistic 3.1.1(20) becomes
[(134,65)* +(203,55)* {2 x 191,08) =155,9

with which we can associate, as in 3.1.1.1, the level =1 — 0,9915. As the critical value of the F variate with ) =2 and ¥, =21 degrees
of freedom for this level is 6,1, the significance of the sefected components is established.
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The estimator of the deterministic component of the series x; is given by the relation

%;=98,0 — 38,87 sin i — 58,76 cos Qi (10)
for which we have, using 3,1,1(19),
. 0*
varx, = — (1 +2)=0*/8 (11)
o2

We conclude that the estimates x ; of the true mean values thus obtained are as accurate as the normals which would be given
by a scries of observations over eight ycars.

To sllow comparison, we have given in Table 27, beside our estimates, normals calculated over the period 1901-1930. It is
apparent that the agreement is satisfactory in the majority of cases, except in April, June and November, for which the disagreement
reaches or exceeds 10(1,00), which may appesr quite large in comparison with the estimate of the standard deviation :4,/191,08/8 =3,

The explanation for this slight disagreement lies in the fact both that the value given for & is somewhat underestimated and
that the hypothesis of 2 constant variance for the 12 months of the year is not satisfied.

3.1.2. Estimation of the deterministic component of a periodic series when the period of the deterministic component
and the covariance matrix of the random part are known.

As indicated in 3.1, we assume that the length # of the series is equal to the period k and that the matrix v
is known. If we then note that relation 3(9) can be written

wrlub=uv'ix (1)
: T B T | . ) :
then putting B=u"v" w0 =u'v"x and e =x — ull , relarion 3(13) becomes
xv lx =8B +evte (2)
which can be used in the selection of the non-zero clements of the vector §.
This selection can be performed in two different ways depending on whether we consider progressively more
complex models until we obtain a staristic

X=§’v_12=x'v"1x—é'ﬁ 3

which is not significant, or whether we first cstimate the k clements of the vector & using equation (1) obtained from
a complete matrix u, the selection than being performed on the basis of relation (2) which becomes

xo k=08 4

In the first method, the simplest model which we shall start by examining corresponds to the null hypothesis
@ =0. Under this hypothesis the statistic

Xy =xlx = le (5)

has a %* distribution with & degrees of freedom when the joint distribution of the elements of the vector e is normal.
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If this assumption is rejected, we next examine the series of & models in which the vector & has a single non-
zero element and from these choose the model which leads to the smallest value of the statistic

~

X, =evie=X, — 608 (6)

To this end, we calculate the solutions él’ 1=1,2, ..., k of each of the k equations

z::uw’]u]l@i Bl' 1=1,2,...k N

where
u'” i x]

B=2%u
i
is the I™P element of the vector § and where 'v;:;
@’[3 =t§!ﬂl in relation (6).

If Glo is the solution which gives, the smallest value of the statistic (6), there is a difference depending on

is the clement (i} of the inverse matrix of the matrix v. We next put

whether 6[ is one of the constants ag and a , or whether 91 is one of the constants aj- and b]-, F=12,..(kR"—1).
In the first eventuality, the model employed is, depending on the case,

x;=ag te; or xi=ak:(—1)" +e; (8)
whereas in the second, we use from the (¢’ — 1) models
=3 sin joed +bj cos jOii +e’-, i=1,2,..,(k-1) (2)
the one which leads 1o the lowest value of the statistic

Xy, =¢vle=X, - 08 (10)

and hence requires the estimation of the coefficients 4 and bj by means of the systems of two equations with two un-
knowns which are obtained from relation (1).

If moreover, the value of the statistic X, , or X, , isless than the critical value of the corresponding X
variate, at the level calculated using equation 1.3.3(3), this model is chosen.

Otherwise, we make an analogous examination of the models obtained by adding to the model any of the
other terms of the general solution 3.1(2), and the process is continued until a non-significant value of the statistic (3)
is found. We must remember that if one of the pair 4, or 5. is chosen, the other should be chosen too.

The significance of the components selected is then established by ensuring that the decrease X, brought
about by the last selection is greater than the critical value of the X* variate with one or two degrees of frecdom at the
level & obtained from the relation

1-(—af=ay or 1—(1—e)f?=a,

respectively, &g being the initial level adopted.
The final estimate of the deterministic component of the vector x is then given by the relation

=uf (11)
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in which the matrix # has been reduced to only those columns corresponding to the non-zero elements of the vector
& and we have for the vectors 8 and x the covariance matrices

var é =(vlu)Y and varx=uw(var 9)14’ (12)

In the second method, we consider relation (1) in the case of a vector 8 reduced to only some of its elements.
Then the matrix ' ' of the coefficients of these elements in the system of equations (1) is found from the complete
matrix w =u'0 ‘% by suppressing in matrix w the rows and columns corresponding to the elements which are absent in
the reduced vector 0.

Since in all cases we have

{var é)-’ =u"y (13)

the hypothesis 8 =0 is satisfied for any reduced vector 8 for which an estimate 8 leads to a value of the corresponding
statistic

8w uf =0wb (14)

which is not significant.
Since relation (1) can also be written

wol(wd — x) =0 (15s)
and since, in the case of a complete vector 0, this relation implies the relation
ubl==x (16)

then we deduce that the estimate 8 of the complete vector 8 is the same as that given by relations 3.1.1(5).
Under these conditions, if the solution of equation (15) leads to a significant value of the statistic

X, =0 =0 an

then the method consists of successively setting to zero in this statistic each of the elements of the vector é, in order
of decreasing size, until a non-significant value is obtained for the statistic (14), the critical values being calculated as
in 1,3.3. In particular, for the level &ty =0,05,these values can be obtained by subtracting from the initial critical value
of the 3@ variate with k& degrees of freedom the number of clements of the vector 6 which have been selected. The si-
gnificance of the selected components can be established on the basis of the decrease brought about by the last selec-
tion in the value of the statistic Xj.

The solution adopted is that represented by the elements of the vector @ which have had to be set to zero,
and the final estimate of the reduced vector @ thus defined is calculated on the basis of the system of equation repre-
sented by (1).

For the final estimate of the dctcrmmxstlc components of the vector x as well as for the calculation of the co-
variance matrices of the vectors 0 and x, we use, as in the flrst method, relations (11) and (12).

In choosing the elements of the complete vector 8 which should be successively set to zero, by putting 9 =0
in B'we, we reduce the value of the statistic by the quantity

A1,.'=26i'6i AT (18)
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If we simultaneously put éi =0 and él =0, this quantity becomes

and, generally speaking, if éo is the vector formed by the p clements of the vector 8 which have been set to zero in
@’wb , the decrease becomes

A, =208 — 8w, (20)

These relations can bc used cither to determine the size of the contnbutwn in the statistic (17) of the value
of each element of the vector 8 (depending on whether one of the ¢lements ag ot ak, or one of the pairs a] and b, is
used), or to calculate the final value of the statistic (14).

3.1.2.1 Example 28. Daily averages of the air temperature at Uccle. Estimation of the true mean values on the basis
of 12 equally spaced daily normals (period 1901-1970)

As the length of year is 365,25 days and that of the month of February is 28,25 days, the normal of the daily mean of the air
temperature was calculated for each of the 12 days of the year for which the ordinal number best approximates the numbers
— 15,22 +30, 424, i =1, 2, ..., 12, that is respectively : 15 January, 15 February, 17 March, 16 April, 17 May, 16 June, 17 July, 16
August, 15 September, 16 October, 15 November and 16 December. The normals thus obtained are the values of x f given in Table 28
expressed in 0,1 C. The variance v, of the sampling error associated with these normals are also shown alongside the values of x;. These
were obtained by dividing by 70 the mean value of the empirical variances of the temperatures of the ten days which bracket each of the
dates chosen,

So we are dealing with a periodic series for which the length is equal to the period : # =k =12, Since the dates considered
are separated by an interval of some 30 days, we can assume that the temperatures on these various dates are practically independent
of each other. The covariance matrix of the crror associated with the 12 normals is therefore a diagonal matrix whose elements are the
varignces v,. The inverse matrix v ! js then also diagonal, and its elements are given by /v,

To test the validity of the hypothesis § =0 we first calculate the value of the stausuc 3.1,2(5), which gives

Xy2 =(23)2/26,4 +(24)%/26,4 + ... (29)%/25,2=10551,5 (1)
Since this value exceeds the critical value at the 0,05 level of the x‘ variate with 12 degrees of freedom, 21,0, we can con-
clude that at least one element of the vector & is not zero.

(a) Selection of the non-zero elements of the vector 0 by the first method

To determine the element of the vector & which should be taken as the first non-zero element, we solve equation 3,1.2(1) in
each of the cases in which the matrix

u=|1 sinai cosai sin2of cos2ai---sinSei cosSai (—1)¢ |

=1,2,.-12 (2)

reduces respectively to the first, second ..., 12th column, where O =27/12.
with #=|| 1 ” , we obtain successively

woty = wyy = Z(1/o) = 1/26,4 + 1/26,4 + - + 1/25,2 = 0,734
wvix = B, = I(x,fv) = 23/26,4 + 24/26,4 + .- 4+ 29/25,2 = 79,21

From this we obtain

01 =Py /wy =79,21/0,734=107,92 3)
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with u = || sin 0(¢ |}, we find in the seme way, using the values of sin ({ given in Tsble 26 .
W=ty = wy, = I(sin’ad)fv, = (0,5)%/26,4 + (0,86603)2/26,4 + -+ + (0)*/25,2 = 0,395
w'o—lx = B, = X(sin ai)x,/v, = 0,5 x 23/26,4 + 0,86603 x 24/26,4 + - + 0 x 29/25,2 = ~26,98

From this we deduce R
8; =P2/way =— 26,98/0,395 =— 68,30 )

Similarly we find the other values of w; , §; and 8, given in Table 28.
It follows that for X11 1% have the value

Xy,1 =X — 0181 =10551,5 — 107,92 x 79,21 =2003 (s)

as well as the cleven other values of xu i for §=2,3,..., 12 also given in Table 28.
It turns out in this way that the smallest value of the statistic X,y is that of ;. The model to be used is thus

x£=31 +8i=ao +ei (6)

Since furthermore the critical value with which Xu. should be compared is Xlz diminished by 1, that is, 21,0 — 1 =200,
i.e. a value iess that xll,l’ it is necessary to consider a model in which, in addition to 49, at least one other element of the vector 8is not
zero, As the value of Xy, differs very litde from X, i.c, the estimate of a¢ contributes little to the reduction of the value of X ., we
can eliminate this eiement from the comparison and examine the models with three non-zero constants

x;=4ap +aj sinjas"l'bj cosjai-‘l*ei ;i=1,2,...,5 ¥)]
for which the matrix u reduces to the form
w=|| 1sinjoi cosjeei|l 5 j=1,2,..,5 :i=1,2,..,12 (8)

In addition to the values of wy already catculated, we also have, in view of the diagonal form of the matrix v,

Wy ap = Zitytp Luy oy = Z(sin jai)fv;

Wi a1 = Zupt; a4 = Z(cOSjai)fv;

- s ., 9
Wajag+1 = Z¥iagl Yyager = Z(sin jai)cos jai)fv,

TABLE 28. — Daily averages of the air temperature at Uccle (in 0,1°C). Selective harmonic analysis of 12 equally spaced daily
normals (period 1901-1970).

Pl x| & Wi B 8, b STW Xoy | X1, Xy var X, F 4, 4, [|Xy3—4;
1 23 1264 0,734 79,21 107,92 2003 ’ 18,1 10,1 95,17 | 8428,8 211227
211 24 1264 0,395 — 26,98 —68,3 B709 23 24 9.4 | —40,90 | 1546,2 3830,7
3 64 (17,51 0,339 —28,63 | —B84,3 8132 60,0 8,0 | —64,60 |2284,3 24,0
4l 2| 9211751 0,367 6,76 18,4 10427 | 1873 | 1 931 7.4 2,454 31,0 96,7
5 125 | 18,5 0,367 —7.60 —20,7 10394 126,2 1.2 —4.917 65,9 11,3
6|3 |155]156] 0,366 0,351 0,96 10551 1982 22 154.4 6,6 1,000 0,336 5.4
7 173 | 13,7| 0,368 3,89 10,6 10510 170,7 5,7 0,667 5,03
8| 4164 [10,4] 0,367 —0,124 —0,34 10551 2002 15 167,4 51 4,186 | —747 —8,0
9 i43 112,01 0,367 0,388 1,06 10551 141,2 52 2,583 | —0,444
101 § {102 [13,7 0,395 2,55 6,46 10535 2001 21 98,7 6,0 2,401 9,97 6,7
11 48 | 16,5| 6,339 —1,61 —4.74 10544 54,7 7.2 0,931 --3,29
12 291252 0,74 1,73 2,36 10547 249 9.0 —0,833] —3,93
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the system of equations 3,1.2(1) which gives the estimates ‘;0 ,Qj and i’j and can be written :

Wiy + Wy 28 + Wy 3018y = By
Wy 280 + Way 28; + Wiy 2541 b; = Bay

Wy 25410 + Wy aper 85 + Wagaa 2541 by = B1ss1 (10)

where By ,8,,endB, . sare the elements (1), (%) and (2] 1) of the vector § .

In particular, for j =1, in addition to the values of wy;, wx and w3 given in Table 28, we have, using the values of gin (f and
cos O given in Table 26 and those of v given in Table 28 ;

Wiz = (0,5)/26,4 + (0,86603)/26,4 + -+ + (0)/25,2 = —0,1112
wys = (0,86603)/26,4 + (0,5)/26,4 + - + (1)/25,2 = —0,0704
w3 = (0,5 x 0,86603)/26,4 + (0,86603 x 0,5)/26,4 + --- + (0 x 1)/25,2 = 0,000047

(11)
Using the values of f§; , B; and 3 given in Table 28, the system of equations (10) leads to the solution
G0 =9544 , a;=—4142 , by =— 64,66 (12)
and to the value of the statistic
Xgg = X423 - OB = 10551,5 — 95,44 x 79,21 — (—41,42) x (—26,98)
—(—64,66) x (—28,63) = 23,0 (13)

Proceeding in similar fashion for § =2, 3, 4, and §, we find the values of the statistics Xg s from Table 28, We see that the
model to be used is that with j =1, Since the critical value of X5 is here 21,0 — 3=:18,0, i.e. a value less thutx9 1 it is necessary to
continue the selection. Discarding, as above, the clement ‘s from the selection, we are thus led to consider the models

x;=ag +ay sinai+by cosqi +a’- sinja:'+bj cosjoi te; j=2,3,4,5 (14)

The solution of the four systems of five equations with five unknowns gives in similar fashion the values of the statisties X, .
of Table 28, from which we find the model to be used is f = 2. As the value of X, , is now less than the critical value 21,0 — 5 =16,
of Xz, the mode] can be adopted. Moreover, the decrease in the statistic Xp corresponding to the last selection, le. 23 — 11=12,is
greater than 9,62 , the critical value of the )(2 variate with two degrees of freedom at the level &, which here is still (1 — 0,9915); the
significance of the selected components is therefore established.

with, for this model,

Gp=95,14 , a; =—40,58 , by =— 64,71 , 4,=2,30 , b, =—548 1s)
we obtain the values x; of the deterministic component given in Table 28.
In the calculation of the error associated with these estimates, we note that, using 3.1.2(12), the covariance matrix of the
vector 9 is the inverse matrix of the matrix of the coefficients of the unknowns in the system of equations 3.1,2(1), i.c. in this case,
the inverse of the matrix

wolu=llwjwywywgwgll 1=1,2,..,5 (16)

For the vector %, the covariance matrix is given by the matrix product u(var b)u’.
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The inversion of the matrix (16) was carried out by means of a computer subroutine and the quantities var 9, and cov (9; , 91 B)
allow the elements var x 1 and cov (';cl , .;c,.) 10 be calculated. It was in particular the relations

var :;1:? ? ul[ cov (él 5 é[!)’uill

and
fluy =111 sin &tf cos ai sin 2ati cos 2ati Il

which supplied the values given in Table 28,

The mean value of the ratio v ’J(var x '-) deduced from this, 2,45 , shows that estimation of the deterministic component via
selective harmonic analysis has led to estimates of the true mean values which are as sccurate as if these hsad been obtained by means
of normals calculated for a period 2,45 times longer, i.¢. a period of 70 x 2,45 =172 years.

(b) Selection of the non-zero elements of the vector @ by the second method

The application of relations 3.1.1(5) gives the values of the elements of the vector 9 shown in column 9 of Table 28 and
application of relation 3.1,2(18) then leads, using the values of i : and w,, appearing in Table 28, fori=1to:

A, =2 %9517 x 79,21 — (95,17)* x 0,734 =8428,8 (a7

together with the values of A, given in Table 28 for the other values of /.

Similarly, 2pplication of relation 3.1.2(19) gives for cach of the pairs ';j and i’j i =1,2, .., 5, the values of A, given in Table
28,

We see that A; has its highest value for i =1, whereas that of A, for i =12 is exceeded by at least one of the two values of A
corresponding to the same harmonic. We conclude that 6y and Uy must be placed respectively in first and last position in the order of
sclection. Furthermore, the values of Aj show the order to be adopted for the elements relsting to each of the five harmonics as
j=1,2,53,4.

In this way, successive values of Xy — A_, forp=1, 3, 5lead, for p =5, to & value of the statistic which is less than the eri-
tical value 21,0 — 5 = 16,0, Moregver, since the decrease from p =3 to p =5,1.c. 24,0 — 11,3 =12,7, is greater than 9162 , the critical
value of the xz variate with two degrees of freedom st the level & =1 — 0,9915 given by the equation 1 — (1 ~ o =0,05 , all the
components selected can be considered to be significant.

Since this corresponds to the selection (ao L a, , b1 )8y b.) , we obtain once again the model found by the first method,
The final solution is therefore that represented by the estimates given in %15).

We should point out that when the matrix v is diagonal as is the case in the preceding example, a simple approximate solution
can be obtained by replacing the elements v; by their mean value. 5

If this mean value is v, , the selection is performed by successively subtracting from the quantity x'x/vg the quantities 5, /vg.
where the quantities s ; are the elements of the vector s defined in 3.1.1. As above, the subtraction is performed in the order of decreasing
size and by coupling each a; to each b..

In the last example, we have

vg =(26.4 +264+..+252)/2=17,78 (18)
and
Xg =[23)? +(24)* + ... +(29)*)/17,78 =8106,7 (19)
with
5y =95,17 xA/12 =329,68 , s3 =— 40,90 x+/6=— 100,18,

s3=—15824 , 5,=601 and s5=12,04

we obtain successively :

X, = 8106,7 — s3jvg = 1993,7
X, = 1993,7 — (s% + s¥)fv, = 20,9
X, =209 — (s3 + s2)fvg = 10,8

which gives the same sclection.
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It is verified moreover that, if we adopt the solution formed by the first five elements of the vector 8 of the complete solution,
we obtain a solution which differs very little from the exact solution, Finally, the reduction of the variance of the éstimated values of x ,
associated with the simplified solution, which is 5/12 of the initial variance, leads to an estimation accuracy equivalent to that given
by mean values found from series 24 times greater in length. The agreement between the two solutions is thus excellent,

3.1.3 Reference works consulted

The method of selection adopted for the harmonic analysis of a series of observations when the period is known is a direct
application of the methad of least squares. The description is reproduced from that given in [4-4] .

When we have & independent estimates and when we wish to proceed to a significance test for each of these estimates, we ac-
tually have a multiple test which should be treated as indicated in 1.3. This is why the considerations described in 1.3.3 can be applied
here.

We should point out here that the selection methods usually employed are applications of the test based on the binomial
distzibution as are presented by Fisher in [45] or more recently by Tiago de Oliveira in [46]. We have opted to use as first choice 2 me-
thod of selection based on the statistic of a multiple test of the type used by Fisher, however, because this is more generally applicable
since in such a test the covariance matrix of the joint distribution of the estimates on which the multiple test is performed may not be
diagonal.

The data used in example 26 were drawn up on the basis of the rainfall series at Brussels-Uccle corrected in accordance with
[43] and the mean number of days with measurable precipitation is that found in [15]. For example 27, we have referred to the monthly
averages of the air temperature at Uccle published in {47], and for example 28 we have used the data published in [48].

3.1.4 Estimation of the deterministic component of a periodic series when the period of the deterministic component
is known but has an arbitrary value, the covariance matrix of the random part being unknown

Here we assume that the time series is of the form
xi=a0 +ﬂ1 sinai+b1 Cosall‘{'e:' R i$1,2,...,n (1)
where o = 2T is known, without T necessarily being an integer, where ag , @) and b, are unknown constants and
where e; are random quantities with zero mean value but with unknown variance 02, distributed independently with
the same distribution.
i we denote by & , ¢ and « respectively the vectors and the matrix,
.x=“x,-“ . e=||e’-|! , u=||1sin0i cosai |}
where =1, 2, ..., # , and by @ the vector of unknown elements aq , 2, and by , equation (1) is written
x=ull +¢ @

The solution 6 by the method of least squares is given, as in 3.1.1, by the relation

wul=u'x 3)
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More. precisely, the estimates ag , 4y and b, form the solution of the system of three lincar equations with
threc unknowns for which the matrix of the coefficients of the unknowns is the matrix

n Zsinai Zcosai
Isinai Zsin?ai I sineicosai
wu=1| Zeosai Zsinaicosai Xcos®ai
C))
and for which the vector §=ux of the independent terms is formed by the elements
Bi=Zx; , =L x;sincvi , B3 =X x; cos Ui {5)
n
where in (4) and (5) we have written Z to denote £ .
=1
_If 07 is the common variance of the random quantities e, , we also have
var 0= (u'u) ! 0 (6)
whereas the relation )
e=x ~ uf V)]
leads, asin 3.1.2, to .
e'e=x'x — O (8)
which gives the unbiased estimate
82 =&én—3) = (x—¥Pin-3) £
To establish the significance of the periodic part of the deterministic component, if the matrix
Wi Wia
w=| W Wi (10)

is the inverse matrix of the covariance matrix of the estimates ay and &y, under the null hypothesis ¢y =b; =0, the
statistic
X=&§wn +251b1'wu +b%'lb'22 (11)

has a X* distribution with two degrees of freedom which may be exact or approximate.

Moreover, we can put
a; =cycosypy and by=cysing 12)

er=/a +b57 and gy=b/a (13)

and allows us to express relation (1) in the form

with ¢, >0, which implies

%y =ag +ey sin (0 H) +e; (14)
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If we estimate ¢y and @by (13), by differentiation we obtain from (12) :

day =cos pdcy — ¢y sin pdy

(15)
db, =sin@dcy + ¢y cospdy
from which we deduce :
dcy =cos pda; +sinpdb,
(16)
dyp={cos Ydby — sin pday)/cy
If the errors of estimation are sufficiently small, we have ;
var 2, = cos? @ var 4, + sin® @ var b, + sin 2¢ cov {4y, b))
cov (&,,¢) = [sin ¢ cos p (var B, — var 4,) + cos 2¢ cov (4, b))fe,
and

var ¢ = [cos? @ var b, + sin® @ vard, — sin 2¢ cov (4, b))/c} (17)

When # is sufficiently large, the above relations can be simplified because the terms Zsin & , Zcos 0 and
% sin o cos @i of the matrix (4) become negligible relative to n and since, to a good approximation, we have

T sin? ai =X cos® ai =n/2 (18)
We obtain, in this case
var:;l =var b, =2¢0%/n and cov(&l .by)=0, (19}
statistic (11) simplifies to
X =nc}/(20°) (20)

and relations (17) become respectively : .
var 51 =20%/n, var tp=202/(nc“i)

COV(EI ,cp)=0 (21}
For completeness, we should add that under the same conditions we also have
var ag =0%/n, cov(ag , a;)=cov(ag , l;l) =covlag , ¢1) =coviag , ) =0 (22)

It is clear that 1f the errors of estimation are not sufﬁcxcntly small, there is little interest in attempting to find
the correct values for var ¢; and var @since in this case the estimate ¢4 will not generally be significant.

We shall see later, however, that it can be useful to know the mean value and the variance of ¢4 with good ac-
curacy when ¢ is zero or close to zero.

To this end, let us put

&y =a,+e, b =b +eetd, =cy+1 (23)

where ¢’y = E(¢) which implies that E(t) = 0 and var ¢ =var ¢1 , since ¢y is deduced from ay and EJI by means of the
first of relations (13). It follows that we have

ei- - c’lz -+ 26;‘ -+ 12 = C% -+ 20191 + 2b1€2 + 8% + eg (24)
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Putting var @y =var 31 =79, we then deduce
E(¢?)=c'} +vart=c3 +20, (25)

whilst by assuming n to be sufficiently large a.nd adoptmg the a.pproxnmation of a normal distribution for the distribu-
tions of ¢ , €3 and t , we have ; var ei =var e =202, var £ =2var’t and we obtain

var 63 =4¢’3 var t +2 var 2 =ac}o + 402 (26)

The solution of equations (25) and (26) with respect to var ¢ and ¢’ 1 next gives

vart = vard, = c? + 20 — /et + 2ckv + 20° Q7
and 2 s
= /et + 22 2
1 \/1+ 04+ 2v 28)
which, for ¢; =0, leads to
¢ =v4/Z and varc, =v(2 ~/2) 29)

With regard to the suitable level at which the test on the statistic (11) should be applied, because of the asymp-
totic independance of the estimates of the coefficients a; and b and of the estimate of ag, there is no need to correct
the level in the manner of 1.3.3 when we wish only to establish the significance of the periodic part of the deterministic
component.

3.1.4.1 Example 29. Estimation of a simulated periodic component introduced in advance into the total annual
rainfall series for Uccle

The anpual rainfall totals for Brussels-Uccle between 1833 and 1969, in mm, were increased by the quantity 50 sin o , with
QU=27/9,5 , i being the chronological ordinal number of the rainfall total in the series. The first ten and the last ten terms of the series
thereby obtained are given in Table 29.

The amplitude of the periodic component introduced into the series is of the order of the standard deviation of this series

and it appeared interesting to compare the true deterministic component with its estimate given by the method of least squares.
For the calculation of the matrix 3.1.4(4) besides n =137, we obtain, expressing (¢{ in radians :

I sin i = sin 0,661388 + sin (2 x 0,661388) + --- + sin (137 x 0,661388) = 2,975
Scosai = —0,2465, Zsin? ai = 68,88, I sinaicoseai = —0,06377
Zcos® ai = 68,12 (1)

Calculation of the elements of the vector 3 by means of the relations 3.1.4(5) gives successively :

By = Ix, = 841,5 + 630,7 + - + 800,3 = 107143,9
B, = Ix,sinai = 841,5 x sin 0,661388 + 630,7 x sin (2 x 0,661388) + ---
+800,3 x sin (137 x 0,661388) = 47887
B, = Sx,cos ai = 999,5 (2)
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The system of equstions represented by relation 3.1.4(3) and satisfied by the elements of the vector B thus becomes here :
1374, + 2,9754, — 0,24655, = 107143,9

2,9754, + 68,884, — 0,06377h, = 4788,7
—0,24654, — 0,063774, + 68,126, = 999,5

&)
From this we obtain . . R
120:781,3 , a1=35,79 N b1=17.54 (4‘)
Furthermore, with
Sx?=(841,5)% +(630,7)% +... +(800,3)* =85751323,99 (5)
and N
§'8=781,3 x 107143,9 + 35,79 x 4788,7 + 17,54 x 999,5 =83900447 87 {6)
we obtain ..
é'e=x'x — 'B=85751323,99 — 83900447,87 =1850876,12 0]
which gives the estimate of the variance of the random part a5
0% =1850876,12/(137 — 3) =13812,51 (8)

For the calculation of the coveriance matrix of the clements of the vector I/, we note first that 3.1.4(6) can be expressed as

02

. a® ’
var O =(u'u) 1 0% =[n(un)?] = =[ (? 1] — 9)

and this allows var & to be expressed as & function of 0°/n.

TABLE 29. — Total annual rainfall x; for Uccle, in mm, increased by the quantity 50 sin o (=27/9,5). Values of the
empirical autocovariances v; and of the statistics X,

Year i X3 e Xt
1833 1 841,5 1697 1,88
1834 2 630,7 370 1,97
1835 3 7347 — 1589 3,59
1836 4 9136 872 4,07
1837 5 801,5 —830 4,51
1838 6 631,2 1985 6,98
1839 7 793,2 — 380 7,07
1840 3 671,5 1215 7,98
1841 9 828,5 754 8,33
1842 10 71%,1 1263 9,30
1960 128 971,0 — 3539 120,4
1961 129 879.8 11894 125.2
1962 130 816,1 4291 1258
1963 131 664,2 —10333 128,3
1964 132 755,0 — 5818 129,0
1965 133 1073,9 7732 129,8
1966 134 1086,3 —3511 130,0
1967 135 7559 2329 130,0
1968 136 8224 _

1969 137 800,31 _
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Dividing the elements of the matrix of the unknowns of the system (3} by 137 and calculating the inverse of the matrix there-
by obtained, we find

AT -1 1\ 1
("_") = 1,0009454, (‘-‘-3) ~0,0432326, (ﬁ) = 0,00358235

nJi LAY n Jjia

; -1 ’ -1 ’ -1
(ﬂ‘) = 1,990798, (i‘—‘i) 0,00170731, ('ﬂ) =2,011255
n Ja2 n n Jj3s (10)

Muitiplying by G*/n =13812,51/137 =100,82 , we finally have

var 50 =100,9 , var&, =200,7 , var!;=202,8
cov by .ay)=—4,36 , cov(ag, b;)=0,361 , cov(a, ,by)=0172 (11)

1t is thus confirmed that the approximations given by relations 3.1.4(19) are indeed justified.
To verify the significance of the periodic deterministic component, the calculation of the matrix 3.1.4(10) gives :

wyy = 202,8/[200,7 x 202,8 — (0,172)?] = 202,8/40701,9 = 0,00498
Wy, = 200,7/40701,9 = 0,00493

Wy = —0,172/40701,9 = —0,00000423 a2

which gives the value of the statistic 3.1.4(11) as
X =(35,79)% x 0,00498 — 2(35,79)(17,54) x 0,00000423 + (17,54)* x0,00493 =7,89 (13)
Since this value exceeds 5,99, the critical value at the 0,05 level of the variate xz with two degrees of freedom, the hypothesis

a1 =0 and by =0 can be rejected. N
If we use the spproximate value 3,1.4(20) of the statistic X with ¢4 = 49 + b7 , we obtain

X =137[(35,79)® +(17,54)* /(2 x 13812,51) =7,88 (14)

i.e., pracrically the same value as in (13).
In addition, we aiso have

¢, =2/ (35,79 T (17,54 =39,86 , tgp=17,54/35,79 =0,49008 (15)

which gives us, in radians,

@=0,45568 16)
these being estimates for which, using 3.1.4(21), we have
var El =2 x13812,51/137 =201,64 and var fp=201,64/(39,86)2 =0,12691 (17)

Since the statistic

(50 — 39,86)* + (0,45568)%
T 201,64 0,12691

is less than 5,99 , the critical value at the 0,05 level of the xﬁ variate with two degrees of freedom, we can conclude, as might be ex-
pected, that ¢; and ¢ do not differ significantly from 50 and zero, respectively.

The significance of ¢1 can also be established by means of relations 3.1.4(29).

With v =201,64 , assuming ¢y =0 , we in fact have

¢] =\/201,64 xA/2=1689 , varcy =201,64(2 —+/2)=118,12 (19)

=2,15 (18}
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which gives the value of the statistic as
X =(¢y —c})*/var ¢y =(39,86 — 16,89)7 /118,12 =447 (20)

which is greater than 3,84, the critical value at the 0,05 level of the xz variate with one degrec of freedom.
The conclusions deduced from the values of statistics (13) and (14) are thus confirmed.
We should also point out that if we adopt

x;=781,3 +35,79 sin @i +17,54 cos & (21)
where O{ =27/9,5 as an estimate of the deterministic component of the series, we have, using (B) and 3.1.4(19) and (22},

var x;=0%/n + 202/ =36%/m=3(13812,51)/137 =302,46 (22)

or
0’(551-)=17,39 (23)

which shows that the accuracy of the periodic part of the deterministic component is relatively mediocre.

3.1.5 Estimation of the deterministic component of & periodic series when the period of the component is known only
approximately or is unknown, the variance of the random component also being unknown.

This estimation problem is considered under the same conditions as in 3.1.4, the only difference being that
in this case the argument & also has to be estimated.

Two cases can be distinguished, depending on whether the cxistence of the deterministic component is well
established a priori or whether this existence is itself in question.

In both cases, the method of determining & or the period T = 2W/Q consists of calculating ag, @, and b, for
a set of values of T using the method described in 3.1.4 so as to retain only the value leading to the lowest estimate
3.1.4(9) of 0% or, what comes down to the same thing, to the largest estimate of ¢y. If the values of T cover a defi-
ned interval, the value of T adopted can consequently be considered as the estimate of T (or at least its approximate
value) by means of the method of least squares.

The application of a significance test to the estimation of the deterministic component has different meanings
for cach case, so that the test itself cannot be applied in the same way. In the first case, the test aims simply at verifying
that the estimate of the expected component possesses a sufficiently large amplitude to enable it to be considered as
non-zero. In the second case, the test must establish whether, among the estimates obtained for ¢4, the maximal value
differs in significant fashion from the maximum which would be obtained under the assumption of a simple random
serics. Since the second test is, in principle, more severe than the former, we must anticiparte that, in certain cases, for
a given time series, we may end up concluding cither that there is a significant periodic component, or that a periodic
component is absent, depending on whether we are dealing with the first case or the sccond case. We should therefore
always make clear, and justify, which case is being considered.

Since the estimation of @ is an example of application of the method of non-incar least squares, we have,
in the following, started by examining the problem of calculating the errors in the latter estimation case.
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We have supplemented this calculation with a few considerations about the use of empirical covariances in the
search for periodic components.

We should also notc that generalizing the calculations to the case of models containing several periodic com-
ponents with different periods follows directly.

3.1.5.1 Least squares estimation in the non-linear case.
Let x denote the vector representing the time series with sample size 2, and let us consider the model
x=fih+e or f(Br=x-—e¢ (1)

where f(@) denotes another vector dependent upon a vector § with nj elements, and e a vector whose components are
independent and identically distributed with zero mean value.

The estimate 8 of the vector 6 via the method of least squares is then the solution of the system of n; equa-
tions in the », clements of this vector

df d
—= - f(6) = ng )

y d
where pr denotes the matrix transpose of the matrix Eg of the partial derivatives of f{)) with respect to the elements

of 8. Muitiplying relation (1) by % and subtracting the two sides of the resulting equation from the two sides of the

equality (2), respectively, with 8 =0 in the larter equation, with

1@ =@ - 3
HORSIO) dé(a 8 (3
we obtain
df df @~ _d f
dd ab dé 4)
which leads to
7.df\tas,
(dG 35) a6° )
and consequently to
—ovd —oy = (3 AN S dff{df df\7!
@-00-9 “(dé d@) a° d9(d9 b (6
Taking the mean value, we thus have
_{9f.df\7 .
var@-(de dﬂ) a (7)

where 02 denotes the commeon variance of the elements of the vector e.
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d
In the case of relation 3.1.4(1), the matrixc-té- is formed by the four vectors with n elements.

af af I of e 0f ,
—_— 1 N — ’ —_— y —— = i
3o By o (| sin e || 2, [|cosail P [ cricos(ai + @) | @)

wherei=1,2,...,n,with¢; =\/a51 +b“; , cos @=a;/cy and sin p=b,/c;.
Thus we have :

n Zsinei Zcosai c Zicos(ai + @)
. . . 2 Y k3 ] » P . »
(var &)t =-lz' Zsinai Zsin*ai Zsinaicos i cyZisinaicos{ai + @)
o Il ZTcosai X sinai cos o Zcos?ai ¢, Xicosaicos(ai + @)
¢ Zicos(xi + @) ¢, Zisinaicos(ai + @) ¢ Zicosaicos(xi + @) ciZi*cos® (i + @) )

from which, by inversion, we obtain the covariance matrix var @ of the errors of estimation for the elements of the vec-
tor 6.

3.1.5.2 Empirical autocovariances of a time series with a periodic deterministic component

The empirical autocovariances of order k, for a time series x5 i=1,2,..,n,can be defined by the relations

B = [lz:‘f XXy ) — ("E:‘f x;)(lf xiu)/(n - k)]/(n —-k—1) 1)

fork=1,2, ..., n — 2, whilc the empirical variance ¥y is still determined by the relation

o[- e

For n sufficiently large, we have, to a first approximation,

(z:: Sinzai)/"=(;"°052a")/ n=%’ (isinai)/n= (icosai)/n=° @)

from which we deduce, in the case of a series of the form 3.1 4Q1)
E(@,) = Gio? and E@) = eosak
¥ ¥ (4)

with ¢ =a? + b3 and where 02 is the common variance of the quantitics e, .
For normal variables e; we have var e1?= 2¢* and cov (eﬂ_k Cils e;‘-') =0, with k& and [ 70, neglecting the terms

in 6% /n, giving, to a first approximation,

var B, = 20%/(n — 1); var b = o%f(n — k — 1) et cov (B, ) = 0 (5)

fork Fi=1,
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We conclude that the series v, possesses a deterministic component with the same petiod as the initial serics

x;. Furthermore, if we put for the scries x;

2 =02/c3 (6)
the corresponding ratio for the series 7, becomes
4 i
Ay =— A AT
n—k—1 ¢t n—-k-1 (N

The relative magnitude of the random component in the terms of the series of the autocovariances is less than
that of the random component in the initial series, when we have

n—k—1>4r? (8)

Consequently, when the series is sufficiently long, calculation of the series of the autocovariances can be
used to reveal the possible existence of a periodic deterministic component.
To do this, we can use the statistic

k
X, = [;(n —i- 1).3,2] / 2 )

since, using the preceding argument, under the null hypothesis for a simple, random, initial series X, this statistic has
approximately a X? distribution with & degrees of freedom when # and (» — k) are sufficiently large.

1t is obvious that, for k = 1, the test based on the statistic (9) is equivalent to the serial correlation test descri-
bed in 1.4.1. Furthermore, if cos 0¢=0, i.c. if in the time serics the period of the deterministic component is equal to
4, then the test on the statistic X, possesses zero power since in (4), we have E(v) ) =0. We can deduce thar in general
the calculation of the statistics Xy for k 2> 1 constitutes a uscful extension of the test based on the serial correlation
used in the examination of the simple random character of a series of observations.

3.1.5.3 Determination of the periodic deterministic component when the period is unknown

From the foregoing, it follows that, if # is sufficiently large, the series of the empirical autocovariances will
bring out quite clearly the existence of the periodic deterministic component. In this case, vy and v, are good cstima-
tes of E(w)) and E(v;) and a first estimate of the argument & can be found by noting that relation 3.1.5.2(4) written
fork=1and k =2 gives

2 EG) E@) M

which, replacing E(v,) and E(7;) respectively by v, and 7, gives the cquation in cos o :

26, cos’ o — Bycosa — @, =0 2)

of which only the root with the same sign as 7, should be retained.
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Next, we deduce from (1) a first estimate of ¢} | then, using the first of relations 3.1.5.2(4) and the calcula-
tion of 7y , a first estimate of o* ., which allows us to calculate the ratio .
Differentiating relation (2) and replacing 7; and 7, by the values of E(7,) and E(7y) given by 3.1.5.2(4), we

also obtain

2
- %sin w(2cos?a + 1)do = cosadd, — (2cos® a — 1)db;

(3)
which, adopting o*/n as an approximate value of var vy and of var v, , gives
4., 2 4
var&=4cos o — 3cos fz-{- L 4"
(2cos?a + 1)*sinfa  n 4)

It follows that the optimal value of o can be obtained by attributing to ®a series of values covering a suffi-
ciently large interval around the solution & obtained from (2) and calculating for each of these values the correspon-
ding estimates of ag, @4, b; and ¢4 =4/ a? + b% using the method described in 3.1.4. The final estimate is that which
leads to the highest value of ¢1, and the covariance matrix associated with this estimation is deduced by inversion of the
matrix 3.1.5.1(%)

When 7 is not large enough to enable equation (2) to give an adequate estimate of &, determination of the opti-
mal value of ¢ is still possible if we possess  priori information on the interval in which this value should be sought.

Otherwise, the choice of such an interval can be only arbitrary and the adoption of the value of € which would
be obtained by this method would be justified only if the corresponding estimate of ¢, differs significantly from the
maximal estimate of ¢; which would be given in this interval by a simple random series.

The latter question is examined later in applying the properties of the extreme values of the recurrent series.

To determine the level at which the significance test on the estimates of a; and by should be applied, it is
obviously necessary to take into account a joint estimate of the period. In particular, at the level &g =0,05, the critical
value of the statistic 3.1.4(11) can be obtained by subtracting 1 from the critical value of the X2 variate with three
degrees of freedom.

3.1.5.4 Example 30. Estimate of a periodic deterministic component introduced in advance into the total annual
rainfall sevies for Uccle, when the period itself is subject to estimation

The series investigated is once again that of the total annual rainfall at Uccle, in mm, increased by the quantity 50 sin ¢4,
with & = 27/9,5 and whose values x; are indicated in Table 29.
Using the results obrained earlier in 3.1.4.1(2) and (5), with 3.1.5.2(2}, we have

To =85751323,99/136 — (107143,9)> /(137 x 136) =14390 (1)
Similarly, with 3.1.5.2(1), we obtain
, = (841,5 x 630,7 + 630,7 x 734,7 + --- + 822,4 x 800,3)/135
—(841,5 + 630,7 + - + 822,4)(630,7 + 734,7 + -+ + 800,3)/(136 x 135) = 1697 (2)

together with the values of ;’. fori=2, 3, ..., 135 given in Table 29,
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We then deduce, with the aid of 3.1.5.2(9),

X; = (137 ~ 1 — 1)(1697)2/(14390)% = 1,88
X, = [135(1697) + 134(370)*}/(14390)* = 1,97 (3)

together with the values of X; fori==3,4,.., 135 given in Table 29.

Thus we see that the values X; are ali very close to the mathematical expectation i of the X2 variate with § degrees of freedom,
i.e., that the distribution of the empirical autocovariances does not differ from that given by a simple random series. We therefore
anticipate that the first estimate of the argument & based on these autocovariances will have only a very mediocre accuracy.

With v5/v; =0,21803 , equation 3.1.5.3(2) becomes

2 cos? t—0,21803 cosx— 1 =0 4)

of which the positive root (of the same sign as v}) is equal to

cos X=0,76371 (5)
from which we obtain the estimate in radians
&=0,70175 6)
and the estimate of the period
T =27/&=6,28318/0,70175 =90 (7
With 3.1.5.3(1), we also get
e} =2 x 1697/0,76371 = 4444 (8)
and, using 3.1.5.2(4),
0% =14390 — (4444/2) =12168 9)
that is to say,
r? =12168/4444 =274 (10)

With cos® &=0,58325 and sin® &=0,41675 , 3.1.5.3(4) finally gives

_ 40,58325)* — 3 x 0,58325 + 1 4(2,74)

var &
[2(0,58325) + 1] x 0,41675 137 an
= 0,31234 x 0,21920 = 0,06847
or
(0 =0,26166 (12)

From this we deduce that the actual value of X lies within the 0,95 confidence interval {approximately) : 0,70175 +1,96 x
0,26166, which corresponds to a period T =27 lying between 5,17 and 33,3.

The estimates of ag, 44, b1 and ¢y for T =5,0 up to T =12,0, with values increasing in stages of 0,1 , give values of ¢ which
vary relatively continuously with maximal values for T = 56,7,1,81,88,9,6 and 12,0, amongst which the largest value is that of
T =9,6 . These results have been extended by some new estimates caleulated for T =9,50 up to T =9,70 , using values increasing in
stages of 0,01, These various estimates are given in Table 30. They show that the optimal value for T, to an accuracy of 0,01 ,is T* =
9,60,

For the calculation of the covariance matrix of the vector § , we note that by writing the matrix 3.1.5.1(9) in the form

- n|1df df
(arf)™ = 5 70




and taking the inverse, we find for Q* =2 71/9,60 and the values of ¢; and of @ deduced from the corresponding values of 23

Table 30:

'

3.1 PERIODIC SERIES

' -1
14741\ _ 100157,
nddde/,;
1dfdf _.0035713
ndfdé/,

(1dfdf
ndf do

= —0,093216

&

= —2,7317.10"°

= —3,0413

Ldfdf\! _
= —0,0013323, -t = = 7,4833,1077

a4

157

andbi of

(13)

Multiplying by O /n =13709/137 = 100,1 , we obtain the elements of the required covariance matrix, where the indices 1, 2,
3 and 4 correspond respectively to ag, ay, by and &.

TABLE 30. — Modified total annual rainfall for Uccle.

T =27/«

Estimates of ag, 4y, #; and O° for various values for the period

T ag ay by €y a?
5,6 81,9 22,8 22,3 31,8 14083
7.1 782,3 --20,3 33,2 38,9 13838
8,1 81,9 -—8,6 —36,0 37,0 13910
8,8 181,% 27,3 —11,3 29,5 14163
9,50 7813 35,8 17,5 39,9 13792
9,51 781,3 35,3 19,3 40,2 13777
9,52 81,3 34,6 21,0 40,5 13763
9,53 781,3 33,9 22,7 40,8 13751
9,54 781,3 33,0 24,4 41,0 13740
9,55 781,4 32,0 26,0 41,3 13732
9,56 781,4 31,0 27,5 41,4 13724
9,57 7814 29,8 29,0 41,6 13718
9,58 314 28,6 30,3 41,66 13714
9,59 781,4 27,2 31,6 41,72 13711
9,60 7815 25,8 32,8 41,75 13709
9,61 781,5 243 33,9 41,74 13709
9,62 781,5 22,8 34,9 41,70 137111
9,63 781,5 21,2 35,8 41,6 13714
9,64 781.6 19,5 36,6 41,5 13719
9,65 781,6 17,9 3713 41,4 13724
9,66 81,6 16,2 37,9 41,2 13732
9,67 781,7 14,4 38,4 41,0 13740
9,68 781,7 12,7 33,8 40,8 13750
9,69 781,7 10,9 39,0 40,5 13761
9,70 81,7 9,2 39,2 40,3 13773
12,0 782,7 —21,8 24,2 32,5 14065
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In particuler, the statistic 3.1,4(11) has the value

X = (25,8 X 4,39 + (32,8)? x 5,84 + 2(25,8)(32,8) X 3,04 _ ¢ 1,
[5.84 x 4,39 — (3,04)2] x 100,1 ’ (14)

which is greater than 6,81 , the critical value at the 0,05 ievel of the )(2 variate with three degrees of freedom, reduced by 1.
Furthermore, for the final estimate &* =2 7/9,60 =0,6545 we also have

var @* = 7,4833.107 x 100,1 =7,491.10°° 5)
that is :
o(K *)=0,008655 (16)

So the interval 0,6545 1,96 x 0,008655 forms an approximate confidence interval for ¢ at the 0,95 level, i.e., for T, this
interval extends from 9,36 to 9,86.
This result is perfectly compatible with the actual peried : T=9,5.

3.2 RECURRENT SERIES

When a time series is not a simple random series, the alternative assumption which can be considered is that of
a recurrence relation between the terms of the series. As long as this assumption is satisfied, estimation of the coef-
ficients of the recurrence by the method of least squares, and that of the variance of the random residual, offers a
means of characterizing both the chronological progression of the terms of the series and their statistical distribution.
We should note, however, that this estimation is single-valued only if the residual is simple-random.

As we have already emphasized, estimation in the case of such a series is an important problem since it can
be applied to all series of observations whose successive terms are not independent, such as, for instance, series of
hourly, bi-hourly and daily observations, etc.

Furthermore, the theory of recurrent series leads to new applications in the field of significance tests, in par-
ticular in secking periodic deterministic components in a time serics.

3.2.1 General properties of recurrent series

Using the same notation as in 3, but with d; replaced by ¢, , we consider the recurrence relation of order

k=1
Xieg = Go + @Xy + dpXyyy + 0 F A Xjwp— F By

i=1,2-n-k (1)

for which we assumc a; ¥ 0 and where the quantitics €., arc random variables distributed indcpendently and iden-
tically with zero mean and with variance var ¢ = 0%. The case of a simple random series ®;=dg + e, (a]- =0,j=1)
therefore becomes that of a recurrence of order £ =0.

We immediately deduce

cov (x;, ej)=0 for i <j
and
covix;, e)=0* fori=j (2)
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Furthermore, if we denote by x; the solution of the homogeneous recurrence relation associated with equa-
tion (1),

Xish =Ay%; T ag8i o T O gy 3)

defined by the relations x; =x, , for i=1, 2,..., k,and by %", the solution of the same equation defined by the relations
x;’=0, fori=2,3, .., kand x;(’_‘_l =1, then relation (1) implies

i
Xpr1 = Xper + (€paq + Go)XELq

Xpe2 = Xpsa +(8esr + Qo)XKe2 + (ecsz + ap)xisy 4)

and, in general,
Xp+y = Xpg s+ (@err + Go)Xiay + (eys2 + @o)Xpyjy + -+ (@re; + Qo)X+ (5)

which leads to the recurrent series x; in the form of a sum of particular solutions of the homogeneous equation (3)

directly related to the successive values of the random quantity ¢;_ p.
The general solution of the homogeneous equation (3) is the lincar combination of.k particular solutions
of the form

x? = b, bisina,i ou bicosa,i (©)
I I . . .
where br’ bs(cos o t4/ — 1lsin as) are the real or complex roots of the characteristic equation

2K - akzk'l - ak_lzk'z —..—a; =0 (7)

. are constants), then when we put it into

Consequently, if the series x; is stationary G.e. if E(x;) and var x;

the form (5} we must have
Ibrl<1 and Ibsl<1 (8)

which, in particular, implies for the coefficient a, of equations (1) and (3)

Idl l<1 (9)

The various components of a stationary recurrent time serics x; which appear in its form (5) are progressively
damped as i increascs, this damping occurring in oscillatory fashion when equation (7) possesses negative or complex
roots.

This also shows that model (1) is unsuitable for representing a stationary time series possessing a periodic com-
ponent since the independence of the quantities ¢;, , in the relation

Xipg = X + €ivk (10)
implies the relation

. (11)
VAT Xy4p = VAL Xy + jvare

Taking the mean of relation (1), with E(e'- i) =0, we obtain for the mean value m =E{x) of the series

m=ag +mla; ta; +.. tap) (12)
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while by subtracting the latter relation from (1), multiplying the relation obtained by (x]- - m) and putting

v, TCOV (xr,xs)=E(x’,—m, xs—m)=vs_r (13}
we obtain in similar fashion for j <{i + k& , using the first of relations (2),
Dy jir ®= A0y + A20i_jq + o F ¥ _jiy 14)

which shows that the series of the autocovariances of the series satisfies the homogencous recurrence relation (3)
associated with equation (1). Consequently, for I sufficiently large, v; becomes negligible for all values of /.
In the case of j =i + k& , the same operation leads, using the second relation in (2), to the equation

Yo =ﬂ1‘l’k +d2 ‘Dk_l +... +akvl + 02 (15)
which in conjunction with equation (14) forj=i,i +1, ..., i +% — 1, gives a system of (¢ + 1) linear equations from
which we can obtain vq, 74, ..., v asa function of a4, 47, ..., ay and of &% . In particular, we deduce that expressions
for vg, 7y , ..., vy, thus obtained are of the form

vy = Uz.fl(ali dzs 0y d;), I= 0: 1, 25 Tty k (16)

and that if k =1, we have
vo =g%/(1 —a%) (17

3.2.2 Estimation and determination of the recurrence’

If we denote by x, e and u respectively the vectors and the matrix

x=||x’-+k ”, f.’=”€‘-+k ” and TJ:II]..?C,- i+1...x‘-+k_1 ”
where i =1, 2, ..., » — k and by & the vector of the unknown elements ag, a4, ..., ap, then equation 3.2.1(1) is written
x=ull te : (1)

and the estimate 8 given by the method of least squares is once again that given by the relation

uul=ux=p (2)
where this time we have
n—k Zx; ZXpqe EXirey DX
2
2x Zxj EXiXi4y IXXypp-1 ZXiXi4k
2
wu= || Ixjip_y EXXpix-1 Ixfry—y s B=wx= || Zxjpa X (3

n-k
and where X indicates X .
i=1
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The covariance matrix of the vector fis given by the relation
var 8 =y o @)
and an estimate of 0% =var e is given by the relation
. 0% =e'el(n — 2k — 1) (5)
where we have put e=x — uf.
In particular, for 8 =0, we obtain

wu=n, B=2x,-, 30=2xi/n and vara:;o:o:/n (6)

Since, moreover, putting 4, =0 in 3.2.1(17) gives @* =vg , we again find, using (4), the well known result

var dg =vg/n (7)
Similarly, for & =1, putting
Vo= (n — DEx? — (Ex)? et Vy = (n — DIxxpsy = (ExHEXi+1) (8)
we obtain
&1 =V1/V0 &)
and
vara, =(n — 1)0%*/V, (10)

Since to a first approximation we have E(Vy) = (n — 1)2110 , with 3.2.1(17), we have
var a; =(1 — a$)(n — 1) (11)
So we can test the hypothesis @; =0 by means of the statistic
X, =(n — 1)V/VE (12)

which under the null hypothesis 4; =0 has an approximate % distribution with one degree of freedom. Thus we reco-
ver the statistic 3.1.5.2(9) for k. =1.

Generally, it is obvious that estimation of the recurrence relation of a time series can be reduced to secking a
residual ¢ whose elements are subject to a recurrence of order zero. Conscquently, we can fit to the series, in turn, re-
currences of increasing order until a residual & is obtained for which the statistic (12) is no longer significant.

To calculate this statistic, using (5), we have

Tole)=Zef p/(n — 2k — 1) (13)
and the corresponding empirical autocovariance of first order is given by
- s 2 5 2 (14)
5y(e) = [ 28, a1 — (T 28 e )(n — k— D]fn — 2k - 2)

which leads to the statistic
X, =(n— 2k —2)73(e)/ v5e) (15)
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We can also check the order of the recurrence when starting to fit a recurrence of given order k >>1. In this
case, the test of the hypothesis 4, = 0 obtained by comparing the estimate of the coefficient 2; with its variance
var 4; under the hypothesis @; =0 by means of the statistic X = (2,)%/(var &1)“1 — o will allow us to decide either

that the order of the recurrence is less than &, or that this order is at least equal to &.

3.2.3 Estimation of the mean value, the variance and the autocovariances of a recurrent series

Since equations 3.2.1(12) , {14) and (15) relate the mean value, the variance and the autocovariances of a
recurrent series to the coefficients ag, @y, ..., ag of the recurrence and to the variance 02 of the residual, calculation
of the first quantities by means of these relations, using estimates of the second quantities, gives appropriate estimates.

In calculating the variances and the covariances associated with these estimates, if we eliminate ¢y by subtrac-
ting both sides of relation 3.2.1(12) from both sides of relation 3.2.1(1), we obtain a relation of the form

*iek =00 F iy (1)

with

f’(91)=m +a1(.xi-m)+a2(x —-m)+...+ak(xi+k_1—m) (2)

i+1
where @, this time denotes the vector formed by the clements m, a4, a7, ..., ap.

d;
If, additionally, we denote by ;-g- the matrix whose columns are the (¢ + 1) vectors with (# — k) elements
1

o ¥
&—#lll_zﬂju- 5—;=!1x£+j_1—m”, =12,k 3)
]

then the covariance matrix of the estimates of the elements of the vector 8, is defined, as in 3.1.5.1, by the relation

(n — k) - Zaj)z (1—ZapZ(x; ~m)-- (1= Za)Z(xiyey — m)
(1 — Za)Z(x; - m) X(x; — m)? Z(xy — m){(xy4x-y — M}
- 1dfd i
(aedy™ = 9L = 5 (= 20) ey = ) Eoy = M)y = ) Eioy = ) @

which, taking the mean, gives
(1—Za)* 0 0 0
0 Uy Dy iy

- —k
(Vargl) 1 :naz 0] Vg Uy (s)
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From this we deduce
var m=0/[(n — kX1 - Eaj)z] , covim, &j) =0
and

cov (& . &) = (8 1By, I =), j, =12, .k (6)

where we have denoted by 4, ; the value of the determinant formed by the matrix

208 Uy o= Vgt
vl UO---
Nds—sll = || By Tz Do (7)

and by 5-]-, , the minot, in this determinant, of the element located on the row j and the column f”.

Since the estimate of the quantitics vg, ¥y , ..., ¥} using relations 3.2.1(14) and (15) does not depend on that
of m, it follows that the variances and covariances of these cstimates are deduced uniquely from those of the estimartes
A1, @z s ‘;k‘

Morcover, the form of the matrix (4) also shows that apart from the error of Zx;4 /(1 — k)on m, the estima-
tes of vy, 7), ..., ¥, given through relations 3.2.1(14) and (15) are identical to the corrésponding empirical variance
and autocovariances of the series.

We conclude that, if we adopt the empirical variance v as an estimate of the variance of a recurrent serics,
then the variance of the associated error of estimation can be deduced from the expression for vg as a function of
ajy, a3, ..., 4 and 0% obtained from relations 3.2.1(14) and (15).

In particular, for 2 =1, we obtain

vo =021 —a}) (8)
which, by differentiation, gives
dvy  do? +2a,d51
Dy 02 1- a%
from which, assuming that the distribution of the quantities ey, is normal, i.c. that we have var &% =20*/(n — 3)
with 3.2.2(11), we obtain

&)

vard, ., 2 _l+ai

o~ 10
¥ n-—1 1-a} (10)
Similarly, for k =2, we have
21 —
vy = o’(1 —a;) . vy = a2ty an
(1 + al)(l —Qy + az)(l —ay— az) 1~ ay
whereas (7) gives
Vg ) . i g —Uy
4 = N A7 =
PNES R S N e P

From this we obtain
var &1 =var &2 =(1 - a‘%)/(ﬂ —2) cov(&, s 52)=— ay(1 +a)(n—2) (13)
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By diffcrentiation, relation (11) next gives

dby 4o . A
20 . +Ada, +Bda, (14)
TJD 02
with
Ao __ 1 _ 1 1, ! ;
1-a, 14a, 1-a,+a, 1-a;—a,
1 1
B= ~
l—al—az l_al"l‘az as)
so that, with var 02/0* =2/(n — 4)
vard 2 16
*: L —= + (A% 4+ B%)var 4, + 2ABcov(d,, 4,) (16)

The calculation of the covariance matrix associated with the estimate of the roots of the characteristic equat-
ion 3.2.1(7) is obtained in similar fashion. In particular, for ¥ =2 and when the roots are complex and of the form
b (cos att4/—1 . sin @), where b >0, the relations

a1=—b2 and a3 =2bcosc {17)
2
varb = (var 4,)/4b?  vard = [(1 + Co; a) var 4, + 2czmcov(é,, dz):l / 4b%sin®a
cov(b,&) = [c;;f vard, + %;;’dﬁl] / 2bsina (18)

3.2,3.1 Example 31, Determination and estimation of the recurrence between the daily averages of the atmospberic
pressure at Uccle (two years of observations)

We have calculated the excess x. over 7000 of the daily average of the atmospheric pressure at Uccle, in tenths of mm of stan-

dard mercury. The first 20 and the last 10 values of the series thus obtained are shown in Table 31.
From this series, we obtain the value of the empirical variance,

o = [(331) + (576)* + -+ + (305)* + (351)* — (531 + 576 + -~ + 305 + 351)%/730)/729

= 48914, ®
the value of the empirical autocovariance of order 1,
B, = [531 x 576 + 576 x 610 + --- + 333 x 305 + 305 x 351
—{531 + 576 + -+ + 333 + 305)(576 + 610 + --- + 305 + 351)/729]/728 = 3978 (2)

as well as the other values of the autocovariances F’- shown in Table 31.
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We find :

together with the values of X which are also indicated in Table 31,
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X, =(730 —2) x (3978/4891 4)* =481

X, =X, +(730 — 3)(2650/4891,4)* =695

&

a4
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3

It appears that the hypothesis of a simple random series can be rejected, and that the altérnative of a recurrent series can be

considered.

For fitting a recurrence of order 1, we first have :

(Wu),, =n—~1=730-1

(Wu)y; = Ix, = 531 576 + -
(W'u)ys = ZxE = (531) + (576)* +
By = Zxipy = 576 + 610 + ---
B, = Ixx;pq = 531 x 576 + 576 x 610 + ---

= 729
+ 333 + 305 = 3,81442.10°
-+ (333)% + (305)% = 2,0312198.10°

+ 305 + 351 = 3,81262.10°

+ 333 x 305 + 305 x 351 = 2,023874.10°

(4)

TABLE 31. — Daily averages (7000 +x P of the atmospheric pressure at Uccle in 0,1 mm of standard mercury (two years
of observations). Empirical autocovariances v of order 1 and statistics X Residuals e * and c"‘ of the recurrences of order 1 and of

order 2 fitted to the series

i xq b1 X éf ET.

1 531 3978 481 —_ -_—

2 576 2650 695 46,7 —
3 610 1680 T80 43,8 31,5
4 644 1024 812 50,0 43,8
5 632 517 820 10,1 6,3
6 578 195 821 —34,1 —22,6
7 557 76 822 —10,8 11,8
8 527 30 822 —23,6 —14.0
9 523 13 822 —-31 .7
10 339 16 822 16,2 17,5
11 561 =21 822 25,1 0,5
12 616 —151 822 62,0 56,9
13 665 —281 325 66,0 52,9
14 659 —383 829 19,9 12,2
15 604 —435 835 —30,2 — 18,9
16 552 —464 841 -371 —-124
17 71 —640 853 244 446
18 574 — 767 8T 11,9 8.4
19 505 719 886 —59,6 =512
20 517 — 544 898 8,9 31,9
721 655 2923 3056 757 75,4
722 678 1377 3056 47,1 33,8
723 655 — 1044 3057 53 71,6
724 593 — 13639 3059 -379 —21,0
725 559 — 4885 3063 —21,1 53
726 565 —2647 3064 12,7 27,0
727 474 288 3064 —83,2 —82,5
728 333 1035 3064 —149,7 —121,1
729 308 —— —62,2 —25.5
730 35 —_ 6,7 1,8
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from which we deduce the estimates .
an 294,509 and ay =0,818906 (5)

by solving the system of equations represented by the relation wul=f
With xy =531 and x3 =576, we then obtain

e3 =576 - 94,509 — 0,818906 x 531 =46,7 (6)
together with the other values of 3’-‘ given in Table 31 for which, with 3.2.2(13), we find the empirical variance

Bg(e*) = [(46,7)* + (43,8 + -+ + (622> + (6,7]/(730 — 2 x 1 — 1)

= 1645,15 o
and with 3.2.2(14), the empirical autocovariance of order 1
vy(e¥) = [46,7 x 43,8 + 43,8 x 50,0 4 .-+ + (—62,2) x 6,7
—(46,7 + 438 + - —~ 62,2)43,8 + 50,0 + - + ET(TI0 -1 = D)(7I0 -2 x 1 = 2)
= 466,6 (8)
For the statistic 3.2.2(15) we get the value
X, =726 x [466,6/1645,15 =584 (9)

which is much larger than 3,84, the critical value at the 0,05 level of the )e variate with one degree of freedom. The hypothesis of a
recurrence of order 1 must therefore be rejected.
In fitting a recurrence of order 2, the quantities

@Wuw,, =n—-2=730-2="728
(W'u),, = Ix; = 531 + 576 + --- + 474 + 333 = 3,81137.10°
('t)y3 = Zx;q = 576 + 610 + -+ + 333 + 305 = 3,80911.10°
('u)yy = Ext = (531)2 + (576) + - + (474)* + (333)* = 2,0302895.10°
(#'1)a3 = Zxyx14q = 531 x 576 + 576 x 610 + --- -+ 474 x 333 + 333 x 305 = 2,0228034.10°

(#'t)3; = Zxt | = (576)* + (610)* + --- + (333)* + (305)° = 2,0284001.10°

By = Zx;4p = 610 + 644 + .- + 305 + 351 = 3,80686.10°

By = Zxx;yp = 531 x 610 + 576 x 644 4 .- + 474 x 305 + 333 x 351 = 2,0123079.10°

By = Exiyi¥iez = 576 X 610 + 610 x 644 + -+ + 333 x 305 + 305 x 354 = 20208154.10° |

lead to the estimates
ap =129,84027, a,=-0,351247, 2,=1,102713 (11)

via the solution of the system of equations represented by the relation u'ull 2{3.
With x| =531, x5 =576 and x3 =610, we then obtain

é;*ﬁélﬂ —129,84027 +0,351247 x 531 — 1,102713 x 576 =315 (12)
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together with the other values of 3‘;-‘ given in Table 31 for which, with 3.2.2(13), we find the empirical variance
- ey — 2 2 2 2 —
Tole®*) =[(31,5)* +(43,8)2 +... +(-255)® +(1,8)2}(730 — 2 x2 — 1) =1445,9

and, with 3.2.2(14), the empirical sutocovariance of order 1

5,(e*®) = [31,5 x 43,8 + 43,8 x 6,3 + -+ + (—25,5) x (1.8)
~(B31,5 + 43,8 4 - — 25,5)(43,8 + 6,3 + - + L7300 -2 — D)N730 -2 x 2 - 2)
= 56,51
The stadstic 3.2.2(15) thus takes the value
X, =724 x (56,51/1445,9)* =1,11

which this time is less than 3,84 , the critical value at the 0,05 of the )8 variate with one degree of freedom.

a4
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(13)

14

(15)

We conclude that the series of daily means of the atmospheric pressure at Uccle can be represented by a recutrence of order 2.
We note, however, that this conclusion docs not rule out the existence of & seasonal variation of the mean value of these pres-
sures. In reality, statistical analysis of the monthly means shows that this variation exists, but that it does not affect the variance of

the residual £** to more than about 3%. At the scale of the daily averages, it can therefore be neglected,
Adoption of the model defined by the estimates (11) implics, on the basis of 3.2.1(12),

m=12984027/(1 +0,351247 — 1,102713)=5224
and with 0% =g(e"*), using 3.2.3(6),
var m = 1445,9/[(730 — 2) x (1 +0,351247 — 1,102713)? ]| =32,154

Similarly, with . R
1—a;=1,351247 , 1 +a, =0,648753

1—a, +a,=2,45396 and 1—ay —a; =0,248534
relation 3.2.3(11) gives
By =1445,9 x 1,351247/[0,648753 x 2,45396 x 0,248534] =4937,88
whereas 3.2,3(13) and (15) give
var &, =var a; =[ 1 — (0,351247)* /728 =0,001204
cov (2, , a)=1,102713 x 0,648753/728 =— 0,000983
A=2,149623 and B=3,61609

so that, with 3.2,3(16), we have

"_a_‘f.q = %6 + [(2,149623) + (3,61609)*] x 0,001204 — 2 x 2,149623 x 3,61609 x 0,000983 = 0,008780
Vo

that is
0(pg) =+/ 0,008780 x 4937,88 =462,7

(16)

Q17)

(18)

(19)

(20)

(21)

(22)
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It is apparent that the accuracy obtained for 130 is equivalent to that which would be given by a simple random series with the
same variance of which the sample size would be 0,008780/(2/726) = 3,2 times smaller. Furthermore, for the estimate - , this retio
is slightly smaller and has the value
32,154/(4937,88/729)=4,75

Furthermore, using relations 3.2.3(17) and (18), we also have :

b = /0351247 = 0,59266, cos& = 1,102713/2 x 0,59266) = 0,903307,

& = 0,375547 (en radians) et T = 2n/&@ = 16,7 (23)
with
var b =0,000857 , var ®=0,005738 and covib , &) =0,001760, (24)
which gives . .
var T = (T/a)? var &k =11,3 (25)

We conclude that the fitted recurrence behaves like a damped oscillatory system whose period can be estimated s 16,7 days
with a standard error equal to /11,3 =34 days,
Since 'ﬁo(e")lﬁo =0,29 , we sce that the recurrence “explains” 71% of the variance of x.

3.2.4 Extreme value of a recurrent scries. Bartels’ equivalent number of repetitions

The determination of the distribution of the largest value of a recurrent series is, in principle, a complicated
problem because the correlation relating the elements of the series to cach other does not allow us to deduce this func-
tion directly from that of the elements of the series.

More precisely, if F(x) is the distribution function for the ¢lements x;,i=1, 2, ..., n of arecurrent series of
order equal at least to 1 and if X(m) is the largest value in the series, we have

Prob (x,,, <x)=Prob (x; <x, x; <x, ..., x, <x) *#[Fx)[ 1)
The Bartels’ equivalent number of repetitions defined by the relation
W, = var X, /var x (2)

where %, is the arithmetic mean of the series, allows us to circumvent the difficulty.

First we note, in the context of this number, that by virtue of the discussion in 3.2.3 the arithmetic mean
x,, and the estimate m possess, 1o a first approximation, the same variance. It therefore followsby virtue of the value
of var m given in 3.2.3(6) and of the form of vy given by 3.2.1(16) that the quantity w, depends only on the coeffi-

cients 4y, a3, ..., g, of the recurrence,
In particular, for k =1, with 3.2.3(8), we have

1 +31
w= (3)
1 —al
whereas for £ =2, with 3.2.3(11), we obtain
l1+a; 1—a,+a
@ = 1. 1 2 4)

l1-a, 1-a,—a,
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From the definition {2), we obtain
var %, =(wvar x)/n %
from which if follows formally that, by putting n =), we have
var X ,=varx (6)

This implies that if, in a recurrent series with sample size #, we calculate the non-overlapping means of
consecutive clements (assuming that  is an integer), we obtain n/0) means whose variance is equal to that of the
clements of the initial series and whose distribution is simple-random, because to a first approximation relation (5)is
true for all values of # (var ¥, ,= (var x)/I implies successively ;=0 for/=1,2, .., i.e. the linear independence of the
terms of this series from each other, at least in the case of a joint normal distribution).

Consequently, if we designate as equivalent sample size the quantity

n' =n/W=var x/var x, (7
the distribution of the largest valug in the series of values of x ,and, in approximate fashion, that of the largest value
of the initial scrics, will be given by the relation

Prob (x,. . <x)=[F()}" (8)

(n)

Therefore we deduce that the asymptotic form of the distribution of the extreme values of a recurrent series
is also the double cxponential distribution. Moreover, we can show that in the vicinity of the median, the distribution
of the extreme values can be derived with good accuracy from the initial distribution. In particular, we have

E(xpm) =m + %ﬁ' logn' = m + 0,7797 o(x) logn’ (9)

where O(x) =4/2q, since, if we take the distribution function F(x) to be a double exponential F' with the same mean
and the same variance, then the scale parameter of the function F’ will be U(x)\/gl'lr, and furthermore relation (8) gives

[exp(— e'u)]"’ =exp [ —el08 ”,'u] (10)

Conversely, when relation (9) is not satisficd, we may generally deduce from this that the recurrent model is
not applicable to the series of observations in question.

3.2.4.1 Example 32, The maximum values of the dai'ly average of the atmospberic pressure at Uccle, in April

We have determited, for 30 consecutive years, the maximum value of the daily aversge of the stmospheric pressure at Uccle,
in 0,1 mm of standard mercury. The excess xl-’ of these values over 7000, arranged in increasing order, is indicated in Table 32,
If we adopt for these pressures the recurrent mode] obtained in 3.2.3.1, we get, using 3.2.4(4),

1-0,351247 1+0,351247 +1,102713
= =4,74 (1)
1+0,358247 1+0,351247 - 1,102713

4Y)
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Moreover, the monthly averages of the stmospheric pressure in April at Uccle obtained over 140 years give
var x4 =907,8 (2)
which, using 3.2.4(2), leads to

varx =30 x 907 ,8/4,74 =5745,57 (3)
that is, O(x) =75,8.
With the value m =522 obtained in 3.2.3.1, this allows us to associate with x the value of the reduced variable

(552 — 522)/75,8 =0,40 4)

and consequently, the value F(x}) =0,655 of the distribution function of the standard normal variate.

Moreover, the equivalent semple size n” for the recurrent series of the 30 daily values of a single month are here 30/4,74 =6,33
so that the value of the distribution function of the April maximum corresponding to x] is [F(x’l) 33 =(0,655)6’33 =0,07. Finally,
using the method indicated in 2.1.7.3, we find that the limits Foo2s and Fy 078 of the two-sided confidence interval at the 0,95 level,
for the probability associated with the maximum value x'j are respectively Fy 025 = 9:001 and F, 975 =0,12,

TABLE 32. — Maximum values of the daily average of the atmospheric pressure at Uccle in April, in 0,1 mm of standard mer-
cury. Excess x; over 7000 for 30 consecutive years, arranged in increasing order. Corresponding values F(x;) of the distribution of the
pressures and values of [F(.au:’:)]é'33 for the distribution of the largest monthly value. Limits F0,025 and F0,97 5 of the two-sided confi-
dence interval at the 0,95 level of the probabilities associated with the maximum values x; .

i x: F(x)) [F(xll)]"” Fo,0a5 Fo,sns
1 552 0,655 0,07 0,001 0,12
2 564 709 11 01 17
3 1 142 15 02 22
4 583 788 22 04 27
3 601 §51 36 06 31
6 603 858 38 08 35
7 605 862 39 10 39
8 608 871 42 12 42
9 608 87 42 15 46

10 615 891 43 17 49
1i 618 808 51 2 53
12 618 898 51 23 56
13 619 90¢ 51 25 59
i4 619 900 51 28 63
15 627 9135 37 k3 | 66
16 627 915 57 4 69
17 632 927 62 37 72
18 632 927 62 4] 75
19 635 932 64 44 77
20 636 933 65 47 80
a1 638 937 66 51 83
2 640 941 68 54 85
23 651 955 15 58 88
24 652 956 75 62 90
25 654 959 77 65 92
26 654 959 77 69 94
27 658 963 79 74 96
28 665 971 83 78 98
29 689 986 92 83 99
30 703 992 948 B8 999
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Proceeding in this way for all the values x , the values obtained for F(x?), [FepI?3, Ry gp5 390 F 975 show (Table 32)
that except for disagreement for { =5, 6 and 7, ail the probabilities found for x; lic within the corresponding confidence intervals. If
we take into account that the number ¢ is in reality here only an estimate, this result.can be considered as very satisfactory.

With respect to E(x'!) of 3.2.4(9), we obtain

E(x',-) =522 +0,7797 x 75,8 x log 6,33 =631 (%
Since the values of x; in Table 32 give

E(e)=(552 +564 +... +703)/30=625,9
and

virx;=[(552 - 625.9)% +(564 — 625,9)% +... +(703 — 625,9)% )29 =1127 (6)
we obtain for the statistic
X =(631 — 625,9)* x 30/1127 =0,69 N

a value which is much less than 3,84, the critical value at the 0,05 level of the X2 variate with one degree of freedom, and therefore,
a fortiori, lower than the corresponding critical value of the ¥ variate with 7; =1 and vg = 30 degrees of freedom. The sgreement is,
this time, excellent,

3.2.5 Application to the determination of the periodic deterministic components of a time series

We saw in 3.1.4 that if, for a simple random series of elements X, i=1, 2, ..., n with variance 02, we cal-
culate the estimate ¢; of the semi-amplitude of a hypothetical periodic component with given period T =27/, then
the quantity ¢3/v , with v =20%/n , possesses either exactly or approximately a x* distribution with two degrees of
freedom. Furthermore, the mean valuc and the variance of €, are, to a first approximation,

E(31)=\/w;75 and va.rél =p(2 —\/f) (1)

If we perform this calculation for a continuous series of values of T in the manner indicated in 3.1.5.3, then
the corresponding series of values of ¢, will also vary continuously. Consequently, the theory of simple random series
is not able to provide any significance test which allows us to establish from this series of values of ¢; the possible exis-
tence of a periodic deterministic component in the initial series.

Such a test, on the other hand, can be developed on the basis of the properties of recurrent series. In fact, as
long as the values of T are regularly spaced and sufficiently close together, the series of values of ¢} can be likened to a
recurrent series and the significance test comes down to comparing the estimates of the mean and the variance of 1
deduced from the series with the theorctical values given in (1).

Moreover, we can use the properties of the extreme values of the recurrent series to establish the significance
or otherwise of the maximum value of the serics of values of ¢,. However, since the quantity ¢, is a non-negative varia-
ble, the most accurate test is obtained by using as a test statistic the probability given by 2 ¥® variate with two degrees
of freedom to the valuc of ¢3/v supplied by the largest value of cy.
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3.2.5.1 Example 33. Determination of any periodic deterministic component in the (unmodified) total annual rainfall
series for Brussels-Uccle (137 years)

The calculation was carried out in the same way for the unmodified serics as for the modified serics considered in 3.1.5.4. We
thus find successively

0o =13845,52 , v, =1263,26 , 9, =221,26 (1)
which, with v2/v ==0,17515, gives the equation
2 cos®> ®—0,17515 cos t— 1 =0 (2)
of which the solution cos & = 0,752249 gives, in radians,
&=0,719328 and T=2m&=8,73 3)

Since the values of oy, ¥y, 73 and T are here of the same order of magnitude 2s those obtained in 3.1.5.4, we next estimated
cy, for the same values of T, thatis T =5,0 {(0,1)12,0. In this wey we find the series with sample size » =71 given in Table 33,
Fitting a recurrence to this series and calculating the residual & Dext give, for k =1, the statistic 3.2.2(15)

X; = (71 — 2~ 2) x [0,(e")/Be(e")* = 7,90 )
while, for k =2, this statistic becomes
Xy =(71 — 4 —2) x [T1(e** W Tgle**)]? =0,26 (5)

The critical value of the )a variate with one degree of freedom is 3,84, so that the fit of a recurrence of order 2 can be ac-
cepted.
This fit gives, in particular,

4y = 4,55, 4, = —0,3686 et 4, = 1,1313 ©)

from which, in the same way as in 3.2.3,1, with Tg(e**)=23,63 , we obtain
o= 19,2, var i = 6,08, #,(2,) = 86,34, var fy(¢,) = 720,7 (M)

In addition, under the hypothesis of a simple random scries for the total rainfall the quantity v defined in 3.1.4(19) and (25)
becomes, using the value of vy given in (1),

v=2x13845,52/137=202,12 (8)
from which we obtain, using 3.1.4(29),

E(6))=c] =/202,12/2=16,9 , var ¢ =202,12(2 —/2) =118,4 9

Comparison of the results {7) with the mathematical expectations (9) thus leads to the statistics :
X, () = (19,2 ~ 16,9)%/6,08 = 0,87; X,[06(2,)] = (118,4 — 86,3)%/720,7 = 1,43 (10)

whose values are both less than 3,84 | the critical value at the 0,05 level of thc5 variate with one degree of freedom. Moreover, their
sum 0,87 11,43 =2,30 is less than the critical value 5,99 at the same level of the ) variate with two degrees of freedom.

The series of values of El in Table 33 is thus compatible with the hypothesis of a simple random series for the total rainfall
and consequently with the absence of a periodic deterministic componernt with period lying within the interval considered.
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TABLE 33. ~ (Unmodified) total annual rainfall series for Brussels-Uccle (137 years). Estimates ¢y of the semi-amplitude
of the periodic deterministic component for the values of the period T =5,0(0,1)12,0

T éy T & T &

5,0 35,4 7,4 13,7 9,8 13,0
1 19.4 5 14,7 9 9.3
2 27,7 6 14,6 10,0 6,7
3 26,1 1 79 ,1 6,2
K 8,4 .8 4,5 v 12
3 21,0 9 16,8 ,3 8,4
6 31,7 8,0 26,4 4 9,2
W7 23,4 W1 31,2 .5 9,4
.8 21,7 2 29,9 K 9,1
9 214 23 23,2 \7 9,0

6,0 9,5 4 14,2 ,8 9.3
,1 7.4 5 7.3 .9 10,0
2 12 6 11,0 11,0 11,0
3 6,8 i 18,2 i 11,9
4 8.3 .8 233 2 12,8
5 10,7 9 26,1 3 13,8
K} 19,8 2.0 2711 4 15,1
N 26,6 o 27,3 R 17,0
8 21,9 i 26,9 6 19,7
9 29,7 3 259 .7 23,0

10 35,6 4 4.4 R ] 26,5
1 38,7 )5 22,6 9 299
o 33,1 6 20,1 12,0 32,8
3 21,7 i 16,9

Also using 3.2.4(4), we have for the recurrent series
= 1-0,3686 1+0,3686+1,1313 4,86 11
1+0,3686 1 - 0,3686 — 1,1313
ie.,
n’'=71/4,86=14,61 (12)

It follows that the probability F ¢ associated with the maximum value of the series is given, for the 0,05 level, by the relation

(F)1*:51 =0,95 (13)
which gives F c =0,9965.
The value of the x’ variate with two degrees of freedom cotresponding to the probability F,=0,9965 is 11,6, so that the
critical value of the maximum value of ¢4 reduces, using (8) in the relation

3 =11,6 xv=11,6 x 202,12 =2344,6 (14)
i.c., ¢y =484,

As all the values in Table 33 are less than the latter value, we again arrive at the same conclusion as ubove.,

we should also point out that the same analysis applied to the modified series of total rainfall leads to a series of values of 31
which is only very slightdy different. Since the maximum value of €1, which in this case is 41,75 , is also less than the critical value 48,4,
we sce that in the absence of any preliminary information regarding the existence of the periodic deterministic component, this existen-
ce cannot be proved if we adopt the 0,05 critical level.

Moreover, as the table of the x"' variate with two degrees of freedom associates with : (41,75)2)‘202,12 2=8,62 , the probabi-
lity P =0,0852 , and since we have : (0,9852)!%61 0,804 , we deduce that the maximum value of &1 could be declarcd significant
only by adopting the level 0,196 ==0,2, This would lead to rejecting the null hypothesis when this is true one time in five, and this is
certainly too high an error rate for a Type I etror.
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3.3 PERSISTENT SERIES

If we can assume that the clements of a time series &, i =1, 2, ..., # possess the same distribution with variance
var x = po , then the persistence model constitutes a new alternative to be set up against the hypothesis of 2 simple
random series.

This hypothesis demands that the condition

{
Varjzl Xf+j= Ivo (1)

be satisfied for all values of 7 and / , since it implics that v, =0 for all k >0, and the new alternative hypothesis comes
down to assuming that the relation

i

varjz X4 = o, )
=1
defines for I > 1 guantities ) which are well defined and independent of i, amongst which at least one differs from 1.
Since in the latter case we have between the quantities 4y and the autocovariances vy, v, ..., 94 , the rela-
tion
2
w=1 +—l-[(l— Ly + (-2 + .. o ive 3

we see that knowledge of the autocovariances vy, o3, vy ; lcads to the quantities &) and conversely, and also that the

condition ¢t # 1 for at least one value of 7 > 1 is equivalent to the condition v; 0 for at least one value of / >0.
It can be recognized that the quantities w fit in with the definition of the Bartels equivalent number of re-

petitions introduced in 3.2.4 in the case of a recurrent series. Note, however, that the number w defined in 3.2.4 is in

reality the limiting value towards which the y tend. In particular, for k =1, we have

_l+a, 2a,(1—a})

Ti-a, I0-a) (4)

Wy

of which the asymptotic value for large values of I is w=(1 +a3 ¥(1 —ay).

In practice, calculation of the empirical values of ) is made from the value of the aurocovariances, by using
relation (3); in this connection it is worth saying something about the method of calculating these autocovariances
when the series of observations comprises the daily values for the same month over a serics of years. So as to eliminate
the effect due to a possible seasonal variation, we first calculate the empirical variances and covarjances for the whole
set formed by the various days of the month. In particular, if for a given month we represent the overall set of observa-
tions of the daysj of the years i by the matrix || %y lwithi=1,2,..,Nandj=1,2, ..., n', then the cmpirical variances

and covariances are given by the relations

N
Byp = [iz‘l XXy — (A‘-‘xu)(qu-)/N:l (N —1) (5)

where j, j'=1, 2, ..., n". The empirical variance and autocovariances of the overall set are next obtained from the rela-
tions

50 = Zﬁﬂln's ﬁi = (Eﬁf.f+l)/(n' - l): ! = 1; 2» "ty n -1 (6)
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Under these conditions, when fitting a recurrence of order k, the system of equations 3.2.2(2) becomes

i Ay Il 6= @
with
Vg vy e v, a, oy
vy a, Ui-1
Hde-sll= || tA-1 vh-2 - o » 0= axi, B=} v] (8)
where
= W=k
o= zx" U n" — k), o= ; Byedfin’—K), 1=1,2,-,k-1 ®
and
et
oy = ; Opsnmagenll® — k), 1=1,2,--k (10)

The solution of the system (7) will be the mean value of the solutions given by the series of observations of
cach of the N months considered, after climinating the scasonal variation of the mean.

3.3.1 Example 34, The daily maxima of the air temperature recorded at 8 a.m. at Uccle in July.

The 8 a.m.. daily maximum air temperature is the temperature read at 8 am.on a meaximum thermometer, the thermometer
being resct after each reading, Since this reading is taken at 2 time of the day when the air temperature is relatively close to its minimal
value, the successive maxima at 8 a,m. belong in principle to distinct 24 hour periods. The sequence of the daily maxima at 8 a.m. is con-
sequently related only to the evolution from one day to the next of the meteorological conditions, and is not perturbed by any repeti-
tion effect such as is the case, for example, for the daily maximum at midday.

This being so, we have considered the daily maxima of the air temperature at 8 a.m. at Uccle, recorded in July between 1921
and 1970 and the application of relation 3.3 (5} and (6} led to the empirical values of the gutocovariances given in Table 34, where we
have 7' =31 and N =50.

Since, with tg =1750, the statistic 3.2.2(12) becomes

X, =N(»’ — 1)53/53 =50 x 30 (1154/1750)* =652,3 (1)

i.c., a value much greater than 3,84 , the critical value at the 0,05 level of the )(2 variate with one degree of freedom, then the hypothesis
of a simple random series can be rejected. This result is confirmed by the behaviour {Table 34) of the empirical values w,‘ deduced from
the sutocovariances by means of relation 3.3(3).
Therefore we can test the fit of a recurrence, Furthermore, negative values of the autocovariances appear for 122135, so the
trial was made straight away fork =2,
With
vy =1787,8 , v} =1165,7 , v1'=1149,7 and v3y'=v; =759,75 ()

the system of equations 3.3(7) reduces to
agvp tay v =0y

ay vy tazvp =v¢
and gives the solution
4, =0,009838 and a; =0,6367 (3)
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Under the null hypothesis a4 =0, 3.2.3(13) becomes
var @y =1/N(n’ — 2) =1/50 x 29 =0,000690 4)

which leads to the statistic
a%/var a; =(0,009838)2/0,000690 =0,14 (s

this value being much less than 3,84 , the critical value at the 0,05 level of the x’ variate with one degree of freedom. Consequently
we can assume gy =0 and adopt the hypothesis of a recurrence of first order.
In the latter case, with 93 =1767,9 and v} =7 =1153,9 , the system of equations 3.3(7) reduces to

a1vp =vy (6)
which gives
4, =1153,9/1767,9 =0,6527 (7)
and, with 3.2.2(11) R
var 2y =[1 — (0,6527)*)/50 x 30 =0,000383 (8)

i.c., a standard deviation of 0(3,) £¢0,02.

TABLE 34, — Daily maxima at 8 a.m. of the air temperature in July at Uccle. Values of the quantitics vy, Ay,
and a%.

i v Wiy B4y A al
1 1154 1,66 1,65 0,659
2 760 2,17 2,15 -1 0,659
3. 544 2,58 2,54 33 0,673
4 397 2,91 2,85 45 0,690
5 392 3,21 3,09 130 0,741
6 300 3,47 3,29 42 0,745
7 226 3,70 345 28 0,746
8 197 3,50 3,58 48 0,761
9 183 4,09 3,69 53 0,778

10 194 4,26 3,78 73 3,803

11 203 4,42 3,86 75 0,806

12 128 4,56 3.93 —6 0,804

13 57 4,70 3,99 —27 0,768

14 29 4,81 4,04 -9 0,746

15 —43 4,91 4,08 —62

16 —86 4,99 4,12 —58

17 —88 5,06 4,16 -1

I8 —129 51 4,19 -7

19 —150 515 4,22 —65

20 —172 5,17 4,24 —-73

21 —207 5,18 4,27 —94

22 —153 519 4,29 —16

23 —121 5,18 4,31 -—20

24 —33 5,18 4,33 47

25 —43 517 4,34 —21

26 —188 516 4,36 - 160

27 —416 5,13 4,37 —292

28 —428 5,09 4,39 —154

29 —442 5,03 4,40 —160

30 - 240 497 4,40 51
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Using 3.3(4), we find estimates (;Jl'l-l of Table 34, to which we have added the value of Aﬂj calculated by means of the rela-
tion
Avlt;l—“l?l-l :-61“0,6527 ?1_1 (9)

together with those of 4} deduced from the relation
@}y =7,/% (10)

We sce that the empirical values ¢, 1 increase more rapidly than the estimated values &3, 4, and we can reconcile this with the
positive values of the residual Ao for 1 =3 to 11 and the systematic increase, for the same values of I, of 47 up to a value lying far out-
side the confidence interval at the 0,95 level assigned by the value (8) of var ay to the true value of a;.

Although the latter observation does not constitute a rigorous significance test, 2 confirmation of the incompatibility of the
model can also be found in the behaviour of the monthly absolute extreme values. .

Indeed, with W=(1 +0,6527)/(1 — 0,6527) =4,7587 , from which we obtain " =31/4,7587 =6,51 ; and O(x) =/ =
41,8, relation 3.2.4(9) gives

0,7797 x 0(x) x log ' =0,7797 x 41,8 x 1,873 =61,05 (12)
which, with the general mean over 50 years r;: =234 leads to the mathematical expectations
E(TX)=234 +61=295 and E(TN)=234-—-61=173 (13)

for the absolute extreme values TX end TN of the month (largest and smallest maximum of the month}.
Also, the 50 observed values of TX and TN give

FX =TTX/50=317.9 , vir TX=17,06 , TN =ZTN/50=169,3 , vir IN=7,49 14)
and hence the statistics
X(TX)=(317,9 —295)2/17,06 =30,7 and X(TN)=(169,3 —173)%/7,49 =183 15)

whose values demonstrate a good agreement enly for TN.

In reality, examination of the series shows that the disagreement for TX can be explained by a larger variability of the residual
of the recurrence when it is associated with the largest values of the maxima than in the other cases.

If we add to this that the application of the Shapiro-Witk normality test to the 50 values of TN and TX shows in both cases
that there is excellent agreement with the hypothesis of a normal distribution of these values, this agreement excludes any distribution
function of the form [F(x)I" , and we must conclude from this that the first-order recurrent model gives an imperfect representation of
the time series considered, and that in reslity we are dealing with 3 heterogeneous process.

3.4 MOVING AVERAGES. WEIGHTED AVERAGES. FILTERS

Given a time series x;, i =1, 2, ..., n for which we assume Ext- =0, we designate as moving averages serics any
scries derived from a relation of the form :

Vieko1 = @ ¥;+ QX o+ BXigg-yy = 1,2, ,n—k+1 (1)

with k 2> 2 and where the quantities a4, 43, ..., 4 are given constants amongst which 4 and a, are not cqual to zero.
If, furthermore, we have the relation
2a ;=1 (2)
then the moving averages are said to be weighted.
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Denoting by y and by 8, respectively, the vectors formed by the elements Yirk.1 and the elements 4;, and by
u#, the matrix

x! x2 aar xk
X2 X3 v Xpe
U= Xyek+1 o Xp 3
then relation (1) can also be written as
y=uf 4

and we say that the vector y is the result of applying the filter § of order k to the series #%; If we adopt as matrix »
the matrix

i V. M *n
n—1 n—-1 n—1

0 X2 L. Xn
n—2 n—-2

u= 0. 0 x,.., x,

(5)
and as filter 8 the vector formed by the elements ; of the initial series, then the derived series y =u8 turns out to be
the same as the scries of the empirical autocovariances, which we have seen plays an important role in periodic or re-
current series.

In general, the derived series obtained by application of a filter has random properties which are different
from those of the initial series. In fact, it follows from the relation

var y =E{yy") =Eu68’%’) (6)

that the autocovariances of the serics ¥ are well defined linear forms of the autocovariances of the inital series.
In particuiar, for a persistent series with autocovariances

vfa=cov(x’-,x’-”-:) (7)
we have, for example, for k =2,
vp(¥) = cov (Yiy s Virp+ 1) = Ellayxy + aax Nagx, o + A2 X4 g4 1))

= (@ + a3y + 6,a3(0; -y + V) ®

It follows that if the initial series is simple random, then we have, for &k =2
v(¥) = (af + a3)ve, v4(y) = @105 and v,{y)=0, for i’ >2 9)

while the application of a filter of arbitrary order k gives in the same case

U!J(‘V) = Za;a!+i»vo, l" = 0, ]., 2, ety k had 1,3nd Uy = 0, i’ 2 k. (10)

Any series of moving averages of a simple random series is, consequently, a persistent serics.
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Application of a filter to a time series is generally aimed at transforming the initial series in such a way as to
retain the propertics of the systematic component of the series and to reduce the variance of the random component.
Therefore, among the filters of order & with the same mean a = Ealfk, the one which leads to the smallest variance
vo(y) with a simple random series is the one for which we have : 4;=4. In particular, if zal =1, we then obtain

a= 1/k (11)
and relations (10) become

voly) =vo/k ; v Ay)=(k —Wo/k® , i'=1,2,.. k-1, and v(y)=0, P2k, (12)

In practice, the use of filters can be justified when we wish to enhance phenomena whose scale differs signi-
ficantly from the order of the filter. In this conneetion, in a periodic series the application of a filter of the type (11)
brings about a reduction in the amplitude of the periodic component which becomes progressively larger as the order
of the filter gets closer to the period. We can therefore also make use of this property to climinate a particular com-
ponent of the initial series and thus make the other components stand out better.

Although the use of filters constitutes a simple means of determining, in an initial analysis, the behaviour
of a time series, any conclusions drawn on the basis of such an analysis must be considered valucless if they are not
confirmed by appropriatc tests.

Without such precautions, their use will inevitably lead only to disappointing results, and we can indeced at-
tribute the failures experienced with certain prediction methods based empirically on the use of moving averages to
the absence of adequate testing.

3.4.1 Example 35. Cumulative sums of the rainfall at Uccle over 3, 6 and 12 consecutive months. Application to the
case of the droughts of 1921, 1949 and 1864

The cumulative sums considered arc special cases of application of filters of order £ =3, 6 and 12, with a;=1. These provide
a simple means of characterizing the evolution of the meteorological series in climatological reports and, in the case of rainfall seties,
of describing the structure of the succession of above-average and below-average cases. They therefore allow, to some extent, a berter
understanding of their influence on certain phenomena in agriculture, hydrology and certain other areas.

As an example, we have considered (Table 35) the cumulgtive sums of the rainfall ar Uccle over 3, 6 and 12 consecutive
months between 1920 and 1922 and, for comparison, we have also included the cumulative sums over 12 consecutive months from
1948 to 1950 and from 1863 to 1865. The cumulative deficit in the year 1921 is in fact the largest recorded since the start of mete-
orological observations at Brussels in 1833; the next largest deficit is that of 1949, while that of 1864 is the highest recorded in the last
century {from 1833).

The normal for the ennual amount of precipitation at Uccle is 780 mm, i.e. for the three meonths a mean of 195 mm and for
the six months a mean of 3%0 mm; the data in Table 35 thus show that the drought of 1921 cotresponded to a continuous deficit in the
moving cumulative totals over three months from October 1920 to December 1921. For the moving totals over six montbs, the period of
deficit extends from October 1920 to March 1922, whereas for those over 12 months, this starts only in December 1920 but cxtends
until July 1922. We sce thar the deficit reached its highese point for the thres months totals in July and August 1921, for the six months
totals in October 1921, and for the twelve months totals in September 1921,

So, depending on the interval over which the camulative totals ars calculated, the least favourable periods range from May
to August 1921, from May to October 1921, and from October 1920 to September 1921,

The evolution of the cumulative totals also shows that the drought of 1921 followed a period of heavy precipitation up to
the middle of 1920 and that the return of such amounts of precipitation occurred from the beginning of 1922,
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a4

For the year 1949, the behaviour of the moving cumulative totals over 12 months was similar, with a minimum at the start of
the autumn followed by a progressive recovery, returning in 1950 to significantly above-average rainfall observations, In contrast, unlike
the above-average rainfall which was present over almost the whole of the year 1920, below-average values were already becoming
apparent during the first half of 1948,

Finally, the behaviour of the moving cumulative totals over 12 months from 1863 to 1865 shows a quite different character.
All the 12 months sums are below average, and the minimum is reached in Decermnber 1864. Although the deficit did not reach the pro-
portions of that of 1921, it is nonetheless distinguished from the latter by a greater degree of persistence.

Thus we see, on the basis of the cumulative sums, that the three droughts had their own distinet characteristics which distin-
guish each one quite clearly from the others.

TABLE 35, — Total rainfall in mm at Uccle over one month (1) and accumulated over three {3), six (6) or twelve (12) conse-
cutive months (the cumulative sums are attributed to the last month of the period)

Month |  Year 1 3} (6 12 Year (12) Year (12)
1 1920 119 389 389 1021 1548 738 1863 700
2 31 s 585 998 760 684
3 28 178 534 953 689 672
4 103 162 551 970 684 638
5 76 207 516 1020 702 656
6 48 227 403 1020 756 644
7 125 245 411 1000 792 585
8 52 225 432 1017 832 609
9 50 227 454 988 836 668

10 15 117 366 917 858 618
11 2% 94 39 835 822 621
12 61 105 332 137 791 631
1 1921 77 167 284 695 1949 694 1864 627
2 10 148 242 674 674 641
3 39 126 231 685 683 657
4 33 82 249 615 672 637
5 18 90 238 557 674 611
6 17 68 194 526 558 601
7 6 41 123 407 488 582
8 20 43 133 375 437 578
9 26 52 120 351 485 561
10 23 69 110 359 459 574
11 81 130 173 411 510 559
12 56 160 212 406 520 498
1 1922 93 230 299 422 1930 552 1865 520
2 51 200 330 463 635 564
3 57 201 361 481 609 557
4 86 194 424 534 641 358
5 12 155 355 528 680 585
6 120 218 419 631 724 552
7 113 243 431 736 812 670
8 93 324 479 809 834 686
9 96 300 518 879 890 623
10 50 239 482 906 860 684
11 80 226 550 $05 928 673
12 60 190 450 S09 952 674
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3.5 CONCLUSIONS

To summarize, we can see on the basis of the few examples we have considercd that analysis of a persistent
series plays an overwhelmingly important role in climatology. We must, in fact, steer towards the use of such models
if we wish to provide as complete a statistical representation as possible of the phenomena, i.e. a representation which
gives a description of their behaviour on the smallest as well as on the Jargest time-scales.

The importance of persistence models had in fact already become apparent during the investigation of the dis-
tributions of discrete variables and we may conclude that the range of available models is sufficiently wide to represent
the series of frequencies in climatology.

The situation is clearly less favourable in the case of serics of obscrvations of a continuous variable, and the
example of the daily maximum of the air temperature at Uccle in July has shown that the problem of the statistical
represcntation of a meteorological phenomenon can extend beyond the domain of recurrent serics and even that of
persistent series.

We can thus conclude that the answer to this question lies in the design of more general models in which the
mean and the variance would not, for example, be stationary, even though the increase in the number of parameters
which results incvitably leads to a lower precision in the estimation of the parameters.

Nonetheless, although it is desirable purely from the point of view of attempting to represent the phenomena
by the most reliable model, it would appear reasonable in practice always to link the adoption of a particular model to
the accuracy of the results necessary in the applications in question.

3.6 REFERENCE WORKS CONSULTED

The estimation methads presented both in the case of periodic random serics and in that of recurrent random serjes are direct
applications of the method of least squares.

Although consideration of recurrent random models goes back to Yule [49] and to Walker [50] and although it is possible to
find in [8] a colleetion of properties of these scries, a fresh description of the theory of these series was still necessary in order to solve
the problems of estimation. We should also emphasize the importance taken by the series of the autocovariances because of the very
varied behaviour which its study reveals, depending on whether it is calculated from a periodic random series or a recurrent random
serjes,

Note that Box and Jenkins [55] heve generalized the autorcgressive series by allowing the residuals to be correlated by defining
them as a finite moving average (sce Kendall [56]). As may be expected, in this case, the problem of estimation has no longer 2 solution
by the method of least squares, but is rather involved, using preliminary estimates for finding final results with the assistance of a compu-
ter routine, Moteover, when testing estimated residuals in the case of sutoregressive scries, is should be kept in mind that the variance of
the distribution of the statistic 3.2.2(15) is modified owing to the fact that the error of estimation of the residusl is a moving average of
the elements of the autoregressive scries. Howcver, for large samplcs, the bias being small, the test remains valid in 2 first approximation.

We would like the fundamentals on which the usc of the Bartels equivalent number (to determine the distribution of the ex-
treme values of a recurrent series) is based to be more rigorous. Nonethless, its use fills a gap in 2 way which appears acceptable, and al-
though progress still remains to be made in this area we believe that our method should prove useful.

The concept of persistent series generalizes that introduced by Bartels in [51], together with the concept of the equivalent
number of repetiticns, which was also taken up by vander Bijl in [52 ] the concept of a filter conforms to the definition given, for exam-
ple, in [8].

Also, [53] gives some indications on the efficiency of a simplified method for estimating the Bartels equivalent number in the
case of a recurrent random series of first order (Markov series) and [54] mentions failures encountered when filters are used as 2 predic-
tion method,

The source of the data used in examples 29, 30, 33 and 35 has been stated earfier; for examples 31, 32 and 34 we referred to
the climatological archives for Uccle,
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TABLE A. — K. Pearson’s test for normality. Quantiles of the statistic b;.

n P = 0,01 0,05 0,95 0,99
7 1,25 1,41 3,55 4,23

8 1,31 1,46 3,70 4,53

9 1,38 1,53 1,86 4,82
10 1,39 1,56 3,95 5,00
12 1,46 1.64 4,05 5,20
15 1,55 1,72 4,13 5,30
20 1,65 1,82 4,17 5,36
25 172 1,91 4,16 5,30
30 1,79 1,98 4,11 5,21
35 1,34 2,03 4,10 5,13
40 1,89 2,07 4,06 5,04
45 1,93 2,11 4,00 4,94
50 1,95 2,15 31,9 4,88
78 2,08 2,27 3,87 4,59
100 2,18 2,35 3,77 4,39
125 2,24 2,40 N 4,24
150 2,29 2,45 3,65 4,13
200 2,37 2,51 3,57 3,98
250 242 2,55 3,52 1,87
300 2,46 2,59 3,47 379
350 2,50 2,62 3,44 3,72
400 2,52 2,64 3,41 3,67
450 2,55 2,66 3,49 3,63
500 2,57 2,67 3,37 3,60
550 2,58 2,69 1,38 3,57
600 2,60 2,70 3,34 3,54
650 2,61 2,1 3,33 3,52
700 2.62 2m 3,31 3,50
750 2,64 273 3,30 3,48
800 2,65 274 3,29 346
850 2,66 2,74 3,28 3,45
900 2,66 2,75 3,28 343
950 2,67 2,76 3,21 3,42
1000 2,68 2,76 3,26 3,41

TABLE B. — Joint test on the statisticsy/F| and by. Critical values of Fisher's statistic for the level &.

n a = 0,05 a=00
20 10,3 16,6
30 10,1 16,3
40 10,0 15,%
50 10,0 15,7
75 9.8 15,4
100 2.7 151
200 9.6 14,8
300 9.5 14,6
500 9,5 14,3
1000 9,5 13,8

a4
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TABLE C. — Shapiro - Wilk’s test for normality. Coefficients a,, for the statistic W.

m n=2 3 4 5 6 7 8 9 10
1 0,70T1 0,7071 0,6872 0,6646 0,6431 0,6233 0,6052 0,5888 0,5739
2 _— 0000 1677 ,2413 ,2806 L3031 ,3164 3244 ,3291
3 — _ - ,0000 ,0875 1401 1743 ,1976 2141
4 — — —_ —_ — ,0000 ,0561 ,0947 1224
5 — — — — — _ — ,0000 0399
1 12 13 14 15 16 17 18 19 20
1 0,5601 0,5475 0,5359 0,5251 0,5150 0,5056 0,4968 0,4886 0,4308 0,4734
2 3315 13325 ,3325 ,3318 ,3306 ,3290 3273 ,3253 3232 3211
3 2260 ,2347 2412 ,2460 ,2495 ,2521 12540 ,2553 2561 2565
4 ,1429 L1586 1707 ,1802 1878 ,1939 ,1988 2027 ,2059 2085
5 ,0695 ,0922 1099 1240 1353 ,1447 1524 , 1587 1641 1686
6 0,0000 0,0303 0,0539 0,0727 0,0880 0,1005 0,1109 0,1197 0,1271 0,1334
7 — — L0000 ,0240 ,0433 ,0593 ,0725 ;0837 0932 1013
8 — -— -—_ — ,0000 0196 ,0359 0496 0612 LO7TH
9 _ —_ — _— - —_ L0000 0163 ,0303 ,0422
10 — — — — — — — — L0000 0140
2] 22 23 24 25 26 27 28 29 30
1 0,4643 0,4590 0,4542 0,4493 0,4450 0,4407 0,4266 0,4328 0,4291 0,4254
2 3185 ;3156 ;3126 ,3098 3069 3043 ,3018 2992 12968 2944
3 2578 , 25T ,2563 2554 12543 2533 ,2522 2510 ,2499 2487
4 2119 2131 2139 , 2143 ,2148 ,2151 2152 ,2151 ,2150 ;2148
5 1736 ,1764 ,1787 ,1807 ,1822 ,1836 ,1848 , 1857 ,1864 ,1870
& 0,139% 0,1443 0,1480 0,1512 0,1539 0,1563 0,1584 0,1601 0,1616 0,1630
7 ,1092 ,1150 ,1201 ,1245 ,1283 1316 ,1346 1372 ,1395 1415
8 ,0804 ,0878 ,0941 0997 1046 1089 ,1128 1162 ,1192 ,1219
9 0530 ,0618 ,0696 ,0764 ,0823 L0876 0923 L0965 ,1002 ,1036
10 ,0263 ,0363 0439 0539 ,0610 0672 ,0728 L0778 ,0822 ,0862
11 0,0000 0,0122 0,0228 0,0321 0,0403 0,0476 0,0540 0,0598 0,0650 0,0697
12 _ e ,0000 0107 1200 ;0284 0358 0424 0483 0537
13 e — — — ,0000 ,0094 L0178 ,0253 0320 ,0381
14 — — — — — — ,0000 ,0084 0159 ,0227
15 — — — — —_ — — — ,0000 L0076
31 12 33 34 35 36 37 38 39 40
1 0,4220 0,4188 0,4156 0,4127 0,4096 0,4068 0,4040 0,4015 0,3989 0,3964
2 42921 ,2898 2876 ,2854 2834 ,2813 ,2794 2774 27335 2737
3 12475 ,2463 ,2451 2439 2427 2415 2403 ,»2391 ,2380 ,2368
4 2145 2141 ,2137 ,2132 2127 2121 2116 2110 2104 2098
5 L1874 ,1878 ,1880 ,1882 ,1883 ,1883 ,1883 ,1881 ,1880 ,1878
6 0,1641 0,1651 0,1660 0,1667 0,1673 0,1678 0,1683 0,1686 0,1689 0,1691
7 ,1433 1449 1463 , 1475 ,1487 1496 ,1505 1513 1520 ,1526
H] ,1243 1265 ,1284 ,1301 ,1317 ,1331 1344 1356 1366 ,1376
9 1066 ,1093 ,1118 LE140. L1160 1179 1196 1211 L1225 1237
10 ,0899 ,0931 L0961 ,0982 1013 ,1036 1036 ,107% 1092 L1108
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TABLE C. — {Continued}
m n=31 32 33 34 3s 36 37 38 a9 40
11 0,0739 0,0777 0,0812 0,0844 0,0873 (,0900 0,0924 0,0947 0,0967 0,0986
12 L0585 0629 L0669 L0706 ,0739 L0770 L0798 0824 ,0848 0870
13 L0435 L0485 ,0530 L0572 L0610 L0645 0677 ,0706 ,0733 0759
14 0289 ,0344 ,0395 0441 0484 L0523 L0559 ,0592 ,0622 0651
15 0144 ,0206 0262 0314 ,0361 ;0404 0444 L0481 ,05135 ,0546
16 0,0000 0,0068 0,0131 0,0187 0,0239 0,0287 0,0331 0,0372 0,0409 0,0444
17 — — L0000 L0062 0119 o172 10220 0264 L0305 ,0343
18 —_ —_— — -— ,0000 0057 L0110 0158 ,0203 0244
19 — - — — - — ,0000 ,0053 L0101 0146
20 - — - — — - — — ,0000 ,0049
41 42 43 44 45 46 47 48 49 50
1 0,3940 0,3917 0,3894 0,3872 0,3850 0,3830 0,3808 0,3789 0,3770 0,375¢
2 2719 ,2701 ,2684 2667 ,2651 2635 ,2620 ,2604 2589 2574
3 2357 ,23435 L2334 ,2323 ,2313 ,2302 ,2291 ,2281 ,2271 2260
4 2091 L2085 ,2078 L2072 ,2065 ,2058 ,2052 L2045 ,2038 ,2032
5 L1876 L1874 L1871 ,1868 L1865 ,1862 ,1859 ,1855 ,1851 ,1847
] 0,1693 0,1694 0,1695 0,1695 0,1695 0,1695 0,1695 0,1693 0,1692 0,1691
7 ,1531 L1535 1539 ,1542 1545 1548 ,1550 ,1551 ,1553 ,1554
8 ,1384 ,1392 L1398 1405 L1410 L1415 ,1420 ,1423 1427 1430
8 1249 ,1259 L1269 L1278 ,1286 1293 1300 ,1306 L1312 1317
10 L1123 ,1136 L1149 1160 1170 ,1180 1189 1197 ,1205 L1212
i1 0,1004 0,1020 0,1035 0,1049 0,1062 0,1073 0,1085 0,1095 0,1105 0,1113
12 L0891 0909 ,0027 0943 0959 0972 ,0986 ,0998 L1010 ,1020
13 L0782 L0804 ,0824 0842 L0860 0876 ,0892 0906 0919 0932
14 L0677 0701 0724 L0745 L0765 L0783 ,0801 ,0817 ,0832 0846
15 ,0575 0602 L0628 L0651 ,0673 ,0694 L0713 L0731 ,0748 L0764
16 0,0476 0,0506 0,0534 0,0560 0,0584 0,0607 0,0628 0,0648 0,0667 0,0685
17 L0379 L0411 0442 L0471 L0497 L0522 L0546 ,0568 ,0588 L0608
18 0283 0318 0352 L0383 0412 L0439 ,0465 ,0489 L0511 ,0532
19 0188 0227 ,0263 0296 ,0328 L0357 L0385 41l ,0436 ,0459
20 ,0094 0136 LTS L0211 ,0245 L0277 0,307 0335 L0361 ,0386
21 0,0000 0,0045 0,0087 0,0126 0,0163 0,0197 0,0229 0,0259 0,0288 0,0314
22 —_ — ,0000 ,0042 0081 0118 L0153 L0185 ,0215 ,0244
23 _ — — -— ,0000 ,0039 0076 L1l L0143 0174
24 — — — — —_ — L0000 ,0037 L0071 ,0104
25 - — — — - — - _ L0000 L0035
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TABLE D. — Shapiro-Wilk’s test for normality. Quantiles of the statistic W.

a4

n P =001 0,02 0,05 0,10 0,50 0,90 0,95 0,98 0,99
k) 0,753 0,756 0,767 0,789 0,959 0,998 0,999 1,000 1,000
4 687 707 ,748 ,792 935 ,987 992 996 997
5 586 L7135 L7162 306 927 979 986 L3991 1993
6 0,713 0,743 0,738 0,826 0,927 0,974 0,981 0,986 0,989
7 ,7130 ,760 ,303 838 928 972 979 ,985 ,988
8 ,749 ,778 318 851 932 972 978 984 LO87
9 ,764 ,791 ,829 859 935 972 978 984 L9386
10 ,781 306 342 ,869 938 972 578 983 986
11 0,792 0,817 0,850 ,876 0,940 0,973 0,979 0,984 0,986
12 ,305 828 359 ,883 ,943 973 579 984 936
13 814 837 866 ,389 ,945 974 979 934 ,986
i4 825 846 874 ,895 947 975 L9580 ,984 ,986
15 ,835 855 ,881 901 ,250 975 ,980 ,984 ,987
16 0,844 0,863 0,887 0,906 0,952 0,976 0,981 0,985 0,987
17 ,851 869 ,892 910 954 977 981 985 987
18 ,358 874 397 914 956 978 982 986 988
19 ,863 479 ,901 517 957 ,978 982 ,986 588
20 368 ,384 ,905 ,920 559 379 983 986 988
21 0,873 0,888 0,908 0,923 0,960 0,980 0,933 0,987 0,989
22 878 ,892 911 926 ,961 ,980 984 987 ,989
23 .581 ,895 914 928 ,962 981 ,984 ,987 ,989
24 884 L898 916 ,230 963 981 ,984 ,987 989
25 L8388 901 518 931 964 981 ,985 L9388 989
26 0,891 0,904 0,920 0,933 0,965 0,982 0,985 0,988 0,989
27 ,894 906 ,923 935 965 ,982 ,985 L9988 990
23 ,896 908 924 936 966 ,982 J985 ,988 990
9 ,898 910 926 937 966 ,982 985 ,988 930
30 900 ,912 927 519 967 ,983 985 988 990
31 0,902 0,914 929 0,940 0,967 0,983 0,986 0,988 0,990
32 904 L3158 930 941 968 ,983 986 988 990
33 306 917 931 942 968 983 986 989 990
34 908 919 933 ,943 969 983 986 989 990
35 910 920 934 944 ,969 984 986 989 ,990
36 0,912 0,922 0,935 0,945 0,970 0,984 0,986 0,989 0,990
37 914 924 936 946 970 584 J987 ,989 ,990
38 916 925 ,938 947 971 ,984 ,987 989 990
39 017 927 939 ,948 971 984 ,987 989 ,991
40 919 928 .40 949 972 ,985 ,987 ,989 991
41 0,920 0,929 0,941 0,950 0,972 0,985 0,987 0,989 0,991
42 922 ,930 942 951 972 ,985 987 ,989 991
4 923 932 943 951 973 985 987 990 991
44 924 933 944 ,952 ,973 ,9835 987 ,990 991
45 926 934 545 ,953 973 985 988 990 991
46 0,927 0,935 0,945 0,953 0,974 0,985 0,988 0,990 0,991
47 928 936 ,946 ,954 ,974 ,985 988 990 991
48 929 937 ,947 054 974 985 988 990 991
49 ,929 937 947 955 L9274 985 088 ,990 981
50 ,930 ,938 947 ,955 974 985 938 990 991
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ANNEX 189
TABLE E. — D’Agostino’s test for normality. Quantiles of the statistic Y.
n P = 0,005 2,010 0,025 0,05 0,10 0,50 0,95 0,975 0,990 0,995
10 —4,66 —4,06 -=3,25 —2,62 ~1,99 0,149 0,235 0,29% 0,356 0,385
12 —4,63 -4,02 -3,20 —2,38 —1,94 0,237 0,329 0,381 0,440 0,479
14 —4,57 —3,97 —3,16 —2,53 -—1,90 0,308 0,399 0,460 0,515 0,555
16 4,52 —3,92 —3,12 —2,50 —~1,87 0,367 0,459 0,526 0,587 0,613
18 —4,47 —3,87 --3,08 —2,47 —1,85 0417 0,515 0,574 0,636 0,667
20 —4,41 —3,83 —~3,04 —2,44 —1,82 0,460 0,565 0.628 0,690 0,720
22 —4,36 —3,78 —3,01 —2,41 —1,81 0,497 0,60% 0,677 0,744 0,775
24 —4,32 —3,75 —-2,98 —2,39 —1,79 0,530 0,648 0,720 0.783 0,822
26 —4,27 -3 —2,96 —2,37 —1,77 0,559 0,682 0,760 0,827 0,867
28 —4,23 —3,68 —2,93 —2,35 —1,76 0,586 0,714 0,797 0,868 0,910
30 —4,19 —3,64 —-2.91 —2,33 —1,75 0,610 0,743 0,830 0,506 0,941
32 —4,16 —3,6 —12,88 -2,32 —1,73 0,631 0,770 0,862 0,942 0,983
34 —4,12 - 3,59 —2,86 -2,30 -1,72 0,651 0,794 0,891 0,975 1,02
36 —4,09 —3,56 —12,85 —2,29 —-1,7 0,669 0,816 0,317 1,00 1,05
8 —4,06 —3,54 —2,83 —2,28 —1,70 0,686 0,837 0,941 1,03 1,08
40 —4,03 —3,5 —2,81 —2,26 —1,70 0,702 0,857 0,964 1,06 1,11
42 —4,00 —3,49 —~2,80 —2,25 —1,69 0,716 0,875 0,986 1,09 1,14
44 —3,98 —3.47 —2,78 —2,24 —1,68 0,730 0,892 1,01 1,11 1,17
46 —3,95 —-3,45 —2,717 —2,23 —1,67 0,742 0,908 1,02 1,13 1,19
48 —3,93 ~3,43 —2,75 —2,22 —1,67 0,754 0,923 1,04 1,15 1,22
50 —391 —3.41 —2,74 —-2,21 —1,66 0,765 0,937 1,06 1,18 1,24
60 —3,81 —3,34 —2,68 —~2,17 — 1,64 0,812 0,997 1,13 1,26 1,34
70 -3,73 —3,27 —2,64 —2,14 —1,61 0,849 1,05 1,19 1,33 1,42
80 —3,67 —3,22 —2,60 —2,11 —1,59 0,878 1,08 1,24 1,39 1,48
90 —3,61 —3,17 -2,57 —2,09 —1,58 0,902 1,12 1,28 1,44 1,54
100 —3,57 —3,14 —2,54 —2,07 —-1,57 0,923 1,14 1,31 1,48 1,39
150 —3400 | —3,009 | —2452 | —2,004 | —1,520 0,990 1,233 1,423 1,623 1,746
200 —3,302 —2,922 2,391 —1,960 —1,491 1,032 1,290 1,496 1,715 1,853
250 —3,227 —2,861 —2,348 —1,926 — 1,471 1,060 1,328 1,545 1,779 1,927
300 ~3,172 —2,816 —2,316 — 1,906 — 1,456 1,080 1,357 1,528 1,826 1,983
350 —3,129 | —2,781 | 2,291 | —1,888 | —1.444 1,096 1,379 1,610 1,863 2,026
400 —3,094 | —2,753 | ~2,270 | —1873 | —1.434 1,108 1,396 1,633 1,893 2,061
450 —3064 | —2,720 | —2283 | —1,861 | —1,426 1,119 L4l 1,652 1,918 2,090
500 —3,040 | —2,709 | —2,239 | —1,85%0 | —1419 1,127 1,423 1,668 1,938 2,114
550 —3,019 —2,691 —2,226 - 1,841 —1,413 1,135 1,434 1,682 1,857 2,136
600 —3,000 —2,676 —2215 —1,831 —1,408 1,141 1,443 1,694 1,972 2,154
650 —2,984 | ~2,663 | —2,206 | —1,826 | —1,403 1,147 1,451 1,704 1,986 2,17
700 —2,969 —2,651 —2,197 —1,820 — 1399 1,152 1,458 1,714 1,999 2,185
150 —2,956 - 2,640 —2,18% —1,814 —1,393 1,157 1,465 1,722 2,010 2,199
800 —~2,944 | —2,630 | —2,182 | —1,809 | —1,392 1,161 1,471 1,730 2,020 2,211
850 —2933 | —2621 | —2,076 | —1,804 | —1,389 1,165 1,476 1,737 2,029 2,221
900 —2923 | —2613 | —2170 | —1.800 | —1,386 1,168 1,481 1,743 2,037 2,231
950 —2914 | —2,605 | —2164 | —1,796 | —1,383 L171 1,485 1,749 2,045 2,241
1000 —2,506 —2,599 —2,158 — 1,792 —1,381 1,174 1,489 1,754 2,052 2,249
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